ChinaRxiv [$X]

AT translation - View original & related papers at
chinarxiv.org/items/chinaxiv-202206.00050

The Relationship Between Endograph Metric and
I'-Convergence on Fuzzy Sets

Authors: Huang Huan, Huang Huan
Date: 2022-08-13T00:00:00+00:00

Abstract

This paper shows that the endograph metric and the I'-convergence are compat-
ible on a large class of fuzzy set in R™.

Full Text

Preamble

Relations of Endograph Metric and I'-Convergence on Fuzzy Sets
Huan Huang
Department of Mathematics, Jimei University, Xiamen 361021, China

Abstract

This paper demonstrates that the endograph metric and I'-convergence are com-
patible on a large class of fuzzy sets in R™.

Keywords: Endograph metric; I'-convergence; Hausdorff metric; compatible

1. Introduction

We demonstrate that the endograph metric and I'-convergence are compatible
on a large class of fuzzy sets in R”™. The results in this paper improve the
corresponding results in [?, ?].

2. Preliminaries

In this section, we recall and provide some basic notions and fundamental results
related to fuzzy sets and convergence structures on them. Readers may refer to
[?, 7, 2, 7] for related content.
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Throughout this paper, we suppose that X is a nonempty set and d is a metric
on X. For simplicity, we also use X to denote the metric space (X,d). The
metric d on X x [0, 1] is defined as follows: for (x, ), (y,5) € X x [0,1],

d((m,a), (y7 ﬂ)) = d(:z:,y) + |a - 5|

Throughout this paper, we suppose that the metric on X x [0,1] is d. For
simplicity, we also use X x [0, 1] to denote the metric space (X x [0,1],d).

A fuzzy set w in X can be seen as a function u : X — [0, 1]. A subset S of X can
be seen as a fuzzy set in X. If there is no confusion, the fuzzy set corresponding
to S is often denoted by xg; that is,

(2) = 1, z€8,
XU =00, zex\ 8.

For simplicity, for x € X, we will use & to denote the fuzzy set X{z} in X.

In this paper, if we want to emphasize a specific metric space X, we will write
the fuzzy set corresponding to S in X as Sp(X), and the fuzzy set corresponding
to {z} in X as Zp(X).

The symbol F(X) is used to denote the set of all fuzzy sets in X. For u € F(X)
and « € [0,1], let {u > a} denote the set {z € X : u(z) > a}, and let [u]
denote the a-cut of u, i.e.,

., = {r e X :ulx)>a}, ac(0,1],
o = {u>0}, a=0,

[

where S denotes the topological closure of S in (X, d).

The symbols K (X) and C'(X) are used to denote the set of all nonempty compact
subsets of X and the set of all nonempty closed subsets of X, respectively.

Let Fygo(X) denote the set of all upper semi-continuous fuzzy sets v : X —
[0,1], i.e.,

Fyso(X) ={ue F(X):[u], € C(X)U{0} for all a € [0,1]}.
Define

Fysop(X) = {u € Fygc(X) : [uly € K(X)U{0}},
Fysoa(X) = A{u € Fysa(X) : [ul, € K(X)U{0} for all o € (0,1]}.

Clear1y7 FUSCB(X) g FUSCG(X) g FUSC(X) Define
Foon(X) :i={u e F(X) : for all & € (0, 1], [u], is connected in X},

Fyscocon(X) == Frygo(X) N Foon(X),
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Fuscacon(X) = Fysca(X) N Foon(X).

Let u € Foon(X). Then [u], = U, ,[ul, is connected in X. If u = xy,
then [u]y = 0 is connected in X. If u # xy, then there is an a € (0,1] such that
[u],, # 0. Note that [u]z D [u], when 3 € [0, ]. Hence U< poaltdp is connected,
and thus [u], = U0<5<a[“],6 is connected.

Foon(X) ={u € F(X) : for all « € [0,1], [u], is connected in X}.

Let I} ¢ (X) denote the set of all normal and upper semi-continuous fuzzy sets
u:X —[0,1], i.e

Floo(X) :=={ue F(X):[u], € C(X) for all a € [0,1]}.

We introduce some subclasses of F} (X ), which will be discussed in this paper.
Define

= Fjge(X) N Fygep(X),

Fisop(X )
Fliso(X) N Fysca(X),

)=
Fisca(X) =
Fsccon(X) = Frgo(X) N Feon(X),

(
Flscacon(X) = Fysca(X) N Foon(X).
Clearly,

Fisos(X) € FiscaconX) € Fisoe(X) € Firsccon(X) € Fgo(X).

Let (X, d) be a metric space. We use H to denote the Hausdorff distance on
C(X) induced by d, i.e., H{U,V) = max{H*(U,V),H*(V,U)} for arbitrary
U,V € C(X), where H*(U,V) = sup, ., d(u,V) = sup,, inf,cy d(u,v). If
there is no confusion, we also use H to denote the Hausdorff distance on C(X x
[0,1]) induced by d.

Remark 2.1. p is said to be a metric on Y if p is a function from Y x Y into
R satisfying positivity, symmetry and triangle inequality. At this time, (Y, p)
is said to be a metric space. p is said to be an extended metric on Y if p is a
function from Y x Y into RU{+o00} satisfying positivity, symmetry and triangle
inequality. At this time, (Y, p) is said to be an extended metric space.

We can see that for arbitrary metric space (X, d), the Hausdorff distance H on
K (X) induced by d is a metric. So the Hausdorff distance H on K (X x [0,1])
induced by d on X x [0,1] is a metric. In these cases, we call the Hausdorff
distance the Hausdorff metric.

The Hausdorff distance H on C(X) induced by d on X is an extended metric,
but probably not a metric, because H(A, B) could be equal to +o0o for certain
metric space X and A, B € C(X). Clearly, if H on C(X) induced by d is not
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a metric, then H on C(X x [0,1]) induced by d is also not a metric. So the
Hausdorff distance H on C'(X x [0, 1]) induced by d on X x [0, 1] is an extended
metric but probably not a metric.

In the cases that the Hausdorff distance H is an extended metric, we call the
Hausdorff distance the Hausdorff extended metric.

We can see that H on C'(R™) is an extended metric but not a metric, and then
the same is H on C'(R™ x [0, 1]).

In this paper, for simplicity, we refer to both the Hausdorff extended metric and
the Hausdorff metric as the Hausdorff metric.

For w € F(X), define
end u:= {(z,t) € X x [0,1] : u(x) > t},

send u:= {(z,t) € X x [0,1] : u(x) >t} N ([u], x [0,1]).
end u and send wu are called the endograph and the sendograph of u, respectively.

We can define the endograph metric H, 4 on Fygo(X) as usual. For u,v €

FUSC(X)7
H, q(u,v) :== H(end u,end v),

€

where H is the Hausdorff metric on C(X x [0, 1]) induced by d on X x [0, 1].

Rojas-Medar and Roméan-Flores [?] introduced the Kuratowski convergence of
a sequence of sets in a metric space.

Let (X,d) be a metric space. Let C be a set in X and {C,,} a sequence of sets
in X. {C,} is said to Kuratowski converge to C according to (X, d),

C =liminfC,, =limsupC,,,

n—0oo n—00

where
liminfC, ={z € X: 2= lim z,,z, € C,},
n—oo

n—oo

N ny
n—o0

limsupC,, ={z € X: 2 = lim 2, ,2, €C,,} :'rleL:Jan.

(K)

In this case, we’ll write C' = lim C,, according to (X, d). If there is no confu-

n—o0
sion, we will not emphasize the metric space (X, d) and write {C,, } Kuratowski
converges to C or C' = lim(nli)OO C,, for simplicity.

We can define the I'-convergence of a sequence of fuzzy sets on Fygo(X) as
usual.

Let u,u,,n = 1,2, ..., be fuzzy sets in Fy;g-(X). {u,} is said to I'-converge to

O . if end v = lim%

n-00 Un oo €nd u,, according to (X x

u, denoted by v = lim
(0,1}, d).
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3. Main Results
We need the following conclusions.

Theorem 3.1. [?] Suppose that C,C,, are sets in C(X), n = 1,2,.... Then
H(C,,C) — 0 implies that lim')_ ¢ = C.

n—o0

Lemma 3.2. (Lemma 2.1 in [?]) Let (X,d) be a metric space, and C,,,n =
1,2,..., be a sequence of sets in X. Suppose that © € X. Then: (i) z €
liminf, ,  C, if and only if lim,, , d(z,C,) =0, (ii) z € limsup, , C, if and
only if there is a subsequence {C,, } of {C,} such that lim;_,  d(z,C,, ) =0.

Proof. Here we give a detailed proof. Readers who think that this conclusion
is obvious can skip this proof.

(i) Assume that = € liminf, .. C,,. Then there is a sequence {z,,n =
1,2,...} in X such that z,, € C, for n =1,2,... and lim,,_,  d(z,z,) = 0.

Since d(z,C,,) < d(z, z,,), thus lim,_,  d(z,C,) = 0.

Conversely, assume that lim, . d(z,C,) = 0. For each n = 1,2,..,
we can choose an z, in C,, such that d(z,z,) < d(z,C,) + 1/n. Hence
lim d(z,z,) =0. So x € liminf C

T— 00 n—oo n-

ii) Assume that z € limsup C,,. Then there is a subsequence {C of
n—o00 n Ny
{C,}and z, €C, fork=1,2,..such that lim;_, d(x,z, )=0. Since
d(z,C, ) <d(z,z, ), thus lim,_, d(z,C, )=0.
k k k

Conversely, assume that there is a subsequence {C,, } of {C,} such that
lim_, d(z,C, ) = 0. For each k = 1,2,..., we can choose an z,, in C,
such that d(z,z, ) < d(z,C, )+ 1/k. Hence lim,_, d(z,z, ) = 0. So
z € limsup C,.

n—00
Theorem 3.3. (Theorem 5.19 in [?]) Let u be a fuzzy set in F} g (X) and let
u,,n = 1,2, ..., be fuzzy sets in FI}SC(X). Then the following are equivalent:

(i) Hepg(u,,uw) — 0; (i) H([u,)a,[u],) — 0 holds a.e. on a € (0,1); (iii)
H([uy,)q, [u],) — 0 for all @ € (0,1) \ Py(u); (iv) There is a dense subset P of
(0,1) \ Py(u) such that H([u,],,[u],) — 0 for o € P; (v) There is a countable

dense subset P of (0,1) \ Py(u) such that H([u,],, [u],) — 0 for a € P.

Theorem 3.4. (Theorem 6.2 in [?]) Let u,u,,n = 1,2,... be fuzzy sets
r)

in Fygo(R™). Then the following are equivalent: (i) limiHoo u, = u; (ii)
limgi)oo [ty]e = [u], holds a.e. on « € (0,1); (iii) limgi)oo [ty]o = [u], holds for

all @ € (0,1) \ P(u); (iv) There is a dense subset P of (0,1) \ P(u) such that

. (K
lim,, .

of (0,1) \ P(u) such that lim

[w,], = [u], holds for a € P; (v) There is a countable dense subset P
() [t,]o = [u], holds for « € P.

n—o0

Proposition 3.5. Let C' be a nonempty compact set in R™ and for n = 1,2, ...
let C,, be a nonempty connected and closed set in R™. Then H(C,,,C) — 0 if

and only if im'® ¢ =c.

n—r00 n
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Proof. From Theorem 3.1, we have that H(C,,,C) — 0= lim!~) c,=C.

n—oo

Now we show that limgfi)oo C,=C= H(C,,C)— 0. We prove by contradic-

tion. Assume that lim!~/ C,, = C but H(C’n,C’)#O. Then H*(C’,C’n)AO or

n—oo

H*(C,, C)—L>0. We split the proof into two cases.

Case (i) H*(C, Cn)ﬂ@O. In this case, there is an ¢ > 0 and a subsequence {C,, }
of {C,,} such that H*(C, C,, ) > e. Thus for each k = 1,2, ... there exists z;, € C
such that d(zy,C,, ) > e. Since C is compact, there is a subsequence {z, } of
{z)} which converges to x € C. Then there is a L(¢) such that d(z, ;) < ¢/2
for all I > L. Hence d(m,anl) —d(x,ry,) > ¢/2. By Lemma 3.2 (i), this

contradicts x € C' = liminf C

n—oo n*

Case (ii) H*(CH,C)#O. In this case, there is an ¢ > 0 and a subsequence
{C,, } of {C,,} such that H*(C,, ,C) > e. Thus we have the following: (a) for
each k= 1,2, ... there exists z,, € C,, such that d(z,, ,C) > e.

Pick y € C. Since C' = liminf, , . C,, we can find a sequence {y, } satistying
that y,, € C,, for n = 1,2,... and {y,,} converges to y. Hence there is a N(¢)
such that for all n > N, d(y,,,y) < €. Since d(y,,,C) < d(y,,,y), we have the

following: (b) for all n > N, d(y,,,C) < e.

Let k € N with n;, > N. Define a function f;, from C,, to R given by fu(z) =
d(z,C) for each z € C, . Then f; is a continuous function on C,, . Since C,,
is a connected set in R™, f,(C, ) is a connected set in R. Combined this fact
with the above clauses (a) and (b), we obtain that there exists z, € C,, such

that d(z, ,C) =e.

nyo

From this and the compactness of C, the set {an»”k > N} is bounded in R™,
and thus {an»”k > N} has a cluster point z. By continuity, d(z, C) = ¢, which
contradicts z € lim sup c, =C.

n—oo n

Remark 3.6. Proposition 3.5 may be known; however, we can’ t find this
conclusion in the references that we can obtain. So we give a proof here.

Let A be a nonempty compact set in R™ and B a nonempty closed set in R™.
If H(A, B) < 400, then B is bounded and hence a compact set in R™. Clearly,
if B is compact in R™, then H(A, B) < 4+o00. So H(A, B) < +oo if and only if
B is a compact set in R™.

From the above fact we know that for C' and C,,n = 1,2,..., satisfying

the assumptions of Proposition 3.5, if H(C,,,C) — 0 (by Proposition 3.5,
limgi)oo C, = C), then clearly there is an N € N such that for all n > N,

H(C,,C) < +oo and thus for all n > N, C,, is compact.

The following Proposition 3.7 is an immediate consequence of Proposition 3.5,
Theorem 3.3, and Corollary 3.4.

Theorem 3.7. Let u be a fuzzy set in F g (R™) and for n = 1,2, ..., let u,,
be a fuzzy set in Figocon(R™). Then H, q(u,,u) = 0 as n — oo if and only
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if limgloo U, = U.

Proof. The proof is routine. By letting X = R™ in Theorem 3.3 we have: (i)
H, q4(u,,u) — 0if and only if H([u,],,[u],) — 0 holds a.e. on a € (0,1).

By Theorem 3.4, we have: (ii) lim"__ w, = uif and only if [u], = limgfgoo [u,]q

Nn—00 n
holds a.e. on o € (0,1).

Since for each a € (0,1] and n € N, [u],, € K(R™), [u,], € C(R™) and [u,],, is
connected in R™. Thus by Proposition 3.5, for each a € (0, 1], H([u,,],, [u],) —

0 if and only if [u], = limgi)oo [t,]- Combined this fact with the above clauses
(i) and (ii), we have that H,, 4(u,,,u) — 0 if and only if lim(nrloo U, = u.

Remark 3.8. Theorem 3.7 would be false if R™ were replaced by a general
metric space X.

Here we mention that for u € F'go(R) and a sequence {u,} in Fgooon(R),
H(u,,u) — 0 does not imply that there is an N satisfying that for all n > N,
U, € Fiscacon(R)-

The following Example 3.9 is such an example, which shows that there exists a
u € F} goo(R) and a sequence {u,, } in Fbgocon (R) such that: (i) H(u,,, u) — 0,
(i) for each n = 1,2, ..., u, ¢ Fyscacon(R)-

Example 3.9. Let u = 1(R) € Flgo(R) C Flgog(R). Forn=1,2, ..., define
u,, € Fygeo(R) as follows:

1, t=1,

w, () = { 1

Then forn=1,2,...,

] :{{1}, ae(1/n,1],
e R, «€]l0,1/n].

So for each n = 1,2,..., u, € F}occon(R) but u, € Flecaoon(R). It can be
seen that H, 4(u,u,) =1/n — 0.

Theorem 9.2 in [?] discusses the compatibility of the endograph metric H,, 4
and the I'-convergence.

Theorem 3.10. (Theorem 9.2 in [?]) Let u be a fuzzy set in Fyrgaa(R™) \

{0z(R™)} and for n = 1,2,..., let u,, be a fuzzy set in Fyecaoon(R™). Then

H, q(u,,u) = 0asn— oo if and only if limgloo u, = u.

The following Corollary 3.11 is an immediate corollary of Theorem 9.2 in [?].

Corollary 3.11. Let u be a fuzzy set in Fyo(R™) and for n = 1,2, ..., let
u,, be a fuzzy set in Frgoooon(R™). Then H, 4(u,,u) — 0 as n — oo if and

only if limgloo U, = u.
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We can see that Theorem 3.7 is an improvement of Corollary 3.11. Corollary
3.11 is the normal fuzzy set case of Theorem 9.2 in [?], which is an important
special case of Theorem 9.2 in [?].

In the following, we give an improvement of Theorem 9.2 in [?].

For a subset S in (X x [0, 1], d), we still use d to denote the induced metric on
S by d.

For a set S in X, we use S to denote the topological closure of S in (X, d); for a
set S'in X x[0, 1], we use S to denote the topological closure of S in (X x [0, 1], d).
The readers can judge the meaning of S according to the context.

For D C X x [0,1] and « € [0,1], define D, :={z € X : (z,) € D}.
For a nonempty set D in X x [0, 1], define

fpi=inf{a: (z,a) € D},
Sp :=supf{a: (z,a) € D}.

Proposition 3.12. Let D be a nonempty set in X x [0,1] with D, C D, for
fp <t <7 <1 Then Dy is connected in (X,d) if and only if D is connected
in (X x [0,1],d).

Proof. Sufficiency. We proceed by contradiction. Assume that Dy is con-
nected in X. If D is not connected in X x [0, 1], then there exist two nonempty
sets A and B in X X [0,1] such that AUB =D, ANB=0and BN A =0.

Note that D, x{fp} C Dand D, x{fp} is connected. Hence D; x{fp} C A
or Dy x{fp} C B. Without loss of generality, we suppose that D, x{fp} C A.

Pick (z,a) € B. Set v = inf{ : (z,08) € B}. If (z,7) € B, we affirm that
v > fp. Otherwise v = fp and (z, fp) € B. Note that (z, fp) € A. Thus
AN B # 0, which is a contradiction. Hence (z,&) € A for £ € [fp,7), and
therefore (z,7) = lim,_,(z,£) € A. So AN B # (). This is a contradiction.

If (z,7) € A, then there is a sequence {(z,7,)} in B such that lim,_, v, = 7.
Hence (z,v) = lim,,_, . (z,7,) € B. Thus AN B # (). This is a contradiction.

Necessity. Assume that D is connected in X x [0,1]. Define a function f :
(D,d) — (Dy,,d) given by f(z,a) = = for each (z,a) € D. Clearly for
(z,0), (1, 8) € X % [0,1], d(f(z,0), f(y, B)) = d(x,9) < d((z,a), (y,$)). Then
f is continuous and hence D, = f(D) is connected in X.

Corollary 3.13. Let F be a nonempty set in X x [0,1] with E, D E, for
0<t<r<Sg Then Eg_ is connected in (X, d) if and only if £ is connected
in (X x[0,1],4d).

Proof. Let D = {(z,1—a) : (x,) € E}. Then D is a nonempty set in X x [0, 1]
with D, C D, for fp <t <r < 1. Hence by Proposition 3.12, DfD is connected
in (X,d) if and only if D is connected in (X x [0, 1],d).
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Define f : (E,d) — (D,d) as follows: f(r,a) = (2,1 —a) for (z,a) € E.
Observe that Eg_= Dy , so to verify the desired result it suffices to show that
D is connected in (X x [0,1],d) if and only if E is connected in (X x [0,1],d),
which follows from the fact that f is an isometry and f(E) = D.

The desired conclusion can also be proved in a similar manner as that of Propo-
sition 3.12.

We use d,,, to denote the Euclidean metric on R”™. We also use R™ x [0, 1] to
denote the metric space (R™ x [0,1],d,,). R! is written as R.

Remark 3.14. Here we mention that Dg = () is possible when D is connected
in X x [0,1] and satisfies the assumption in Proposition 3.12. Let X = R and
define D C R x [0, 1] by putting

D, - 0, a=1,
‘ (0,1—a], a€]0,1).
Then D is such an example. Similarly, Ey = () is possible when E is connected
in X x [0,1] and satisfies the assumption in Corollary 3.13.
Let u € F(X) and 0 < r <t < 1. Define

end'u == end u N ([u], x [r,1]).

For simplicity, we write endiu as end,.u. We can see that endyu = send w.
Clearly, for u € Fyygoa(X) and r € (0,1], end, v is a compact set in X x [0, 1].

Corollary 3.15. Let u € F(X). (i) For r,t with 0 < r < t < 1, end’u is
connected in X x [0, 1] if and only if [u], is connected in X. (ii) X is connected
if and only if end w is connected in X x [0, 1].

Proof. If end.u # 0, then, by Proposition 3.12, the conclusion in (i) is true.
Thus it suffices to consider the case when endiu = (. In this case, [u],, = 0, and
so clearly the conclusion in (i) is true. Note that f, =0 and (end u); = X.
So (ii) follows immediately from Proposition 3.12.

nd u

The following Examples 3.16 and 3.17 give some connected sets in R x [0, 1].
Proposition 3.12, Corollary 3.13 and Corollary 3.15 are used to show the con-
nectedness of these sets.

Example 3.16. Let D C R x [0, 1] be defined by putting

[e%

_J1=a*1]U3,4—0a?], a€(0.5,1],
~ 1 10,4], a €[0,0.5]

We can see that D = AU BU C, where

A =10,4] x [0,0.5],
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B = U [1—a? 1] x {a},

«€l0.5,1]

c= |J B4—0a%x{a}.

a€l0.5,1]

Clearly A is connected in Rx [0, 1]. By Corollary 3.13, B is connected in Rx [0, 1].
By Proposition 3.12, C'is connected in Rx [0,1]. ANB = [1—0.5%,1]x{0.5} # 0.
ANC =[3,4—0.5%] x {0.5} # (). Thus D is connected in R x [0,1].

Here we mention that there is no v € F(R) satisfying D = send u because
D, ¢ Dy .

Example 3.17. Let u € FI}SC([R) be defined by putting:
[U] — [0’ 1] U [374}7 o€ (06, 1]7
“ [0a4]7 a e [0,06]

We can see that [0, 1]U[3, 4] is not connected, while [0, 4] and R are connected. So
u € F} oo (R)\ Fygocon(R). By Corollary 3.15, end w is connected in R x [0, 1];
end,u is connected in R x [0, 1] if and only if r € [0, 0.6].

We say that a sequence {u,,,n =1,2,...} in F;go(R™) satisfies the connected-
ness condition if for each ¢ > 0, there is a 6 € (0,¢] and N(g) € N such that for
all n > N, endju,, is connected in R™ x [0, 1].

We will use the following conclusion. Let (Y, p) be a metric space, x,y € Y and
W CY. Then

plz, W) = inf p(z,2) < inf {p(z,y) + p(y, 2)} = p(z,y) + p(y, W).

Theorem 3.18. Let u € Fyygoa(R™)\ {0x(R™)}, and let {u,,n=1,2,...} be

a fuzzy set sequence in Fy ¢ (R™) which satisfies the connectedness condition.
()

Then H,, 4(u,,u) = 0 as n — oo if and only if lim,, ’,  u,, = u.
Proof. From Theorem 3.1, H, 4 (u,,u) = 0 = limfjw U, = U.
Now we show that limglrloo u, = u = Hgg4(u,,u) — 0. We prove by
contradiction.  Assume that limgloo u, = u but H,,(u,, u)l>0 Then

H*(end u, end un)ﬂL)() or H*(end u,,,end u)—L>0 We split the proof into two

cases.

Case (i) H*(end u,end un)#O In this case, there is an € > 0 and a sub-
sequence {u, } of {u,} such that H*(end u,end u, ) > e. Thus for each
k = 1,2,... there exists (z), ) € end u such that d,,((zy,ay),end u, ) > e.
Note that for each k =1,2,..., o, > e. So {(z}, ),k =1,2,...} Cend_u.

Since end,u is compact, there is a subsequence {(z ,qy )} of {(z), )}
which converges to (z,a) € end,u C end u. Then there is a L(e) such that
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dp,((z, ), (7,0, )) < €/2 for all I > L. Hence, by the triangle inequality,
dp((z,0),end u,, ) —d,,((z,a), (), q)) > /2. By Lemma 3.2 (i), this
l

contradicts (z,«) € end u = liminf, | end u,,.

Case (ii) H*(end u,,,end u)#O In this case, there is an € > 0 and a subse-
quence {u, } of {u,} such that H*(end v, ,end u) > e.

Take y € R™ with u(y) > 0. Set p = u(y). Since {u,, } satisfies the connectedness
condition, thereis a { € (0,min{x,€})and N; € N such that end,u,, is connected
in R™ x [0,1] for all n > Nj;.

Firstly we show the conclusions in the following clauses (I), (II) and
(II): (I) For each ny,k = 1,2,.., there exists (z, ,q, ) € endeu, with
dp (T, , o, ) endeu) > & (II) There is an N, € N such that for each
n > Ny, there exists (y,,,3,) € endgu,, with d,,((y,,8,),endcu) < & (III) Set
Ny := max{Ny, N,}. For each nj, > Nj, there exists (z,, ,7,,) € endeu,, such
that d,,((2,, 7, ), endeu) = &

To show (I), let k € N. From the assumption, there exists (z,, ,a,, ) € end u,,
such that d,,((z,, ,q,, ),endew) > d,,((2,, o, ),endu) > e > £ Clearly
et

n, > €, and then (z,, ,a, ) € end.u, C endcu, . Thus (I) is true.

As (y,pu) € end u and end v = liminf, , end u,, we can find a sequence

{(y,,,0,,)} satisfying that (y,,5,) € endu, for n = 1,2,... and {(y,,5,)}
converges to (y,u). Hence there is an N, such that for all n > N,
A (Yps Br)s (ys 1)) < min{p — &,6}. Let n € N with n > N,. Then
B, > &, and therefore (y,,3,) € endcu,. Note that (y,u) € endgu. So

Ay (Y B)s endeu) < dyy (Y 8,)5 (9, 1)) < & Thus (IT) is true.
To show (III), let £ € N with nj, > Nj. Define a function f; from (endu,, ,d,,)

to R as follows: fi(z,() = d,,((2,(),endu) for (2, () € endeu,, . By the trlfangle
inequahty7 ‘fk(zv C)_fk(z/> C/)| < dm((z7 C)’ (Z/, C/)) for (Z7 C)? (Z/> C/) in endgunk'

Thus fj, is a continuous function on end¢u,, . Note that endu,, is a connected
set in R™. Thus fy(endcu,, ) is a connected set in R; that is, fj(endu,, ) is an
interval. Combined this fact with the above clauses (I) and (II), we obtain that

Ehere exists (z ) € endgu,, with d,,((z,,,7,,),endeu) = & Thus (1) is
rue.

nkv PYnk

Now using (IIT), we can obtain a contradiction. From the construction and
the compactness of endcu, the set {(z, ,7v,,),nx = N3} is bounded in R™ x
[0,1], and thus {(z,,,7,, )7 = N3} has a cluster point (z,7). So (z,7) €
limsup, ,_end u, = end u. As (z, .7, ) € endeu, , we have that v, > ¢
and therefore v > £ Thus (z,7) € end u N (X x [§,1]) = endgu. But, by
construction, d,,((z,7), endgu) = &, which is a contradiction.

Corollary 3.19. Let u be a fuzzy set in Fygoa(R™) \ {0x(R™)} and for

n =12, .., let u, be a fuzzy set in Fy;sccon(R™). Then H, 4(u,,,u) — 0 as
n — oo if and only if hmgloo Uy, = U.
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Proof. Let {u,, : n € N} be a sequence in Fiygocon(R™). Then, by clause (i)
of Corollary 3.15, for each n € N and r € (0,1], end,u,, is a connected set in
R™ x [0, 1]. Hence {u,, : n € N} satisfies the connectedness condition. Thus the
desired result follows immediately from Theorem 3.18.

Here we mention that for u € F{ ¢ (R) which satisfies the connectedness condi-
tion, H(u,,,u) — 0 does not imply that there is an N such that for each n > N,

u, € Fysocon(R).

The following Example 3.20 is such an example, which shows that there exists
au € Flgn(R) and a sequence {u,} in Ffg-(R) such that: (i) H(u,,u) — 0,
(ii) {u,, } satisfies the connectedness condition, (iii) for each n = 1,2,..., u,, ¢
Fysccon(R).

Example 3.20. For n = 1,2,..., let u,, be the fuzzy set u given in Example
3.17; that is, u,, = u is a fuzzy set in F} ¢ (R) defined by putting:

C([0,1U3.4, ae(061],
e =1 0,41, a € [0,0.6].

We have the following conclusions: (i) H(u,,,u) — 0 since u,, = uforn =1,2,...;
(ii) {w,} satisfies the connectedness condition because end,u is connected in
R x [0,1] when r € [0,0.6] (see Example 3.17); (iii) for each n = 1,2,..., u,
Fyscoon(R), as u & Fysooon(R) (see Example 3.17).

Remark 3.21. Theorem 9.2 in [?], which is Theorem 3.10 in this paper, is a
corollary of Corollary 3.19 since Fyyscacon(R™) C Fysccon(R™). Theorem
3.7 is a corollary of Corollary 3.19, as Flgoq(R™) C Fygoa(R™) \ {0x(R™)}
and F}socon(R™) C Fysccon(R™). Corollary 3.19 is a corollary of Theorem
3.18. Theorem 3.18 improves Theorem 9.2 in [?] and Theorem 3.7.

Now we give an improvement of Theorem 3.18.

Let u € F(X). Define S(u) := sup{u(x) : € X}. Clearly [u]g,,) = 0 is
possible.

Let {u,,} be a fuzzy set sequence in Fy;g(R™) and {u,, } a subsequence of {u,, }.

If there is a u € Frygoa(R™)\{0x(R™)} such that u = limgloo u,,, then we can
define

Ay == {£ >0 for each ny, H*(end u,end u,, ) > £},
Ay == {£ >0 for each ny, H*(end u,, ,end u) > £}.

Let {u,} be a fuzzy set sequence in F;g~(R™) and let u be a fuzzy set in
Fyso(R™)\N{0x(R™)}. We call the pair {u,, },u a weak connectedness compact

pair if one of the following (i) and (ii) holds: (i) lim(nr_)ﬂx) u,, does not exist; (ii)

u = 1im'™ __wu_ and both (ii-1) and (ii-2) are true: (ii-1) for each {u,, } with

n—oo 'n

Ay # 0, there exists a £ € A; such that endgu is compact; (ii-2) for each {u,, }
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with Ay # ), there exists a § € Ay with § < S(u), endgu is compact, and there
is an V(£) € N such that endgu,, is connected in R™ x [0,1] for all n, > N.

Theorem 3.22. Let u € Fyygoa(R™)\ {0x(R™)}, and let {u,,n=1,2,...} be

a fuzzy set sequence in Fy g~ (R™). If the pair {u, },u is a weak connectedness

compact pair, then H,4(u,,,u) — 0 as n — oo if and only if hm51_>m U, = U.

Proof. The proof is similar to that of Theorem 3.18.

From Theorem 3.1, H,, 4(u,,,u) = 0= 1im"_w, = u.

n—oo n
()

Now we show that lim, "

u, = u = Hgg4(u,,u) — 0. We prove by

contradiction.  Assume that hmnrloo u, = u but Hend(umu)ﬁ@(). Then

H*(end u,end u,,) J—)O or H*(end u,,,end u) —/—>0. We split the proof into two
cases.

Case (i) H*(end u,end un)#O In this case, A; # 0. Since the pair {u, },u
is a weak connectedness compact pair, there is a { € A; with end.u compact.
So we can prove that there is a contradiction in a similar manner to that in case
(i) of the proof of Theorem 3.18.

Case (ii) H*(end u,,,end u)ﬁ/—>0 In this case, A, # (). Since the pair {u,},u
is a weak connectedness compact pair, there is a £ € A, and N; € N such that
§ < S(u), endgu is compact, and endgu,, is connected in R™ x [0,1] for all
ng, > Nj.

Firstly we show the conclusions in the following clauses (I), (II) and
(IID): (I) For each ny,k = 1,2,..., there exists (v, ,q, ) € endcu, with
dp (T, , 0, ),endeu) > & (II) There is an N, € N such that for each
n > Ny, there exists (Yn» By) € endgu,, with d,,((y,, 8,),endeu) < £ (1) Set
Ny := max{Ny, N,}. For each nj, > Nj, there exists (2, ,7,,) € endeu, such
that d,,((z,,,,Vn, ) endeu) = &

Note that & € A,; that is, for each Uy, b =1,2,.., H*(end u,,, ,end u) > &
Let & € N. From this, there exists (v, ,a, ) € endu, such that
dp (T, , o, ) endeu) > d,,((z,, o, ),endu) > & Clearly o, > ¢,
and then (z,, ,aq, )€ endgu, . Thus (I) is true.

no

Since £ < S(u), we can take y € R™ with u(y) > & > 0. Set u(y) = pu. As (y,u) €
end u and end v = liminf, , _end u,, we can find a sequence {(y,, 3,)} satis-
fying that (y,,,5,) € end u,, for n = 1,2, ... and {(y,,8,)} converges to (y, ).
Hence there is an N, such that for all n > Ny, d,,,((y,,, 8,.), (v, 1)) < min{u —
€&} Let n € N with n > N,. Then 3, > &, and therefore (y,,,3,) € endgu,,.
Note that (y, 1) € endgt. S0 dyy (U, Br), o1dett) < di (BB (3, 1)) < &
Thus (II) is true. (III) follows from (I), (II) and the connectedness of endgu,,
when nj, > N;. The proof of (III) is the same as that of clause (III) in the proof
of Theorem 3.18.

Now using (III) and the compactness of endgu, we can have a contradiction.
The proof is the same as the counterpart in the proof of Theorem 3.18.
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Example 3.23. Let u be a fuzzy set in Ffig(R) \ {0 (R™)} defined by

w, = { a e (0.6, 1],
Ho = (“oo, —1JU[L, +00), a € [0,0.6].

Forn =1,2,..., let u,, = u. We have the following conclusions: (i) H(u,,,u) — 0
since u,, = w for n = 1,2,...; (ii) the pair {u,},u is a weak connectedness
compact pair; (iii) {u,,} does not satisfy the connectedness condition because
end,u is not connected in R x [0, 1] when r € [0,0.6]. Clearly each subsequence
{u,,, } of {u,} does not satisfy the connectedness condition; (iv) u & Fygoa(R)-

Remark 3.24. Let {u,} be a fuzzy set sequence in Fy;¢-(R™) satisfying the
connectedness condition and let u be a fuzzy set in Fyygoq(R™) \ {0z(R™)}.
Then clearly the pair {u,, }, u is a weak connectedness compact pair. So Theorem
3.18 is a corollary of Theorem 3.22. Theorem 3.22 is an improvement of Theorem
3.18.
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