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Abstract
Warning Propagation algorithm, as a fundamental message-passing algorithm,
is highly effective for solving satisfiability problems when it converges. However,
when the factor graph structure becomes relatively complex, the algorithm often
fails to converge, resulting in solution failure. To provide a theoretical explana-
tion for this phenomenon and to effectively analyze the convergence properties
of Warning Propagation algorithm, we employ tree decomposition methods to
construct a tree width measurement model for the factor graph corresponding
to propositional formulas, and compute the tree width of satisfiable random
instances. By establishing the relationship between tree width and the conver-
gence of Warning Propagation algorithm, we propose tree-width-based conver-
gence determination conditions for Warning Propagation algorithm. Through
experimental analysis, the results demonstrate the effectiveness of this method,
which holds significant importance for research on analyzing the convergence of
other message-passing algorithms.
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Abstract: The warning propagation algorithm serves as a fundamental infor-
mation propagation algorithm that proves highly effective for solving satisfia-
bility problems upon convergence. However, when the factor graph structure
becomes complex, the algorithm often fails to converge, resulting in solution
failure. To provide a theoretical explanation for this phenomenon and enable
effective analysis of warning propagation algorithm convergence, this paper em-
ploys tree decomposition methods to construct a tree width measurement model
for factor graphs corresponding to propositional formulas and calculates the tree
width of satisfiable random instances. We establish a relationship between tree
width and warning propagation algorithm convergence, presenting convergence
determination conditions based on tree width. Experimental analysis demon-
strates the effectiveness of this method, which holds significant importance for
analyzing the convergence of other information propagation algorithms.

Keywords: warning propagation algorithm; convergence; tree width; proposi-
tional formula; satisfiability problem

0 Introduction
Constraint satisfaction problems (CSP) have profound influence in artificial in-
telligence research and have garnered widespread attention from domain experts.
Many real-world problems can be reduced to CSP problems, such as graph col-
oring, traveling salesman problem (TSP), and scheduling problems. The satisfi-
ability problem (SAT) represents a typical CSP problem that has been proven
NP-complete, with its NP-completeness extensively applied to research on other
NP-complete problems across various domains. The SAT problem investigates
whether there exists a Boolean variable assignment that makes a given proposi-
tional formula true. Due to its broad applications and central importance, the
SAT problem has attracted universal attention from researchers.

Physicists proposed the Warning Propagation (WP) algorithm based on sta-
tistical physics as a most fundamental information propagation algorithm that
operates primarily through warning message transmission and iteration on fac-
tor graphs. When the algorithm converges, it fixes values for partial variables
and simplifies formulas to achieve SAT problem solving. However, as factor
graph structures become increasingly complex, information circulates infinitely
within loops, preventing warning messages from converging to fixed values and
ultimately causing WP algorithm solving failure—a phenomenon known as algo-
rithm non-convergence. WP algorithm convergence guarantees effective prob-
lem solving, making the study of WP algorithm convergence crucial for its
application.
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Current research on WP algorithm convergence has achieved some results. In
2001, Weiss Y et al. concluded that when a factor graph contains only a sin-
gle cycle, the algorithm converges and yields valid approximations of variable
marginal distributions. In 2007, Maneva E et al. provided a convergence condi-
tion for random satisfiable instance generation models with planted assignments,
though its application was limited to this specific model and lacked evaluation
on 3-SAT instance generation models. In planted assignments, when probability
p is sufficiently large, generated instances have a satisfying assignment with high
probability. In 2013, Wang Xiaofeng et al. studied special SAT structures where
two variables do not belong to the same clause, presenting necessary and suffi-
cient conditions for algorithm convergence based on Gaussian models, but only
proved for a small portion of planted assignment instances with limited applica-
tion. In 2014, Su Qinliang et al. utilized semidefinite programming to examine
convergence based on Gaussian models, analyzing algorithm convergence prop-
erties. The bottleneck for semidefinite programming lies in computation—when
SAT problem scale increases (i.e., factor graph scale increases and becomes com-
plex), semidefinite scale checking becomes inefficient and extremely difficult. In
2016, Wang Xiaofeng et al. analyzed convergence for algorithms with positive
semidefinite message matrices, presenting necessary and sufficient conditions for
convergence. In 2018, She Guangwei et al. studied modified WP algorithm con-
vergence based on (3,4)-SAT problems, concluding that modified WP converges
on regular problems, but required converting 3-SAT problems to (3,4)-SAT spe-
cial structures, where WP algorithm fails on satisfiability determination for
converted instances. In 2020, Cui Li et al. studied WP algorithm convergence
on WP-solvable formulas, providing a sufficient condition for convergence. In
2021, Niu Jin et al. analyzed WP algorithm convergence using structural entropy
concepts and provided a convergence threshold, though community partition ac-
curacy lacked evaluation metrics, affecting accurate calculation of factor graph
structural entropy. In 2022, Liang Chen et al. analyzed Survey Propagation
(SP) algorithm convergence using K-dimensional structural entropy, presenting
a sufficient condition for convergence, but the required structural information
minimization conditions were difficult to achieve. The above WP algorithm con-
vergence research is primarily based on special models or specific applications,
with insufficient research on non-special structure factor graphs.

Therefore, substantial work remains to be completed for WP algorithm con-
vergence analysis research. Factor graph structure significantly impacts WP
algorithm convergence. As problem scale increases, the number of nodes and
edges in factor graphs grows, making WP algorithm information transmission
extremely complex. In 1991, Robertson N et al. proposed tree decomposition
technology in their work, aiming to decompose graphs into trees and utilize tree
structural information to reflect certain properties of original graphs. Graph
tree width and tree decomposition provide a new approach for problem solv-
ing—by decomposing graphs and restricting intractable problem graph models
within limited tree width, problems become solvable. From a computational
perspective, tree width has important connections with tractability; restricting

chinarxiv.org/items/chinaxiv-202205.00133 Machine Translation

https://chinarxiv.org/items/chinaxiv-202205.00133


tree width parameters can limit combinatorial explosion, with low tree width
implying rapid computation completion. Research has found that when CNF
formula factor graphs are trees, their satisfiability can be determined in poly-
nomial time. Literature [?] restricted QCSP (Quantified Constraint Satisfac-
tion) problems in constraint satisfaction problems using tree width parameters,
obtaining a polynomial-time complexity solving algorithm. Literature [?] con-
verted regular formula factor graphs into tree structures using a special tree
structure and presented possible phase transition points for random regular
(3,r)-SAT. Literature [?] solved constrained satisfiability problems using tree de-
composition technology, and Lei Ying et al. analyzed SAT problems using tree
decomposition, presenting the relationship between solving difficulty and tree
width. WP algorithm convergence is closely related to its factor graph struc-
ture. Introducing tree width to measure factor graph structural characteristics
can simultaneously reflect the scale of decomposed subproblems, better indi-
cating problem complexity. Compared with previous information propagation
algorithm convergence analysis, this approach has no conditional restrictions,
wide applicability, and better reflects the connection between propositional for-
mula structural features and convergence from factor graph structure analysis,
thereby improving WP algorithm convergence property research on factor graph
structural properties.

In summary, this paper analyzes and studies WP algorithm convergence when
solving SAT problems. Using the concept of tree width, we generate SAT in-
stances of different scales using the G(n,3,m) model, employ tree decomposition
algorithms to obtain tree width, analyze propositional formula factor graph
structural information, propose a tree width model for SAT instances, analyze
the relationship between WP algorithm convergence and tree width through WP
algorithm convergence conditions, and present tree width-based WP algorithm
convergence determination conditions.

1.1 Factor Graph
A factor graph is a bipartite graph representing the factorization of a “global”
function of many variables into a product of “local”functions [?]. The graph
contains two types of nodes: variable nodes and clause nodes. Circles represent
variable nodes, squares represent clause nodes, solid lines indicate variables
appearing as positive literals in clauses, and dashed lines indicate variables
appearing as negative literals in clauses. Example: For a CNF formula:

𝐹 = (𝑥1 ∨ ¬𝑥2 ∨ 𝑥3) ∧ (𝑥2 ∨ 𝑥4 ∨ ¬𝑥5) ∧ (𝑥3 ∨ ¬𝑥4 ∨ 𝑥5) ∧ (𝑥1 ∨ 𝑥2 ∨ 𝑥3 ∨ 𝑥4)

Its factor graph is shown in Figure 1.

[Figure 1: see original paper] Factor graph
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The warning propagation algorithm iterates on factor graphs. It has been proven
that when factor graphs have tree structures, information propagation algo-
rithms converge effectively. For instances whose factor graphs contain multiple
loops, information propagation algorithms are not always effective and often
exhibit non-convergence [?].

1.2 Warning Propagation Algorithm
In the WP algorithm, messages passed from clause nodes to variable nodes
are warning messages, denoted as ⃗⃗ ⃗⃗𝑢𝑎→𝑖. A value of 1 indicates that clause 𝑎’s
satisfiability depends on variable 𝑖’s assignment, while a value of 0 indicates that
variable 𝑖’s assignment does not play a decisive role in clause 𝑎’s satisfiability.
WP algorithm information update iteration equations are generally written in
warning message difference form as follows:

If clause 𝑎 contains only variable 𝑖, indicating that clause 𝑎’s satisfiability is
determined by variable 𝑖, then ⃗⃗ ⃗⃗𝑢𝑎→𝑖 is recorded as 1. When the WP algorithm
converges, variable 𝑖’s value can be fixed based on warning messages: when
∑𝑎 ⃗⃗ ⃗⃗𝑢𝑎→𝑖 < 0, assign value 0; when ∑𝑎 ⃗⃗ ⃗⃗𝑢𝑎→𝑖 > 0, assign value 1; otherwise,
temporarily do not assign variable 𝑖. The cavity domain 𝐻𝑎∖𝑖 is defined as the
set of clauses containing variable 𝑖 except clause 𝑎, with value 1 when variable
𝑖 appears only in clause 𝑎.

Algorithm 1: WP Algorithm
Input: CNF formula, maximum iteration steps 𝑡max
Output: Warning messages at convergence or non-convergence status

a) Construct corresponding factor graph

b) Initialize iteration count 𝑡 = 0, randomly assign values from {0, 1} with
equal probability to each edge pair ⃗⃗ ⃗⃗𝑢𝑎→𝑖 on the factor graph

c) For 𝑡 = 1 to 𝑡max:
• Randomly permute edges of factor graph and update warning mes-

sages ⃗⃗ ⃗⃗𝑢𝑎→𝑖 using equation (1) according to random permutation order

d) If ⃗⃗ ⃗⃗𝑢𝑎→𝑖(𝑡) = ⃗⃗⃗⃗𝑢𝑎→𝑖(𝑡 − 1) for all edges, exit loop

e) If 𝑡 == 𝑡max, return non-convergence

Based on the WP algorithm’s iteration process and equations, the value of ⃗⃗ ⃗⃗𝑢𝑎→𝑖
is crucial for fixing variable 𝑖’s value. With fixed variable scale, as factor graph
scale tends toward complexity, the probability of the same variable appearing
in different clauses increases rapidly, and loops emerge with sharply increasing
numbers. In equation (1), ⃗⃗ ⃗⃗𝑢𝑎→𝑖 calculation is closely related to 𝐻𝑎∖𝑖, which
computes message values of variables appearing in clause 𝑎 in other clauses.
The more clauses containing the same variable, the more information needs
to be calculated, making ⃗⃗ ⃗⃗𝑢𝑎→𝑖 computation more complex, increasing solving
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time, and reducing the probability that information values stabilize after each
iteration, significantly affecting algorithm convergence probability. When the
algorithm converges, fixed points of warning messages can be obtained, and
partial variable assignments based on fixed-point information simplify CNF for-
mulas to complete solving. Due to increasing problem scale, variable 𝑖 appears
in more clauses. According to equation (3), cavity domain computation grows
rapidly with factor graph scale, increasing computation time, and information
calculated in each iteration differs due to complex graph structures, ultimately
leading to non-convergence and algorithm failure. When the algorithm does not
converge, iterations reach the set maximum, solving time becomes maximal, but
the algorithm has already failed—iteration count is not the main factor affecting
solving time. Therefore, during WP algorithm iteration, factor graph structure
significantly impacts WP algorithm performance.

1.3 Tree Decomposition and Tree Width
Tree width can measure graph structural complexity. Researchers have found
that decomposing large-scale intractable problems into smaller, more tractable
problems using tree decomposition ideas proves highly effective. For graph
𝐺 = (𝑉 , 𝐸), tree decomposition partitions its node set 𝑉 to transform graph
𝐺 into a tree structure as much as possible, where a node subset of the graph
corresponds to a node in tree 𝑇 = (𝐼, 𝐹), with 𝐼 being decomposition tree
nodes. Tree width describes the tree structure information, characterizing graph
𝐺’s structural properties on the tree structure. Using graph tree width as a
parameter reflects problem solving complexity while enabling analysis of certain
algorithm properties during problem solving, achieving convergence analysis of
WP algorithms on factor graphs.

In tree decomposition, node subsets form a bag, denoted as 𝑇 𝐺 = (𝑋, 𝑇 ) for a
graph’s tree decomposition, where 𝑋 = {𝑋𝑖 ∶ 𝑖 ∈ 𝐼} is a non-empty subset of
graph 𝐺’s node set, with:

a) The union of 𝑋𝑖 equals graph 𝐺’s node set

b) If any two nodes in graph 𝐺 have an edge between them, they must
simultaneously belong to some 𝑋𝑖

c) If 𝑗, 𝑘, 𝑙 are three nodes in the tree and 𝑗 lies on the path from 𝑙 to 𝑘, then
if 𝑣 belongs to both 𝑋𝑙 and 𝑋𝑘, 𝑣 also belongs to 𝑋𝑗

Tree decomposition width equals max(|𝑋𝑖|−1 ∶ 𝑖 ∈ 𝐼), i.e., the number of points
in the largest bag after decomposition minus 1. Graph 𝐺’s tree width is the
width of its minimum tree decomposition.

chinarxiv.org/items/chinaxiv-202205.00133 Machine Translation

https://chinarxiv.org/items/chinaxiv-202205.00133


2.1 Factor Graph Processing
Tree decomposition algorithms apply to undirected graph decomposition, while
factor graphs contain two types of nodes and two types of edges. During tree
decomposition, constructing decomposition trees requires using node degree and
edge relationship information between nodes. For graph 𝐺’s tree decomposition,
the tree width 𝑡𝑤(𝐺) has the following basic property:

Property 1 [?]: For graph 𝐺, 𝑡𝑤(𝐺) ≥ 𝛾(𝐺) ≥ 𝜎(𝐺), where:

𝜎(𝐺) = min
𝑣∈𝑉

deg(𝑣)

𝛾(𝐺) = min
𝑢,𝑣∈𝑉 ,𝑢𝑣∉𝐸

max{𝑐(𝑢), 𝑐(𝑣)}, where 𝑐(𝑣) = {|𝑉 | if 𝐺 is a clique
deg(𝑣) otherwise

From Property 1, tree decomposition-generated tree width is independent of
node types and edge types. Variable nodes and clause nodes in factor graphs
are treated as one type of node during tree decomposition. According to tree
decomposition width definition, the two edge types in factor graphs represent-
ing variables appearing as positive/negative literals do not affect tree width
calculation and can be treated as one edge type.

Definition 1 (Elimination Ordering): Let graph 𝐺 = (𝑉 , 𝐸), 𝑛 = |𝑉 |, bijec-
tion 𝑓 ∶ 𝑉 → [𝑛] is called an elimination ordering, where set [𝑛] = {1, 2, 3, … , 𝑛}.

Definition 2 (Chordal Graph): For any cycle in graph 𝐺 with size exceeding
4, if there exists a chord connecting non-adjacent nodes in the cycle such that
the cycle size does not exceed 3, then graph 𝐺 is a chordal graph.

Graph 𝐺’s tree width equals the size of the smallest maximum clique among all
its chordal supergraphs minus 1. Generally, elimination ordering and cut sets
are used to construct decomposition trees, while some strategies using intelligent
algorithms also exist for tree decomposition construction. Here we present an
algorithm strategy using elimination ordering to construct tree decomposition:

Algorithm 2: Tree Decomposition via Elimination Ordering
Input: Graph 𝐺 = (𝑉 , 𝐸)
Output: A tree decomposition 𝑇 = (𝐼, 𝐹) of graph 𝐺

a) Delete points from graph according to elimination ordering

b) Each time a point is deleted, add edges among its neighbor nodes to form
a cycle and record

c) Repeat step b) until all nodes are deleted, then generate tree nodes in
reverse order of elimination ordering, placing connected points in each bag
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d) Merge bags to eliminate proper subset relationships between bags in the
bag sequence

e) Connect bag sets to generate decomposition tree

According to the tree decomposition process, when performing tree decompo-
sition algorithm processing, first convert variable and clause nodes in factor
graphs into one node type representation, converting dashed edges representing
negative literals into solid edges. The processing procedure is shown in Figure
3.

[Figure 3: see original paper] Factor graph tree decomposition

Figure 2 provides an example showing graph 𝐺 and its tree decomposition result.
For graph 𝐺, which contains a cycle exceeding size 4, when deleting node 𝑣2
during tree decomposition, connect 𝑣3 and 𝑣5 to form a cycle. In the decomposed
tree structure, place 𝑣3, 𝑣5, 𝑣6 in one bag as a tree node. According to tree width
definition, the decomposed tree width is max(|𝑋𝑖| − 1 ∶ 𝑖 ∈ 𝐼), yielding a tree
width of 2.

[Figure 2: see original paper] Graph and tree decomposition of graph

2.2 Tree Decomposition Algorithm and Tree Width Mea-
surement
WP algorithms are highly effective for solving 3-SAT problems but often fail to
converge in hard regions, rendering them ineffective. Therefore, studying WP
algorithm convergence is crucial. Current systematic theoretical analysis of WP
algorithm convergence on factor graphs remains insufficient. This paper uses
tree width to measure factor graph structural complexity, establishing a factor
graph tree width measurement model.

For given propositional formulas generated by 𝐺(𝑛, 3, 𝑚) model, we first con-
vert them according to factor graph processing procedures, then use elimination
ordering-based tree decomposition algorithms to generate corresponding tree
decompositions. The tree decomposition algorithm used in experiments is an
approximate decomposition algorithm, where the obtained tree width approxi-
mates the graph’s actual width.

In elimination ordering tree decomposition algorithms, elimination ordering af-
fects tree decomposition solution quality—good elimination orderings yield tree
widths closer to actual tree width and are mostly superior in solving time. Con-
structing a good elimination ordering is difficult. The LB algorithm performs
well based on arbitrary elimination orderings for tree decomposition construc-
tion. Based on the LB algorithm, we add rules for randomly ordering nodes
within clause nodes and factor nodes to generate elimination orderings, specify-
ing the ordering sequence for the two node types. Under the elimination fill-in
strategy, this ensures no edges are added between variable nodes and clause
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nodes, thereby not affecting WP algorithm warning information propagation
processes.

Elimination Ordering Rule: For each generated CNF formula, number vari-
ables and clause nodes—variable numbers are randomly generated within the
range of variable count, clause node numbers are randomly generated after vari-
able node numbers. According to tree decomposition rules, fill-in edges at this
point do not affect WP algorithm operation.

The LB algorithm performs fill-in processing according to elimination ordering,
achieving graph triangulation to obtain its chordal graph. For cycles existing in
the graph, it uses its processing logic to perform fill-in operations, ensuring cy-
cles exceeding size four contain chord edges. LB algorithm triangulation results
are shown in Figure 4.

[Figure 4: see original paper] LB triangulation

For the LB algorithm requiring initialization sequences, here we provide the se-
quence {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓} according to node numbering in the graph. First process
point 𝑎—its neighbor set 𝑁𝐻 [𝑎] is {𝑎, 𝑏, 𝑐} (including itself), and the connected
component using it as a separator is {𝑑, 𝑒, 𝑓}. Add edges between 𝑑 and 𝑓
(dashed lines represent added edges). Repeat the process according to the se-
quence to achieve LB triangulation of graph 𝐺 and generate a chordal graph.

Algorithm 3: LB Tree Decomposition Algorithm
Input: Graph 𝐺 = (𝑉 , 𝐸), sequence-restricted vertex sequence 𝛼
Output: Triangulated graph 𝐻 and tree width

a) Initialize: 𝐺 → 𝐻

b) For 𝑥 in 𝛼:
• Compute neighbor set 𝑁𝐻 [𝑥] to obtain connected components using

it as a separator, add edges to form cycles among neighbor points of
each connected component, record added edge set as 𝐹 ′

• 𝐹 + 𝐹 ′ → 𝐹 ; (𝑉 , 𝐸 ∪ 𝐹) → 𝐻

c) For constructed graph 𝐻, construct bag sets in reverse elimination
ordering, delete bags that are proper subsets of other bags, connect to
generate decomposition tree

d) The number of nodes in the largest bag of decomposition tree minus 1 is
the decomposition tree width

When solving 𝑘-SAT problems, WP algorithms can narrow hard regions. Us-
ing decomposition tree width parameters to classify NP-hard problems, since
WP algorithms fail and exhibit non-convergence in hard regions, tree width-
based convergence determination provides conditions for algorithm effective-
ness while classifying 𝑘-SAT problems. This algorithm solves CNF formula tree
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width, reflecting CNF formula structural complexity. The decomposition pro-
cess transforms factor graphs into tree structures, which embody connections
between different variables and clauses and correlations among original graph
nodes within tree nodes. Using tree width parameters to utilize factor graph
structural information for WP algorithm convergence analysis research, com-
pared with other WP algorithm convergence studies that restrict propositional
formula and graph model structures, this approach has unrestricted application
scope and provides convenient determination conditions. It improves WP algo-
rithm convergence analysis on factor graph structures, and as WP algorithm
is the most basic among information propagation algorithms, it provides new
ideas and directions for other information propagation algorithm convergence
research.

3 Convergence Analysis
This paper uses model 𝐺(𝑛, 3, 𝑚) to generate random instances, where 𝑛 is
the number of variables, 3 represents clause length, and 𝑚 is the number of
clauses randomly and uniformly selected from all possible (𝑛

3) clauses. We select
two experimental datasets with variable scales set to 𝑛 = 100 and 𝑛 = 150,
respectively, with both experiments setting WP algorithm maximum iteration
count to 1000.

Tree width is obtained using Algorithm 3, where 𝑚/𝑛 is represented by con-
straint density 𝛼. Research has shown that constraint density significantly im-
pacts factor graph structure and WP algorithm convergence. Here 𝛼 ranges
from 2 to 5.5 with an increment gradient of 0.05. Since random SAT instances
generated at the same constraint density may include 极少数 abnormal instances,
to eliminate their impact, we take 100 groups of random instances at each con-
straint density. Experimental tree width values are the mean of tree widths ob-
tained by Algorithm 3 for 100 instance groups, with non-integer means rounded.
For each instance group, we statistically analyze WP algorithm convergence
conditions and calculate convergence rates. SAT instance tree width variation
with instance constraint density is shown in Figures 5 and 6.

Figures 5 and 6 describe the trend of SAT instance factor graph tree width chang-
ing with constraint density 𝛼 growth for two variable scales of 100 and 150, with
horizontal coordinates representing constraint density 𝛼. In two different SAT
instance scales, as constraint density increases, tree width also increases, but
its growth rate gradually slows, indicating that during tree decomposition, as
factor graph scale increases and structure becomes complex, tree decomposition-
generated tree node bag size growth slows, suggesting factor graph loop struc-
ture regions stabilize. Figures 7 and 8 compare WP algorithm convergence rates
with SAT instance tree width, thereby presenting the relationship between tree
width and convergence.

[Figure 5: see original paper] Tree Width distribution of SAT instance (𝑛 = 100)
[Figure 6: see original paper] Tree Width distribution of SAT instance (𝑛 = 150)
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[Figure 7: see original paper] WP algorithm converges probability distribution
(𝑛 = 100)
[Figure 8: see original paper] WP algorithm converges probability distribution
(𝑛 = 150)

Figures 7 and 8 show WP algorithm convergence probability variation with
tree width 𝑡𝑤, counting WP algorithm convergence instances among 100 in-
stance groups to calculate convergence probability. When tree width exceeds
the threshold for current-scale instances, WP algorithm convergence probability
drops sharply to non-convergence. For instance variable scale 𝑛 = 100, when
𝑡𝑤 ≤ 62, WP algorithm completely converges on random SAT instances; when
63 ≤ 𝑡𝑤 ≤ 67, WP algorithm convergence probability on random SAT instances
rapidly decreases from 1 to 0. For instance variable scale 𝑛 = 150, when 𝑡𝑤 ≤ 91,
WP algorithm completely converges on all instances; when 92 ≤ 𝑡𝑤 ≤ 100, WP
algorithm convergence probability on random SAT instances rapidly drops to
0. Figures 7 and 8 demonstrate that WP algorithm converges with high prob-
ability on most instances, but once exceeding a certain threshold, convergence
probability plummets, almost to non-convergence.

In random SAT instances, different tree widths are obtained for the same con-
straint density, corresponding to different loops in factor graphs and different
variable node degrees. As constraint density increases, tree decomposition al-
gorithm solving time also increases accordingly. In the tree decomposition al-
gorithm described, edges are added within connected components formed by
current nodes and their neighbors. As factor graph constraint density increases,
loops increase correspondingly, increasing connected components and thus solv-
ing time. Meanwhile, increased constraint density means increased clause nodes,
and tree decomposition width also relates to node count in the graph. When
WP algorithm convergence probability suddenly drops, tree width still increases
slowly—compared with random SAT instance scale, tree width magnitude and
growth rate are far smaller than random instances. This provides a foundation
for studying factor graph structural information and algorithm convergence for
information propagation algorithms on hard instances.

Factor graph structure significantly impacts WP algorithm performance. Ex-
periments provide sufficient conditions for WP algorithm convergence under
two variable scales. This method can also obtain tree width thresholds for WP
algorithm convergence in other-scale random SAT instances.

4 Conclusion
Information propagation algorithms are highly effective for solving 3-SAT prob-
lems. As a fundamental information propagation algorithm, studying WP algo-
rithm properties significantly impacts other information propagation algorithms.
This paper proposes an algorithm for measuring propositional formula structural
features, using tree width to represent factor graph structural information. Ex-
periments obtain tree width variations and WP algorithm convergence changes
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for different-scale random instances, providing tree width sufficient conditions
for algorithm convergence across different-scale random instances. Future work
will improve tree decomposition algorithms to obtain decomposition tree widths
closer to actual graph tree width, apply tree decomposition strategies to other
information propagation algorithm convergence analysis, and conduct in-depth
analysis and verification of the relationship between tree width and factor graph
complexity.
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