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Abstract
Constrained multi-objective evolutionary algorithms (CMOEAs), capable of
simultaneously handling multiple conflicting objective functions and constraints
while guiding the population toward optimal solutions in the feasible region,
have garnered widespread attention from researchers. First, the relevant
definitions of constrained multi-objective optimization problems (CMOPs) and
three classifications of multi-objective evolutionary algorithms (MOEAs) are
introduced. Second, the constraint handling mechanisms in current CMOEAs
are systematically analyzed, distilling four main constraint handling ap-
proaches. Then, a comprehensive review of the research advances in CMOEAs
is presented from three perspectives: dominance-based, indicator-based, and
decomposition-based. Finally, the existing challenges and future research
directions for CMOEAs are identified.
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Abstract: Constrained multi-objective evolutionary algorithms (CMOEAs)
can simultaneously handle multiple conflicting objective functions and con-
straint conditions, guiding the population toward optimal solutions in the
feasible domain, which has received extensive attention from researchers. This
paper first introduces the relevant definitions of constrained multi-objective
optimization problems (CMOPs) and three classifications of multi-objective
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evolutionary algorithms (MOEAs). Second, it systematically analyzes current
constraint handling mechanisms in CMOEAs, distilling four main constraint
handling methods. Then, it provides a detailed review of research progress
on CMOEAs from three perspectives: dominance-based, indicator-based,
and decomposition-based. Finally, it identifies existing challenges and future
research directions for CMOEAs.

Keywords: constrained multi-objective optimization problems; constrained
multi-objective evolutionary algorithms; dominance-based; indicator-based;
decomposition-based

0 Introduction
Real-world optimization problems involve not only multiple conflicting ob-
jective functions but also various constraint conditions [1]. For example, in
multi-objective optimization of wastewater treatment, energy consumption and
penalty costs are common objectives, while compliance limits for water quality
indicators such as effluent ammonia nitrogen and total phosphorus, along with
upper and lower bounds for control variables, serve as inequality constraints
[2]. Similar constrained multi-objective optimization problems with equality or
inequality constraints exist in fields such as job shop scheduling [3], traffic route
optimization [4], and financial investment [5], collectively termed constrained
multi-objective optimization problems (CMOPs) [6,7].

Research on CMOPs primarily addresses two issues: first, finding a well-
converged, uniformly distributed, and comprehensively covered approximate
Pareto solution set; second, handling constraint conditions to facilitate popu-
lation convergence toward optimal solutions in the feasible domain. However,
due to the nonlinearity, high-order characteristics, and uncertainty of practical
engineering problems [8], traditional algorithms struggle to approximate the
true Pareto front. Moreover, the presence of constraints makes the structure
of feasible regions in the search space more complex, hindering traditional
optimization algorithms from effectively discovering potential feasible domains
[9].

Multi-objective evolutionary algorithms (MOEAs) can obtain a set of Pareto
optimal solutions for MOPs in a single run, attracting widespread research at-
tention. Based on different selection strategies, MOEAs can be broadly clas-
sified into three categories: 1) Dominance-based frameworks, which em-
ploy Pareto dominance relationships to drive population evolution toward the
true Pareto front, with typical representatives including NSGA-II [10], SPEA2
[11], and MOPSO [12,13]; 2) Indicator-based frameworks, which use per-
formance metrics such as hypervolume (HV) to evaluate solution convergence
and diversity, with typical representatives including IBEA [14], SIBEA [15],
and HypE [16]; 3) Decomposition-based frameworks, which collaboratively
decompose an MOP into a series of single-objective optimization subproblems
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[17], with typical representatives including C-MOGA [18], MOGLS [19], and
MOEA/D [20].

The aforementioned MOEAs and their variants were developed for uncon-
strained optimization problems. Since practical problems generally involve
constraints, researchers naturally integrated constraint handling techniques
into MOEAs, forming constrained multi-objective evolutionary algorithms
(CMOEAs). Currently, commonly used constraint handling techniques include
penalty function methods [21], constraint and objective separation methods
[22], multi-objective optimization methods [23], and hybrid methods [24].
The organic integration of these techniques with MOEAs not only balances
feasibility, convergence, and distribution but also significantly improves
algorithm search efficiency. However, these methods have certain drawbacks.
For instance, penalty function methods suffer from difficult parameter settings
[25], constraint and objective separation methods require manual specification
of different � values, multi-objective optimization methods exhibit exponential
growth in computational complexity with the number of constraints, and
hybrid methods lack effective theoretical guidance on integrating different
mechanisms.

In recent years, researchers have proposed innovative approaches such as penalty
function mechanisms based on fuzzy rules [26], dynamic fusion mechanisms for
unconstrained and constrained search [27], and constraint handling mechanisms
based on dual collaborative archives [28], greatly enhancing the ability to find
optimal solutions in feasible domains. Evidently, constraint handling techniques
critically impact the efficient solution of CMOPs. Therefore, organizing and
analyzing research achievements in the CMOEAs field, summarizing existing
problems, and forecasting future challenges constitute important and necessary
research work.

This paper first introduces the definitions of CMOPs and classifications of
MOEAs. Second, it analyzes the advantages and disadvantages of four com-
monly used constraint handling mechanisms. Then, it provides a detailed re-
view of CMOEAs research progress from dominance-based, indicator-based, and
decomposition-based perspectives. Finally, it identifies challenges and future re-
search directions for CMOEAs.

1 Preliminaries
1.1 Mathematical Formulation of CMOPs

Without loss of generality, considering minimization problems, CMOPs can be
defined as follows:
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min 𝐹(𝑥) = (𝑓1(𝑥), 𝑓2(𝑥), … , 𝑓𝑚(𝑥))
s.t. 𝑔𝑖(𝑥) ≤ 0, 𝑖 = 1, 2, … , 𝑟

ℎ𝑖(𝑥) = 0, 𝑖 = 𝑟 + 1, … , 𝑞
𝑥 ∈ Ω ⊂ ℝ𝑛

where Ω ⊂ ℝ𝑛 is the decision space, 𝑓1(𝑥), 𝑓2(𝑥), … , 𝑓𝑚(𝑥) are real-valued func-
tions, 𝑚 is the number of objectives, 𝑔𝑖(𝑥) represents 𝑟 inequality constraints,
and ℎ𝑖(𝑥) represents 𝑞 − 𝑟 equality constraints.

In practice, equality constraints are typically converted to inequality constraints
as shown in equation (2):

|ℎ𝑖(𝑥)| − 𝛿 ≥ 0

where 𝛿 > 0 is called the tolerance parameter for inequality constraints.

The overall constraint violation degree of an individual 𝑥 can be calculated as:

𝑣(𝑥) =
𝑚

∑
𝑖=1

𝐺𝑖(𝑥)

where 𝐺𝑖(𝑥) represents the distance from individual 𝑥 to the 𝑖-th constraint, and
𝐺(𝑥) represents the distance from individual 𝑥 to the feasible domain, reflecting
the degree of constraint violation.

1.2 Definitions Related to CMOPs

Definition 1 (Feasible Solution). An individual 𝑥 is called a feasible solution
of CMOPs if and only if 𝑔𝑖(𝑥) ≤ 0 for 𝑖 ∈ {1, … , 𝑟} and ℎ𝑖(𝑥) = 0 for 𝑖 ∈
{𝑟 + 1, … , 𝑞}.

Definition 2 (Infeasible Solution). A solution 𝑥 that cannot simultaneously
satisfy 𝑔𝑖(𝑥) ≤ 0 for 𝑖 ∈ {1, … , 𝑟} and ℎ𝑖(𝑥) = 0 for 𝑖 ∈ {𝑟 + 1, … , 𝑞} is called
an infeasible solution.

Definition 3 (Feasible Region). The set composed of all feasible solutions
is called the feasible region Ω of CMOPs, as shown in [Figure 1: see original
paper].

Definition 4 (Infeasible Region). The set composed of all infeasible solutions
is called the infeasible region of CMOPs.
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1.3 Classification of MOEAs

1) Dominance-based MOEAs

Dominance-based MOEAs divide the population into multiple layers using
Pareto dominance relationships, selecting solutions layer by layer to ensure
convergence. Within the same layer, solutions with smaller crowding distance
values are preferred for inheritance to the next generation to maintain distri-
bution. [Figure 2: see original paper] illustrates the non-dominated sorting
process in NSGA-II. In the figure, all individuals in classification subsets 𝐹1
and 𝐹2 enter the new population 𝑃𝑡+1, but only some individuals from subset
𝐹3 can enter 𝑃𝑡+1.

2) Indicator-based MOEAs

Indicator-based MOEAs employ performance evaluation metrics to assess solu-
tion quality and measure individual convergence and diversity in the population.
[Figure 3: see original paper] shows a schematic diagram of the 𝐼𝜀+ indicator.
In [Figure 3: see original paper], 𝐴 and 𝐵 are two solution sets each containing
a single individual. In Figure 3: see original paper, the individuals in sets 𝐴
and 𝐵 are non-dominated, with 𝐼𝜀+(𝐵, 𝐴) > 0 and 𝐼𝜀+(𝐴, 𝐵) > 0. In Figure
3: see original paper, the individual in set 𝐵 dominates the individual in set 𝐴,
with 𝐼𝜀+(𝐵, 𝐴) < 0 and 𝐼𝜀+(𝐴, 𝐵) > 0.

3) Decomposition-based MOEAs

In 2002, Murata et al. first proposed a decomposition-based MOEA called the
cellular multi-objective genetic algorithm (C-MOGA) [29]. C-MOGA uses the
weighted sum (WS) approach as an aggregation function for problem decompo-
sition, where generated offspring are only compared with the current individual.
In 2007, Zhang and Li proposed the MOEA/D algorithm, which decomposes a
multi-objective optimization problem into multiple single-objective subproblems
through aggregation functions and optimizes these subproblems collaboratively.
Compared with C-MOGA, MOEA/D employs not only the WS aggregation
function but also investigates the Tchebycheff (TCH) and penalty-based bound-
ary intersection (PBI) aggregation functions. Additionally, it introduces the
concept of neighborhoods to improve population evolution efficiency. [Figure 4:
see original paper] illustrates the TCH decomposition method.

2 Constraint Handling Mechanisms
After nearly two decades of development, CMOEAs have evolved various mature
constraint handling mechanisms. This section introduces four commonly used
constraint handling mechanisms.

1) Penalty Function Methods

Penalty function methods penalize individuals violating constraints according to

chinarxiv.org/items/chinaxiv-202205.00066 Machine Translation

https://chinarxiv.org/items/chinaxiv-202205.00066


their violation degree, reducing their selection probability, as shown in equations
(5) and (6):

𝐺(𝑥) =
𝑚

∑
𝑖=1

𝐺𝑖(𝑥)

Due to their simplicity and ease of application, penalty function methods are the
most popular constraint handling approach in the CMOEAs domain. Several
variants have emerged, including death penalty [30], static penalty, dynamic
penalty [31], and adaptive penalty [32]. In death penalty methods, any solution
violating constraints is considered infeasible and rejected from algorithm evo-
lution. In static penalty methods, penalty factors remain constant throughout
evolution. In dynamic penalty methods, penalty factors typically vary with gen-
eration number, using smaller values in early stages to expand search regions
and improve diversity, and larger values in later stages to focus search within
feasible regions and improve convergence. Adaptive penalty methods generally
extract constraint violation information from the evolutionary process and use
this feedback to adaptively adjust penalty factors.

However, penalty function methods are parameter-dependent; excessively large
or small parameters affect algorithm performance, and parameter tuning is ex-
tremely time-consuming [33]. Therefore, the primary challenge lies in designing
adaptive strategies to efficiently determine appropriate penalty factors.

2) Constraint and Objective Separation Methods

These methods treat objective values and constraint violation degrees separately.
Deb et al. [34] proposed three feasibility criteria for individual comparison during
replacement to maintain balance between feasible and infeasible solutions: 1) If
both individuals are feasible, evaluate them based on objective function values;
2) If one is feasible and the other infeasible, select the feasible individual; 3) If
both are infeasible, select the individual with lower constraint violation.

Feasibility criteria are simple to implement and parameter-free, making it easier
to find feasible solutions. However, they overemphasize feasible solutions while
ignoring potentially useful information carried by infeasible solutions, risking
premature convergence to local optima. Other representative methods include
the constraint dominance principle (CDP) [34], stochastic ranking (SR) [35],
and �-constraint handling [36].

The CDP method establishes the following criteria to evaluate solutions 𝑥 and 𝑦
for replacement operations: 1) If 𝑥 is feasible and 𝑦 is infeasible, do not replace
𝑥 with 𝑦; 2) If 𝑥 is infeasible and 𝑦 is feasible, replace 𝑥 with 𝑦; 3) If both 𝑥
and 𝑦 are infeasible, replace the solution with higher constraint violation with
the one having lower violation; 4) If both are feasible, replace the solution with
poorer performance metric with the better one.

chinarxiv.org/items/chinaxiv-202205.00066 Machine Translation

https://chinarxiv.org/items/chinaxiv-202205.00066


The SR method uses a probability parameter 𝑝𝑓 to determine whether the algo-
rithm evaluates solution quality based on objective function values or constraint
violation degrees. Algorithm 1 presents the SR pseudocode. The SR method
effectively balances constraint violation and fitness values during search, maxi-
mizing useful information from feasible solutions while 挖掘 ing potential infor-
mation from infeasible solutions, strongly driving the algorithm toward optimal
values in feasible domains.

In the �-constraint handling method, a piecewise function controls the � value.
Individuals are divided into different regions based on total constraint violation,
with different evaluation criteria applied:

𝜀(𝑡) = {𝜀(0) (1 − 𝑡
𝑇𝑐

)𝑐𝑝 , 0 < 𝑡 < 𝑇𝑐
0, 𝑡 ≥ 𝑇𝑐

where 𝑡 is the current generation, 𝑇𝑐 is the control generation, 𝑐𝑝 controls the �
reduction rate, and 𝑣(𝑥𝜃) represents the constraint violation degree of the 𝜃-th
individual in the population.

The �-level comparison ≺𝜀 is defined based on the ordering relationship on the
(𝑓(𝑥), 𝑣(𝑥)) set. Let 𝑓(𝑥1), 𝑓(𝑥2) and 𝑣(𝑥1), 𝑣(𝑥2) be the objective values and
constraint violation degrees of solutions 𝑥1 and 𝑥2, respectively. For any 𝜀 ≥ 0,
the �-level comparison is defined as:

𝑥1 ≺𝜀 𝑥2 ⇔
⎧{
⎨{⎩

𝑓(𝑥1) ≤ 𝑓(𝑥2), if 𝑣(𝑥1), 𝑣(𝑥2) ≤ 𝜀
𝑣(𝑥1) < 𝑣(𝑥2), if 𝑣(𝑥1) ≤ 𝜀 < 𝑣(𝑥2)
𝑣(𝑥1) < 𝑣(𝑥2), otherwise

3) Multi-Objective Optimization Methods

The core idea is to transform constraints into objective functions, con-
verting CMOPs into MOPs. Two approaches exist: first, transforming
constrained optimization problems into bi-objective problems of the form
min 𝐹(𝑥) = (𝑓(𝑥), 𝐺(𝑥)), where 𝑓(𝑥) is the original objective function and
𝐺(𝑥) is the total violation degree of (𝑟 + 𝑞) constraints. Second, transforming
constrained problems into MOPs with (𝑟 + 𝑞 + 1) objectives. Although
multi-objective optimization methods demonstrate good convergence when
handling CMOPs, computational complexity increases exponentially.

4) Hybrid Methods

Hybrid methods typically employ three operational paradigms: 1) Multi-
mechanism strategies using two or more constraint handling mechanisms; 2)
Multi-stage strategies dividing the search process into phases with different
mechanisms in each phase; 3) Cooperative coevolution strategies where multiple
mechanisms collaborate to effectively solve complex constrained optimization
problems.
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3 Research on CMOEAs Classification
Based on different selection mechanisms, this section elaborates on CMOEAs
from three major categories: dominance-based, indicator-based, and
decomposition-based.

3.1 Dominance-Based CMOEAs

This subsection first introduces the application of penalty function methods in
dominance-based CMOEAs. Zhou et al. [37] proposed a hybrid multi-objective
bare-bones particle swarm optimization algorithm (HBBMOPSO) based on
Pareto dominance and decomposition. This method constructed constrained
multi-objective functions including energy consumption and penalties using
an adaptive penalty function approach. To improve the convergence and
diversity of the Pareto optimal solution set, the method utilized decomposition
strategies to select individual leaders and employed Pareto dominance and
crowding distance methods to maintain external archives. Azzouz et al. [38]
proposed the dynamic nondominated sorting genetic algorithm II (DNSGA-II)
to handle dynamic constraint problems where objective functions, constraints,
or problem parameters change over time. This method adaptively adjusted
penalty terms based on the proportion of feasible solutions in the current
population to handle dynamic constraints. Experimental results showed that
DNSGA-II outperformed the original algorithm in convergence and diversity
on most test problems.

Beyond parameterized penalty function methods, some parameter-free ap-
proaches exist. Jadaan et al. [39] proposed a constrained multi-objective
evolutionary algorithm combining nondominated ranked genetic algorithm
(NRGA) with a parameter-free penalty function method (PP-NRGA). This
method used a parameter-free penalty coefficient 𝑟𝑔 requiring no prior problem
knowledge and introduced ranks in the fitness function to facilitate convergence
to the global Pareto front. Experimental results demonstrated that PP-NRGA
improved convergence speed while maintaining diversity. Ning et al. [40]
proposed a novel constrained nondominated sorting (CNS) constraint handling
method. This method assigned a constrained nondomination rank to each
individual in the population using both constraint violation degree and Pareto
rank, achieving balance between feasibility and optimality. To effectively solve
CMOPs, CNS was embedded into MOEA/D-M2M to form the competitive
cMOEA/H algorithm.

Due to difficulties in setting penalty parameters, the performance of CMOEAs
with penalty function-based constraint handling mechanisms is hard to guaran-
tee. Consequently, researchers have focused more on feasibility criterion meth-
ods within constraint and objective separation approaches.

Zhang et al. [41] proposed a constraint handling method based on NSGA-II
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(NSGA-II-TRA) to address constraints in optimal testing resource allocation
problems (OTRAPs). This method used heuristic algorithms to repair element
values causing constraint violations and employed z-score-based Euclidean dis-
tance to evaluate differences between individuals. Sensitivity analysis results
showed that NSGA-II-TRA exhibited good robustness. Jiao et al. [42] proposed
an improved NSGA-II algorithm with a feasible solution guiding strategy. This
method modified individual objective function values using constraint violation
values and true objective function values, maintained algorithm balance using
the feasible solution ratio from the current population, and determined feasi-
ble directions for infeasible solutions under the guidance of feasible individuals,
enabling search for Pareto optimal solutions from both feasible and infeasible
spaces. Experimental results demonstrated superiority in convergence and di-
versity. Fan et al. [43] proposed a novel dominance-based clustering method
using infeasible solutions to handle CMOPs and utilized differential evolution
crossover operators for rapid convergence to the Pareto front.

In constraint and objective separation methods, Ray et al. [44] proposed a
nondomination-based CMOEA that eliminated scaling and aggregation issues
in penalty function methods by separately processing constraints and objectives
using Pareto sorting concepts in both objective and constraint domains. Ex-
perimental results showed the algorithm could obtain a diverse set of Pareto
optimal solutions. Elarbi et al. [45] proposed the isolated solution-based con-
strained NSGA-III algorithm (ISC-NSGA-III), which improved diversity and
convergence by selecting infeasible solutions related to isolated subregions (i.e.,
weight vectors or reference points). Yang et al. [46] proposed a multi-objective
differential evolution algorithm based on dominance and �-constraint handling
switching mechanisms (MODE-CHS) to balance feasibility, convergence, and
distribution in CMOPs. This algorithm accelerated population convergence
while obtaining feasible solutions through �-constraint techniques. Experimental
results showed MODE-CHS was highly competitive in solving CMOPs. Cuate
et al. [47] proposed a two-stage hybrid evolutionary algorithm (�-NSGA-II/PT)
combining NSGA-II with a Pareto tracer (PT) to solve equality-constrained
CMOPs. The PT strategy could track optimal solutions along the Pareto front
and handle constraints. Experimental results demonstrated �-NSGA-II/PT’s
superiority over existing methods.

In multi-objective optimization methods, Isaacs et al. [48] proposed a constraint
handling evolutionary algorithm (CHEA) based on improved NSGA-II. This
method transformed the original constrained optimization problem with 𝑘 ob-
jectives into an unconstrained problem with 𝑘 + 1 objectives, using a custom
parameter 𝛼 to control the number of infeasible solutions retained in the popula-
tion and leveraging infeasible space search to increase solution diversity. Exper-
imental results showed CHEA could rapidly search for feasible domain optimal
solution sets.

In hybrid method applications, Deb et al. [49] proposed a CMOPs handling
method combining bi-objective evolutionary algorithms with penalty function
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methods. This approach treated constraint violation minimization as an ad-
ditional objective combined with bi-objective evolutionary optimization strate-
gies, used the obtained Pareto front to estimate penalty parameter 𝑅, and
employed classical local search methods to solve penalty functions, promoting
algorithm convergence. Experimental results showed the evolutionary algorithm
with penalty function-based constraint handling could quickly and accurately
find optimal solutions for constrained problems. Venkatraman et al. [50] pro-
posed a two-stage framework based on genetic algorithms for CMOPs. In the
first stage, constrained optimization problems were treated as unconstrained
problems to find feasible solutions; in the second stage, objective functions and
constraints were considered as a bi-objective optimization problem. Experimen-
tal results proved the algorithm was problem-independent and highly robust.
Woldesenbet et al. [51] proposed a hybrid constraint handling technique based
on adaptive penalty functions and distance metrics. This simple, parameter-free
method demonstrated better handling results.

Most practical engineering problems exhibit dynamic characteristics where
objective functions, decision parameters, and constraints change over time.
For such dynamic CMOPs, Azzouz et al. [52] combined adaptive penalty
functions with feasibility-driven strategies to propose a dynamic constrained
multi-objective evolutionary algorithm (DC-MOEA) based on NSGA-II. In
DC-MOEA, the feasibility-driven strategy guides search convergence toward
new feasible solutions according to environmental changes. summarizes
research on dominance-based CMOEAs.

Additional studies apply CMOEAs to practical engineering problems. Ji et
al. [53] developed an improved NSGA-II algorithm by converting constraint vio-
lations into objective functions and applied it to the continuous berth allocation
problem (BAPC). Gadhvi et al. [54] used NSGA-II, SPEA2, and PESA-II with
constraint handling mechanisms for constrained multi-objective optimization of
vehicle passive suspension systems. Sorkhabi [55] proposed a novel constraint
handling method based on NSGA-II using penalty functions and constraint
programming (CHCP) to balance local and global exploration, improving opti-
mization efficiency for multi-objective wind farm layout optimization with con-
straints. Abul’Wafa et al. [56] proposed a controlled elitist NSGA-II algorithm
for multi-objective economic/environmental dispatch problems. Bora et al. [57]
used constrained NSGA-II and reinforcement learning for multi-objective wind
power dispatch. Song et al. [58] designed an improved NSGA-II algorithm using
constraint steering rules for multi-objective land allocation spatial optimization.
Rathnayake [59,60] improved NSGA-II’s constraint handling capability using bi-
nary tournament constraint handling techniques for multi-objective control of
sewer systems, with experimental results showing better performance than other
techniques. Zhou et al. [61] proposed an intelligent optimal control method for
wastewater treatment processes based on constrained multi-objective bare-bones
particle swarm optimization. summarizes engineering applications of dominance-
based CMOEAs.
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3.2 Indicator-Based CMOEAs

Compared with dominance-based CMOEAs, research on indicator-based
CMOEAs is relatively limited. Key contributions include:

García et al. [62] proposed an indicator-based MOEA that uses reference sets
to guide population search and IGD values to drive population convergence,
ultimately achieving the goal of obtaining constraint boundary feasible solutions
through performance indicators.

In constraint and objective separation methods, Scimemi et al. [63] proposed a
hypervolume indicator-based constraint handling technique that extends the SR
method from single-objective to multi-objective optimization, with experimental
results demonstrating applicability.

In hybrid methods, Said et al. [64] proposed an indicator-based co-evolutionary
migration based algorithm (IB-CEMBA) for solving combinatorial bi-level
multi-objective optimization problems. Bi-level problems consist of upper-level
(leader) and lower-level (follower) components, where the lower-level problem
appears as a constraint for the upper-level. IB-CEMBA uses indicator-based
methods to measure whether solutions sent from the lower to upper level have
optimal indicator contributions. Guo et al. [65] proposed a hybrid MOEA
combining indicator-based IBEA with satisfiability modulo theories (SMT)
called SMTIBEA for solving real-world software product line configuration
optimization problems. Antonio et al. [66] proposed a new cooperative
coevolution MOEA based on hypervolume indicators (IBMOEA) for CMOPs.

Some achievements combine multiple optimization algorithms for constrained
problems. BenMansour et al. [67] proposed a combined algorithm (IW-
BLS/ACO) based on ant colony optimization and neighborhood methods (local
search) for multi-objective multi-dimensional knapsack problems. This method
uses ant colony optimization to create initial solutions and local search with
�-indicator for spatial search, achieving better trade-offs between exploration
and exploitation. Mansour et al. [68] proposed an indicator-based ant colony
optimization algorithm for multi-objective knapsack constrained problems.

To prevent populations from falling into local optima when handling CMOPs,
Yuan et al. [69] proposed an indicator-based constrained multi-objective algo-
rithm (ICMA). This method first introduces distance metrics to measure crowd-
ing between solutions in objective space, guiding populations to explore different
regions thoroughly, then uses this metric and overall constraint violation to de-
sign evaluation indicators for feasible and infeasible solutions, effectively guiding
populations toward promising regions and preventing local optima. Experimen-
tal results showed ICMA outperformed other CMOEAs. Liu et al. [70] devel-
oped indicator-based CMOEAs (HypE, IBEA, and ISDE) combined with three
constraint handling techniques (feasibility criterion, SR, �-constraint method).
Experimental results demonstrated that indicator-based CMOEAs were highly
competitive for CMOPs. Wang et al. [71] proposed an improved SATIBEA+
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method based on SATIBEA, which maps feature selection problems to SAT
problems by introducing binary variables for each feature and mapping con-
straints to formulas. The method defines minimizing the number of invalid
constraints as a search objective, replacing invalid configurations with valid
or “better” configurations (with fewer constraint violations) during search to
reduce feature violations and increase the percentage of valid configurations.
Experimental results showed SATIBEA+ outperformed SATIBEA.

Shi et al. [72] proposed an indicator-based evolutionary algorithm parallel port-
folio approach (IBEAPORT) that composes three algorithm variants (SATI-
BEAv1, SATIBEAv2, and SATIBEAv3) by merging SAT solving into IBEA in
different ways and executes them using parallelization techniques. Experimen-
tal results showed IBEAPORT leveraged the exploration capabilities of different
algorithms and improved optimality within limited time budgets. summarizes
research on indicator-based CMOEAs.

In engineering applications, Li et al. [73] proposed a parallel bi-criterion evo-
lution indicator-based evolutionary algorithm (PBCE-IBEA) to balance econ-
omy and security in hybrid AC/VSC-MTDC systems. Experimental results
demonstrated PBCE-IBEA could effectively trade off economy and security.
Tangpattanakul et al. [74] proposed an indicator-based multi-objective local
search (IBMOLS) for CMOPs related to Earth observation satellite selection
and scheduling. lists engineering applications of indicator-based CMOEAs.

3.3 Decomposition-Based CMOEAs

This subsection primarily uses MOEA/D as an example to introduce research
status on decomposition-based CMOEAs.

Some methods utilize feasible or infeasible solutions when handling CMOPs.
Miyakawa et al. [75] proposed a constrained MOEA/D with directed mating
and archive (CMOEA/D-DMA). This method employs directed mating to se-
lect useful infeasible solutions with better scalar function values than feasi-
ble solutions as parents and stores them in an archive. Tests on continuous
mCDTLZ and multi-objective discrete knapsack problems showed improved
search performance. Elarbi et al. [76] proposed an isolated solution-based con-
strained MOEA/D (ISC-MOEA/D) for constrained many-objective optimiza-
tion problems (CMaOPs) with various complex features. The method first han-
dles CMaOPs with complex features through an isolated solution-based update
procedure, then selects infeasible solutions related to isolated subregions with
smaller constraint violations. Experimental results showed ISC-MOEA/D was
more competitive.

In constraint and objective separation methods, Fan et al. [77] proposed
MOEA/D with angle-based constrained dominance principle (MOEA/D-
ACDP). ACDP uses angle information between two solutions and the
proportion of feasible solutions to adjust dominance relationships, simultane-
ously maintaining good convergence, diversity, and feasibility. Asafuddoula
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et al. [78] proposed an adaptive constraint handling approach for MOEA/D.
This method includes an adaptive constraint violation threshold setting
mechanism where infeasible solutions with violation values below the threshold
are treated equivalently to feasible solutions. Fan et al. [79] applied an
improved �-constraint handling mechanism in the MOEA/D framework, with
experimental results showing effectiveness in both convergence and diversity.
Martinez et al. [80] proposed a novel selection mechanism based on �-constraint
handling that uses MOEA/D neighborhood information to obtain solutions
minimizing objective functions within feasible regions. Results showed the
new �-constraint method achieved optimal balance between feasible solution
generation and accelerated convergence toward the Pareto optimal front.

Moreover, constraints may cause algorithms to fall into two stagnation states:
1) Since feasible regions of CMOPs generally consist of disconnected feasible
subregions, algorithms may become trapped in subregions without global Pareto
optimal solutions; 2) A constraint violation function may contain many non-zero
minima, trapping search in infeasible regions. To address these issues, Zhu et
al. [81] designed a detect-and-escape (DAE) strategy based on MOEA/D to help
constraint handling methods escape infeasible regions and local optimal Pareto
fronts, with the constraint handling mechanism flow shown in [Figure 5: see
original paper].

In multi-objective optimization-based constraint handling methods, Zapotecas-
Martínez et al. [82] proposed a multi-objective constraint handling method
based on MOEA/D. This method constructs a bi-objective problem with scalar
functions and constraint violation degrees as objectives, selecting optimal so-
lutions through scalar functions to enhance the possibility of using infeasible
solutions to approximate CMOPs’ Pareto fronts, maintaining balance among
convergence, diversity, and feasibility. Peng et al. [83] also proposed a multi-
objective constraint handling method based on MOEA/D. This method trans-
forms constraint violation degree into an objective function and uses a portion
of weights distributed in infeasible regions to select infeasible nondominated in-
dividuals. These weights dynamically change during evolution to find infeasible
nondominated individuals with better objective values and smaller constraints,
improving population convergence and diversity. Wang et al. [84] proposed a
weight vector adjustment strategy based on MOEA/D for multi-objective han-
dling of constraints.

Regarding the issue that common decomposition methods in MOEA/D may
cause diversity loss or sensitivity to PF shape, Cai et al. [85] proposed a con-
strained decomposition with grids (CDG) method called CDG-MOEA. CDG
can be viewed as an extension of �-constraint methods with inherent character-
istics reflecting neighborhood structure information among solutions. In CDG,
one objective function is selected for optimization while all other objectives are
converted to constraints by setting upper and lower bounds. This method out-
performed comparison algorithms in both convergence and diversity and showed
robustness to Pareto front shapes. Building on CDG, Cai et al. [86] proposed
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a dynamic constrained decomposition with grids (DCDG) framework for multi-
objective memetic algorithms (DCDG-MOMA) for combinatorial CMOPs with
dynamic population sizes. Additionally, DCDG can dynamically increase grid
numbers to obtain more nondominated solutions and improve diversity. Exper-
imental comparisons showed clear superiority over other algorithms. compares
these two methods.

In hybrid methods for solving CMOPs, Chen et al. [87] proposed a
decomposition-based MOEA with the �-constraint framework (DMOEA-
�C). This method incorporates �-constraint into decomposition strategies,
selecting one objective as primary while converting others to constraints, and
uses feasibility criteria to optimize subproblems. Experimental comparisons
showed clear superiority and significant advantages in solving 0-1 knapsack
problems. Liu et al. [88] proposed a MOEA/D evolutionary algorithm with
boundary search and archiving for CMOPs. summarizes decomposition-based
CMOEAs research.

In engineering applications, Zhu et al. [89] used MOEA/D with penalty func-
tion constraint handling for economic emission dispatch in wind-thermal power
systems. Biswas et al. [90] used MOEA/D with superiority of feasible solutions
(SF) constraint handling for constrained multi-objective optimal power flow.
Zhou et al. [91] used MOEA/D with feasibility criterion constraint handling for
constrained multi-objective optimal control of wastewater treatment processes.
Li et al. [92] used improved MOEA/D for MEMS layout optimization. Hu et
al. [93] proposed a MOEA based on MOEA/D and constraint programming for
multi-objective team orienteering problems with time windows (MOTOPTW).
Li et al. [94] proposed a problem-specific heuristics MOEA/D (PH-MOEAD)
for hybrid flowshop lot-streaming problems. lists engineering applications of
decomposition-based CMOEAs.

4 Conclusion
This paper summarized CMOEAs research achievements from dominance-based,
indicator-based, and decomposition-based perspectives, and analyzed the spe-
cific applications of four typical constraint handling mechanisms: penalty func-
tion methods, constraint and objective separation methods, multi-objective op-
timization methods, and hybrid methods. Reviewing research trends over the
past decade, CMOEAs theory has become richer, constraint handling effects
more prominent, and engineering applications continuously expanding. How-
ever, several challenges remain:

1) Handling Complex Constraints

To find feasible solutions, equality constraints are often converted to inequal-
ity constraints. However, for constrained optimization problems with complex
equality constraints that are nonlinear or discrete, evolutionary algorithms strug-
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gle to find feasible solutions. In discrete constrained optimization, optimal so-
lutions easily fall into local optima in feasible regions. Therefore, how to rea-
sonably utilize complex constraints to find feasible solutions while preventing
algorithms from falling into local optima remains an open problem. Future
research could consider comprehensively applying existing constraint handling
techniques to design hybrid mechanisms for complex search environments, or
dividing populations into multiple subpopulations for collaborative evolution to
achieve constraint handling at different evolutionary stages.

2) Imbalance Between Constraints and Objectives

When solving CMOPs, overemphasizing constraints may miss Pareto optimal so-
lutions, while overemphasizing objective functions may deviate populations from
feasible regions. For example, in wastewater treatment multi-objective optimiza-
tion, strictly requiring all water quality parameters to meet standards would
result in extremely high electricity costs; conversely, pursuing minimum energy
consumption alone would fail to guarantee water quality constraints, causing
significant environmental harm. Therefore, balancing constraints and objective
functions according to engineering problem characteristics is crucial. Future re-
search could consider obtaining Pareto fronts of interest based on decision-maker
preferences or identifying urgently needed solutions that violate constraints.

3) Many-Objective Problems

Real-life problems often require considering numerous factors. When the num-
ber of objectives exceeds three, traditional Pareto dominance relationships lose
discriminative power, causing convergence speed degradation and inability to
converge well to the Pareto front. Therefore, designing evolutionary mecha-
nisms with synchronized selection pressure and constraint handling for con-
strained many-objective optimization problems is extremely challenging. Fu-
ture research could consider phased processing of convergence and diversity,
such as using weak dominance relations in the first stage to promote conver-
gence, strong dominance relations in the second stage to enhance diversity, and
adopting dual-archive strategies for constraint handling while providing strong
selection pressure.

4) Test Functions

Real-world problems are complex and variable. Existing constrained test func-
tion sets for CMOEAs performance verification can no longer meet practical
engineering needs. Therefore, designing benchmark test functions that reflect
real engineering problem characteristics is necessary. Future research could con-
sider designing test function generators with controllable parameters.

In summary, CMOEAs still face numerous challenges when handling CMOPs.
With the development of science, technology, and intelligent evolutionary algo-
rithms, there remains room for improvement in CMOEAs’ constraint handling
effectiveness and optimization performance. Most current achievements focus on
performance improvements to original algorithms, while new algorithm theories
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and constraint handling techniques require further research. Real-world prob-
lems are typically dynamic constrained optimization problems interacting with
time or environment, where optimal solutions change dynamically. Therefore,
research on dynamic constrained multi-objective optimization problems 仍需从算
法框架、参数控制、处理机制等方面进行研究. Designing adaptive learning mechanisms
meeting exploration and exploitation needs, or combining with advanced ma-
chine learning theories (such as deep learning, transfer learning, reinforcement
learning) to design knowledge-driven constrained multi-objective evolutionary
algorithms for improving population self-organizing learning capabilities, are
also promising research directions.
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