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Abstract

This paper considers the Wasserstein metric between the empirical probability
measure of n discrete random variables and a continuous uniform distribution on
the d-dimensional ball, and provides an asymptotic estimate of its expectation
as n — o0o. Furthermore, we consider the aforementioned problem for a mixed
process, i.e., n discrete random variables are generated by a Poisson process.
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Abstract

This paper investigates the Wasserstein metric between the empirical probability
measure of n discrete random variables and a continuous uniform measure on the
d-dimensional ball, providing asymptotic estimates for their expectation as n —
oo. Furthermore, we consider the aforementioned problem for a mixed process,
where the n discrete random variables are generated by a Poisson process.
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1 Introduction

Paper [1] studied the Ollivier curvature of random geometric graphs, where a
key step involves establishing estimates for the Wasserstein metric between the
empirical probability measure of n discrete random variables and a continuous
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uniform measure on the d-dimensional ball. The authors applied results from
[5], but those results were established on [0, 1]¢, whereas Ollivier curvature is
defined on balls. Consequently, the proof approach in [1] appears both tedious
and problematic. On the other hand, lattice methods in statistical mechanical
approaches [6] often involve similar notation and convergence from discrete phys-
ical quantities to continuous ones, which should have close connections with the
convergence from discrete probability to continuous probability. These consid-
erations motivate us to study the approximation problem between discrete and
continuous probability measures. In this article, we select the Wasserstein met-
ric as our measure of approximation, through which we hope to build a bridge
for investigating the relationship between discrete and continuous quantities in
broader contexts.

2 Preliminary Estimation

Definition 1. Let X, X,,--,X,,,Y;,Y5,-,Y,, be independent uniformly dis-
tributed random variables on the d-dimensional ball B(0;1) = {z € R, ||z| < 1},
where d > 2 and ||| is a norm on R?. The random variable Md inf, > | ||X,

Y, (| denotes the optimal matching between X, Xy,-+, X,, and Y7, YQ,- ,Yn,
where o ranges over all permutations of {1,2,--,n}. By the dual prmmple (2, 3],
we have Md SUP fe 11 Zl 1( (X;) = f(Y}) = SUP rc o1 |Zl 1 f(X;) — f(Y) )|v

where the set of Lipschitz functions is £; = {f : B(0;1) = R;|f(z) — f(y)| <
|z —y|,Vz,y € B(0;1), f(0) = 0}. Note that every Lipschitz functlon in £ can
be extended to a function in £ = {f : R = R;|f(z) — f(v)| < |* —y|,Vz,y €
RY, £(0) = 0, fl e < 1}, 50 L4 = £ p(,1)- The following Lemma 1 provides
upper and lower bound estimates for the expectation E(MZ).

Lemma 1 (Optimal Matching). For the above optimal matching problem,
we have for dimension d > 2:

1
i1 < hmlnf[(Md) i< lim sup [E(M;f)nl*é <2d+5+8.

d n—00 n— oo

Proof. We place the proof in the appendix. The method is essentially from [5],
with improvements and modifications to extend it to random variables on balls.

3 Main Results and Proofs

The following results concern the Wasserstein metric between empirical and
uniform measures on the d-dimensional ball. In general, the Wasserstein metric
between two probability measures i, py is given by the following definition.

Definition 2. Let u; and py be Borel probability measures on a compact metric
space (X, d) and let T'(p4q, i15) denote the set of joint probability measures p on
X x X with marginals p; and p, respectively. The Wasserstein metric is defined
by

Wy, pe) = _inf / d(x,y) du(z,y).
RED(p1,2) Jyrs
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By the duality principle (Kantorovich Dual Theorem) [7], the Wasserstein metric
can be expressed as

Wiy, ) = sup ( /x F) dpy () /x 7) du2(y>) |

feL1(Xx)

where £,(X) denotes the set of 1-Lipschitz functions on X with respect to the
metric d. From the above duality formula, we may further assume that any
f e £,(X) satisties f(0) = 0.

Note: In what follows, all metrics are induced by some norm. To maintain
consistent mathematical notation with most original articles, we still use ‘d’
to denote the metric in a space, which should not cause confusion with the
dimension notation.

Theorem 1. Let X, X,,--, X,, be independent uniformly distributed random
variables on the d-dimensional ball B(0;1), let m¢ denote the empirical measure

mi(y) =2+ Z?;l 1, x, and p, the uniform measure on B(0;1). Then as n — oo,

1

E[Wy(md, pg)) = O(n~a), d=>2.

Proof. By the definition of the Wasserstein metric and the Kantorovich duality
theorem,

Wymd, ug) = inf / d(z,y)du(e,y) = sup ( / f() dm () — / f(y)dud@)
B(0;1)xB(0;1) B(0;1) B(0;1)

pel(md,png) FEL1(B(0;1))

Let Y;,Y5,-+,Y, be independent uniformly distributed random variables on
B(0;1). Then

/ F) dpaly) = ELF(YD)], i=1,m.
B(0;1)

Therefore,

fecu(B(o;1)) \ ™ feci(B(o;1) M

Wa(mi, png) = sup (1 > f(X) - [E[f(i@-)]) = s S (FX)-EAVIX).
Conditioning on X = (X4,--,X,,), we have

d o,y _ 10y Ny 1 { d

X} .
Hence, from Lemma 1, we obtain
1 1

E[(Wy(m5, pg)] < —E[M] = O(n"17).

n
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Corollary 1. More generally, let X;, X,,--, X,, be independent uniformly dis-
tributed random variables on the d-dimensional ball B(0, ) with radius § > 0,
and let m& denote the empirical measure and y, the uniform measure on B(0, d).
Then

E[Wy(me, )] = 50(n~4), d > 2.

Proof. Let y = 0t and define md(t) = §%md (6t) = % S 15_x, and ji4(t) =
§%,4(0t). Then m? and ji, are respectively the empirical and uniform measures
for the variable ¢t on B(0;1). In particular,

W,(md u,) = inf / d(z,y) p(z,y)dedy = inf / d(6t,67) p(t,67) 6% dt dr -
el (ms,1a) JB(0,8)x B(0,) EL(ma,1a) JB(0;1)x B(0;1)
Therefore,
E[W,(md, ng)] = 60(n~), d>2.
Theorem 2. Consider a Poisson process P with intensity measure

1+ an>Wn;1)|dVd on the d-dimensional ball B(0;1), for some sequence

0<a, = 0. Let mg) denote the empirical random measure with respect to P,
defined by mg,(y) = \71’| Zpe? 1,_,, and let p; be the uniform measure on the
ball. Then

1

E[W(m$, g)] = O(n” ).

Proof. Since the number of random variables in m% is generated by the mixed
random process P, we have

E[W(m$, pg)] = ) EW(m$, ug) | 1P| = KIP(Po((1 + v, )n) = k).

[M]8

>
I

0

From Theorem 1, we know that

=

E[W (mg, pa) | |P| = k] = O(k~ 7).

On the other hand, from Lemma 1.2 in [4] we have for any constant c:
P(Po((1+a,,)n) > (14a, )n+ey/(1 + a, )nlogn) < e~ (IFannlognt — O(p=¢*/2),
and

P(Po((14a,)n) < (1+a,)n—cy/(1 + a,,)nlogn) < e~ (tannlognt= — (p=¢*/2),
Define af = [(1 4+ «,,)n + ¢y/(1 + ,,)nlogn|. Then

E[W(m$, pq)] = Z + Z + Z E[W(m%, ug) | |P| = KIP(Po((14+a,)n) = k) == I +1+1;.

k<a;, a,<k<a k>a}
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For I, and I, we have

I, < 2P(Po((14a,)n) < a;;) = O(n=<*/2), I, < 2P(Po((1+a,)n) > al) = O(n=<"/2).

For the main term I,, we have

L= " EW(m i) | 12] = HP(Po((1+a,)n) = k) < S 00 #)P(Po((1+a,)n) = k) = O (1 + a)n —
k=a; k=a_

n n

Finally, for an appropriately chosen constant ¢, we obtain

E[W (mb, ug)] = O(n~ 7).

Corollary 2. Let 0 < a,, — 0, € R%, and consider a Poisson process P with
n

intensity measure (1 + an)ded on the d-dimensional ball B(z;d) with

radius 6 > 0. Let m‘gi, , denote the empirical measure with respect to 7, i.e.,
mé (y) = I%\ ZPG? 1,_,, and let i, , be the uniform measure on B(z;d). Then

[E[Wd(md?,z’ Md,:v)] = O<n_3)'

Proof. As in the proof of Theorem 2, first note that |P| follows a Poisson
distribution on B(z;d) with mean (1 + a,,)nd?. Therefore,

E[Wa(mh . pq,0)] = EGWa(mh . fig)] = SEIWa(ms . fig )] = S0((nd®)~4) = O(n~H).

Conclusion

Corollary 2 may be directly applied to obtain the result in Appendix A.3 of
[1]. Next, we hope to apply our method to analyze electrostatic approximation
problems.

Appendix A: The Lower Bound of E(M?)
Since M¢ = inf, ijl |X, — YU@H > inf, ijl min,,, X, — Y]|| =
Z?Zl min,,, [ X; — Y}, we have

d . . .
E(MZ|X) > ; E(min |X; — Y1 | X) 2n_min E(minfe—Y;)).

B(z,t)NB(0;1 .
Let B(z,t) = {y € R? : |z —y| < t}. Then for ¢ < 1, % < min{t?, 1}

and
P(minz — Y| > 1) > (1— ).
Jjsn
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Therefore,

o] 1 n
E(min |2—Y;]) = / P(min |2—Y}| > t)dt > [ (1—t%)"dt = n’l/d/ (1—u?/n)™ du.
Jjs<n o jsn o

S—

Finally, by Fatou’ s lemma, we have

1 1

Appendix B: The Upper Bound of E(M?)
1

Set r = nTle where w,; = |B(0;1)], so that » — 0 as n — oo and |B(xz,7)| = .
Deﬁne U(’L,j) = 1{||XL7YT]H§T} and

|B(z,r) N B(0; 1)]

M= Ee

so that b(z) < L < 1if n > 1. First decompose >_._ (f(X;)— f(Y;)) as follows:

<n

3
3

S D) = 33 uli ) FE)—F)Y FX) (1 - Zuu,j)) N (1 - Zuu,j)) .
: - ; Jj=1

i=1 i=1 j=1 i=1 j=1 i=1
Thus,
S ) = O] £ 303 uli ) — S|+ ) (1 - Zuu,j)) =35 (1 = uli.g

We will estimate E sup fect I, and Esup fect I, separately, and finally obtain

n

D (X)) = F(Y)

i=1

< E sup I;+E sup I, < nl’%+2dnl’5+4nl’i—|—8.
feLl feLl

E(MZ) = E sup
feLl

Therefore,
limsup E(M)n'~a <1+2d+4+8.

n—oo

B.1 The Estimation of Esup,_,, I,
We have

n n n n

L= ) (f(X) — fY)| <7 u(i, 5).

i=1 j=1 i=1 j=1
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Since f is Lipschitz,

Note that the estimation of I; could be further optimized; see [5].

B.2 The Estimation of Esup ;. ;1o
Decompose I, as follows:

Zf (1= nb(X,)) — 3 F(V;) (1 - nb(¥) + ifom(m(x»—iuu,j))—iﬂr

j=1 =1

We will estimate these three parts and finally obtain

Esup I, <Esup I, +E sup Iy + L sup Iy < 2dn'~ i 4+4ntta 48,
fec1 fec1 fec fel

B.2.1 The Estimation of Esup,_,, I5; Note that |f| (g1 < 1 and the
value of b(X;) on B(0;1). We have

n

E sup
feLl ;

J(X;)(1 = nb(X)) <[ES“PZ|f DI1=nb(X |<Z[E|1 —nb(X,)| < ndr = dn'~3.

feL1y

Thus,

n

L sup I,; =L sup Z
feLl fec1|iq

FX( = nb(X,) = 3 (31— mb(¥;)| <

B.2.2 The Estimation of Esup,_,, Iy, and Esup, ., Ir; This part of the
estimation is difficult and requires convolution decomposition to restrict f to
small regions. The following estimate holds:

S XD <nb<Xi> - iuu,j))

i=1 j=1

E sup Iyo = E sup I,3 = £ sup
feLl feLl feLl

First, assume f is an indicator function on some set A and estimate

EIY 14(X; (nb - Zu(@j))

<n j<n

2
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We have
[0 14(X) (nb(X»Zuu,j)) =t [_Z 7 LA (X)) — (i, ) 14(X) (X)) — ' 7)) |

Considering different cases for i,14’, 7, j', we obtain
Z 14(X5) (b(Xi) - U(i>j)>

i-1
Next, consider convolution. Let g be a bounded Lipschitz function on R?, h a
bounded support function on R¢, and define g * h(z) = b 9(H)h(z —t) dt. To
estimate the expectation of

> g e h(x) (b(X» - iuu,j)) ‘ ,

2
n?(n—1) n?
< +

. < TBODE T BOD]

.
[ M:
o

we write

> gxh(X;) <b<Xi> - Zu(@ﬁ) ‘ = ’/ h(X; =) (0(X;) —u(i, 5)) dt|.

i=1 j=1 i=1 j=1

Thus,

E|D_gxh(X;) <b<Xi>—Zu<z',j)> < gl / EID_ D h(X =) (b(X;) = u(i, )| dt.

Further setting h(z) = ¢y1 4(x), we have by the previous formula

/[E

Hence, we obtain the following estimate for the convolution with a characteristic
function:

2
n

3K, 1) (X, — uG. 1)

j=

dt < 2nc|Al.

E

< o/ 2|Anl|gll oo -

ZQ * (o1 a)(X5) (b(Xi) - ZU(iJ))

i=1 =1

Finally, we decompose f into a sum of well-defined convolutions to estimate
these parts. Since a Lipschitz function f on B(0;1) C R? with f(0) = 0 can be
extended to a Lipschitz function on R? with | f|;« < 1, we may consider f € £
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+1 e .
1 fi, where the decomposition is constructed using a

and decompose f = >,
sequence of approximations. Let ¢ be such that 2971 > 1 > 29r.

Then
n q+1 n g+l n n
Esup Iy, = Esup Y ) (X)) (b(XZ-) — Zu(i,j)) <> Esup Y (X)) (b(XZ-) — Zu(i,j)) ‘
feLt Jell|i=1 =1 j=1 =1 JeLl|i=1 j=1

For the first part, we have

J1(X5) <b<Xi> - ZM%J))
- .

n n
J=1

E sup < n?r,
fell

<|f=fhylp~E

3 (b<Xz-> - iu(i,ﬁ)
=1 =1

j=

i=

n n R 2
where we omit the computation showing E ’21:1 (b(XZ-) — Zj:l u(z,g))‘ <1

For the expectation involving f; = (f — f*hy) x hy x--xh;_; with 2 <1 < ¢, we
have from the previous estimate

S AX) (b(X» - iuu,j))

i=1 j=1

2
< 2[B(0; 1)1 (2" M)~ supp(hy_y ) [0 2 [ (f = fhy)xhyeeehy s e <

E —.
- 2l

For the last part involving f, .4 = f * hy %~ x h,, we have similarly

>y (X0 (b(X» - Zu@',j))’ S

Jj=1

E

Summing all part estimations, we obtain

2 2 1
2 1—=
[EJCSGIILII)1]22§TL r+(—22r+~-+72q+1r> < 2nl=d 4+ 4.
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