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Abstract
This paper considers the Wasserstein metric between the empirical probability
measure of n discrete random variables and a continuous uniform distribution on
the d-dimensional ball, and provides an asymptotic estimate of its expectation
as 𝑛 → ∞. Furthermore, we consider the aforementioned problem for a mixed
process, i.e., n discrete random variables are generated by a Poisson process.
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Abstract
This paper investigates the Wasserstein metric between the empirical probability
measure of 𝑛 discrete random variables and a continuous uniform measure on the
𝑑-dimensional ball, providing asymptotic estimates for their expectation as 𝑛 →
∞. Furthermore, we consider the aforementioned problem for a mixed process,
where the 𝑛 discrete random variables are generated by a Poisson process.
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1 Introduction
Paper [1] studied the Ollivier curvature of random geometric graphs, where a
key step involves establishing estimates for the Wasserstein metric between the
empirical probability measure of 𝑛 discrete random variables and a continuous

chinarxiv.org/items/chinaxiv-202112.00122 Machine Translation

https://chinarxiv.org/items/chinaxiv-202112.00122
https://chinarxiv.org/items/chinaxiv-202112.00122


uniform measure on the 𝑑-dimensional ball. The authors applied results from
[5], but those results were established on [0, 1]𝑑, whereas Ollivier curvature is
defined on balls. Consequently, the proof approach in [1] appears both tedious
and problematic. On the other hand, lattice methods in statistical mechanical
approaches [6] often involve similar notation and convergence from discrete phys-
ical quantities to continuous ones, which should have close connections with the
convergence from discrete probability to continuous probability. These consid-
erations motivate us to study the approximation problem between discrete and
continuous probability measures. In this article, we select the Wasserstein met-
ric as our measure of approximation, through which we hope to build a bridge
for investigating the relationship between discrete and continuous quantities in
broader contexts.

2 Preliminary Estimation
Definition 1. Let 𝑋1, 𝑋2, ⋯ , 𝑋𝑛, 𝑌1, 𝑌2, ⋯ , 𝑌𝑛 be independent uniformly dis-
tributed random variables on the 𝑑-dimensional ball 𝐵(0; 1) = {𝑥 ∈ ℝ𝑑, ‖𝑥‖ ≤ 1},
where 𝑑 ≥ 2 and ‖⋅‖ is a norm on ℝ𝑑. The random variable 𝑀𝑑

𝑛 = inf𝜎 ∑𝑛
𝑖=1 ‖𝑋𝑖−

𝑌𝜎(𝑖)‖ denotes the optimal matching between 𝑋1, 𝑋2, ⋯ , 𝑋𝑛 and 𝑌1, 𝑌2, ⋯ , 𝑌𝑛,
where 𝜎 ranges over all permutations of {1, 2, ⋯ , 𝑛}. By the dual principle [2, 3],
we have 𝑀𝑑

𝑛 = sup𝑓∈ℒ1 ∑𝑛
𝑖=1(𝑓(𝑋𝑖) − 𝑓(𝑌𝑖)) = sup𝑓∈ℒ1 ∣∑𝑛

𝑖=1(𝑓(𝑋𝑖) − 𝑓(𝑌𝑖))∣,
where the set of Lipschitz functions is ℒ1 = {𝑓 ∶ 𝐵(0; 1) → ℝ; |𝑓(𝑥) − 𝑓(𝑦)| ≤
‖𝑥−𝑦‖, ∀𝑥, 𝑦 ∈ 𝐵(0; 1), 𝑓(0) = 0}. Note that every Lipschitz function in ℒ1 can
be extended to a function in ℒ = {𝑓 ∶ ℝ𝑑 → ℝ; |𝑓(𝑥) − 𝑓(𝑦)| ≤ ‖𝑥 − 𝑦‖, ∀𝑥, 𝑦 ∈
ℝ𝑑, 𝑓(0) = 0, ‖𝑓‖𝐿∞ ≤ 1}, so ℒ1 = ℒ|𝐵(0,1). The following Lemma 1 provides
upper and lower bound estimates for the expectation 𝔼(𝑀𝑑

𝑛).
Lemma 1 (Optimal Matching). For the above optimal matching problem,
we have for dimension 𝑑 ≥ 2:

1
𝑑 + 1 ≤ lim inf

𝑛→∞
𝔼(𝑀𝑑

𝑛)𝑛1− 1
𝑑 ≤ lim sup

𝑛→∞
𝔼(𝑀𝑑

𝑛)𝑛1− 1
𝑑 ≤ 2𝑑 + 5 + 8.

Proof. We place the proof in the appendix. The method is essentially from [5],
with improvements and modifications to extend it to random variables on balls.

3 Main Results and Proofs
The following results concern the Wasserstein metric between empirical and
uniform measures on the 𝑑-dimensional ball. In general, the Wasserstein metric
between two probability measures 𝜇1, 𝜇2 is given by the following definition.

Definition 2. Let 𝜇1 and 𝜇2 be Borel probability measures on a compact metric
space (𝒳, 𝑑) and let Γ(𝜇1, 𝜇2) denote the set of joint probability measures 𝜇 on
𝒳×𝒳 with marginals 𝜇1 and 𝜇2 respectively. The Wasserstein metric is defined
by

𝑊(𝜇1, 𝜇2) = inf
𝜇∈Γ(𝜇1,𝜇2)

∫
𝒳×𝒳

𝑑(𝑥, 𝑦) 𝑑𝜇(𝑥, 𝑦).
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By the duality principle (Kantorovich Dual Theorem) [7], the Wasserstein metric
can be expressed as

𝑊(𝜇1, 𝜇2) = sup
𝑓∈ℒ1(𝒳)

(∫
𝒳

𝑓(𝑥) 𝑑𝜇1(𝑥) − ∫
𝒳

𝑓(𝑦) 𝑑𝜇2(𝑦)) ,

where ℒ1(𝒳) denotes the set of 1-Lipschitz functions on 𝒳 with respect to the
metric 𝑑. From the above duality formula, we may further assume that any
𝑓 ∈ ℒ1(𝒳) satisfies 𝑓(0) = 0.

Note: In what follows, all metrics are induced by some norm. To maintain
consistent mathematical notation with most original articles, we still use ‘𝑑’
to denote the metric in a space, which should not cause confusion with the
dimension notation.

Theorem 1. Let 𝑋1, 𝑋2, ⋯ , 𝑋𝑛 be independent uniformly distributed random
variables on the 𝑑-dimensional ball 𝐵(0; 1), let 𝑚𝑑

𝑛 denote the empirical measure
𝑚𝑑

𝑛(𝑦) = 1
𝑛 ∑𝑛

𝑖=1 1𝑦=𝑋𝑖
and 𝜇𝑑 the uniform measure on 𝐵(0; 1). Then as 𝑛 → ∞,

𝔼[𝑊𝑑(𝑚𝑑
𝑛, 𝜇𝑑)] = 𝑂(𝑛− 1

𝑑 ), 𝑑 ≥ 2.

Proof. By the definition of the Wasserstein metric and the Kantorovich duality
theorem,

𝑊𝑑(𝑚𝑑
𝑛, 𝜇𝑑) = inf

𝜇∈Γ(𝑚𝑑𝑛,𝜇𝑑)
∫

𝐵(0;1)×𝐵(0;1)
𝑑(𝑥, 𝑦) 𝑑𝜇(𝑥, 𝑦) = sup

𝑓∈ℒ1(𝐵(0;1))
(∫

𝐵(0;1)
𝑓(𝑥) 𝑑𝑚𝑑

𝑛(𝑥) − ∫
𝐵(0;1)

𝑓(𝑦) 𝑑𝜇𝑑(𝑦)) .

Let 𝑌1, 𝑌2, ⋯ , 𝑌𝑛 be independent uniformly distributed random variables on
𝐵(0; 1). Then

∫
𝐵(0;1)

𝑓(𝑦) 𝑑𝜇𝑑(𝑦) = 𝔼[𝑓(𝑌𝑖)], 𝑖 = 1, ⋯ , 𝑛.

Therefore,

𝑊𝑑(𝑚𝑑
𝑛, 𝜇𝑑) = sup

𝑓∈ℒ1(𝐵(0;1))
( 1

𝑛
𝑛

∑
𝑖=1

𝑓(𝑋𝑖) − 𝔼[𝑓(𝑌𝑖)]) = sup
𝑓∈ℒ1(𝐵(0;1))

1
𝑛

𝑛
∑
𝑖=1

(𝑓(𝑋𝑖)−𝔼[𝑓(𝑌𝑖)|𝑋𝑖]).

Conditioning on 𝑋 = (𝑋1, ⋯ , 𝑋𝑛), we have

𝑊𝑑(𝑚𝑑
𝑛, 𝜇𝑑) = sup

𝑓∈ℒ1(𝐵(0;1))

1
𝑛𝔼 [

𝑛
∑
𝑖=1

(𝑓(𝑋𝑖) − 𝑓(𝑌𝑖)) ∣ 𝑋] ≤ 1
𝑛𝔼 [𝑀𝑑

𝑛 ∣ 𝑋] .

Hence, from Lemma 1, we obtain

𝔼[𝑊𝑑(𝑚𝑑
𝑛, 𝜇𝑑)] ≤ 1

𝑛𝔼[𝑀𝑑
𝑛] = 𝑂(𝑛− 1

𝑑 ).
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Corollary 1. More generally, let 𝑋1, 𝑋2, ⋯ , 𝑋𝑛 be independent uniformly dis-
tributed random variables on the 𝑑-dimensional ball 𝐵(0, 𝛿) with radius 𝛿 > 0,
and let 𝑚𝑑

𝑛 denote the empirical measure and 𝜇𝑑 the uniform measure on 𝐵(0, 𝛿).
Then

𝔼[𝑊𝑑(𝑚𝑑
𝑛, 𝜇𝑑)] = 𝛿𝑂(𝑛− 1

𝑑 ), 𝑑 ≥ 2.

Proof. Let 𝑦 = 𝛿𝑡 and define 𝑚̄𝑑
𝑛(𝑡) = 𝛿𝑑𝑚𝑑

𝑛(𝛿𝑡) = 𝛿𝑑
𝑛 ∑𝑛

𝑖=1 1𝛿𝑡=𝑋𝑖
and ̄𝜇𝑑(𝑡) =

𝛿𝑑𝜇𝑑(𝛿𝑡). Then 𝑚̄𝑑
𝑛 and ̄𝜇𝑑 are respectively the empirical and uniform measures

for the variable 𝑡 on 𝐵(0; 1). In particular,

𝑊𝑑(𝑚𝑑
𝑛, 𝜇𝑑) = inf

𝜇∈Γ(𝑚𝑑𝑛,𝜇𝑑)
∫

𝐵(0,𝛿)×𝐵(0,𝛿)
𝑑(𝑥, 𝑦) 𝜇(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 = inf

𝜇∈Γ(𝑚𝑑𝑛,𝜇𝑑)
∫

𝐵(0;1)×𝐵(0;1)
𝑑(𝛿𝑡, 𝛿𝜏) 𝜇(𝛿𝑡, 𝛿𝜏) 𝛿2𝑑 𝑑𝑡 𝑑𝜏 = 𝛿 inf

𝜇̄∈Γ(𝑚̄𝑑𝑛,𝜇̄𝑑)
∫

𝐵(0;1)×𝐵(0;1)
𝑑(𝑡, 𝜏) ̄𝜇(𝑡, 𝜏) 𝑑𝑡 𝑑𝜏 = 𝛿𝑊𝑑(𝑚̄𝑑

𝑛, ̄𝜇𝑑).

Therefore,
𝔼[𝑊𝑑(𝑚𝑑

𝑛, 𝜇𝑑)] = 𝛿𝑂(𝑛− 1
𝑑 ), 𝑑 ≥ 2.

Theorem 2. Consider a Poisson process 𝒫 with intensity measure
(1 + 𝛼𝑛) 𝑛

|𝐵(0;1)| 𝑑𝑉𝑑 on the 𝑑-dimensional ball 𝐵(0; 1), for some sequence
0 ≤ 𝛼𝑛 → 0. Let 𝑚𝑑

𝒫 denote the empirical random measure with respect to 𝒫,
defined by 𝑚𝑑

𝒫(𝑦) = 1
|𝒫| ∑𝑝∈𝒫 1𝑦=𝑝, and let 𝜇𝑑 be the uniform measure on the

ball. Then
𝔼[𝑊(𝑚𝑑

𝒫, 𝜇𝑑)] = 𝑂(𝑛− 1
𝑑 ).

Proof. Since the number of random variables in 𝑚𝑑
𝒫 is generated by the mixed

random process 𝒫, we have

𝔼[𝑊(𝑚𝑑
𝒫, 𝜇𝑑)] =

∞
∑
𝑘=0

𝔼[𝑊(𝑚𝑑
𝒫, 𝜇𝑑) ∣ |𝒫| = 𝑘]ℙ(Po((1 + 𝛼𝑛)𝑛) = 𝑘).

From Theorem 1, we know that

𝔼[𝑊(𝑚𝑑
𝒫, 𝜇𝑑) ∣ |𝒫| = 𝑘] = 𝑂(𝑘− 1

𝑑 ).

On the other hand, from Lemma 1.2 in [4] we have for any constant 𝑐:

ℙ(Po((1+𝛼𝑛)𝑛) > (1+𝛼𝑛)𝑛+𝑐√(1 + 𝛼𝑛)𝑛 log 𝑛) ≤ 𝑒−(1+𝛼𝑛)𝑛 log 𝑛+⋯ = 𝑂(𝑛−𝑐2/2),

and

ℙ(Po((1+𝛼𝑛)𝑛) < (1+𝛼𝑛)𝑛−𝑐√(1 + 𝛼𝑛)𝑛 log 𝑛) ≤ 𝑒−(1+𝛼𝑛)𝑛 log 𝑛+⋯ = 𝑂(𝑛−𝑐2/2).

Define 𝑎±
𝑛 = [(1 + 𝛼𝑛)𝑛 ± 𝑐√(1 + 𝛼𝑛)𝑛 log 𝑛]. Then

𝔼[𝑊(𝑚𝑑
𝒫, 𝜇𝑑)] = ∑

𝑘<𝑎−𝑛

+ ∑
𝑎−𝑛≤𝑘≤𝑎+𝑛

+ ∑
𝑘>𝑎+𝑛

𝔼[𝑊(𝑚𝑑
𝒫, 𝜇𝑑) ∣ |𝒫| = 𝑘]ℙ(Po((1+𝛼𝑛)𝑛) = 𝑘) ∶= 𝐼1+𝐼2+𝐼3.
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For 𝐼1 and 𝐼3, we have

𝐼1 ≤ 2ℙ(Po((1+𝛼𝑛)𝑛) < 𝑎−
𝑛) = 𝑂(𝑛−𝑐2/2), 𝐼3 ≤ 2ℙ(Po((1+𝛼𝑛)𝑛) > 𝑎+

𝑛) = 𝑂(𝑛−𝑐2/2).

For the main term 𝐼2, we have

𝐼2 =
𝑎+

𝑛

∑
𝑘=𝑎−𝑛

𝔼[𝑊(𝑚𝑑
𝒫, 𝜇𝑑) ∣ |𝒫| = 𝑘]ℙ(Po((1+𝛼𝑛)𝑛) = 𝑘) ≤

𝑎+
𝑛

∑
𝑘=𝑎−𝑛

𝑂(𝑘− 1
𝑑 )ℙ(Po((1+𝛼𝑛)𝑛) = 𝑘) = 𝑂 (((1 + 𝛼𝑛)𝑛 − 𝑐√(1 + 𝛼𝑛)𝑛 log 𝑛)− 1

𝑑 ) = 𝑂(𝑛− 1
𝑑 ).

Finally, for an appropriately chosen constant 𝑐, we obtain

𝔼[𝑊(𝑚𝑑
𝒫, 𝜇𝑑)] = 𝑂(𝑛− 1

𝑑 ).

Corollary 2. Let 0 ≤ 𝛼𝑛 → 0, 𝑥 ∈ ℝ𝑑, and consider a Poisson process 𝒫 with
intensity measure (1 + 𝛼𝑛) 𝑛

|𝐵(0;1)| 𝑑𝑉𝑑 on the 𝑑-dimensional ball 𝐵(𝑥; 𝛿) with
radius 𝛿 > 0. Let 𝑚𝑑

𝒫,𝑥 denote the empirical measure with respect to 𝒫, i.e.,
𝑚𝑑

𝒫,𝑥(𝑦) = 1
|𝒫| ∑𝑝∈𝒫 1𝑦=𝑝, and let 𝜇𝑑,𝑥 be the uniform measure on 𝐵(𝑥; 𝛿). Then

𝔼[𝑊𝑑(𝑚𝑑
𝒫,𝑥, 𝜇𝑑,𝑥)] = 𝑂(𝑛− 1

𝑑 ).

Proof. As in the proof of Theorem 2, first note that |𝒫| follows a Poisson
distribution on 𝐵(𝑥; 𝛿) with mean (1 + 𝛼𝑛)𝑛𝛿𝑑. Therefore,

𝔼[𝑊𝑑(𝑚𝑑
𝒫,𝑥, 𝜇𝑑,𝑥)] = 𝔼[𝛿𝑊𝑑(𝑚̄𝑑

𝒫,𝑥, ̄𝜇𝑑,𝑥)] = 𝛿𝔼[𝑊𝑑(𝑚̄𝑑
𝒫,𝑥, ̄𝜇𝑑,𝑥)] = 𝛿𝑂((𝑛𝛿𝑑)− 1

𝑑 ) = 𝑂(𝑛− 1
𝑑 ).

Conclusion
Corollary 2 may be directly applied to obtain the result in Appendix A.3 of
[1]. Next, we hope to apply our method to analyze electrostatic approximation
problems.

Appendix A: The Lower Bound of 𝔼(𝑀𝑑
𝑛)

Since 𝑀𝑑
𝑛 = inf𝜎 ∑𝑛

𝑖=1 ‖𝑋𝑖 − 𝑌𝜎(𝑖)‖ ≥ inf𝜎 ∑𝑛
𝑖=1 min𝑗≤𝑛 ‖𝑋𝑖 − 𝑌𝑗‖ =

∑𝑛
𝑖=1 min𝑗≤𝑛 ‖𝑋𝑖 − 𝑌𝑗‖, we have

𝔼(𝑀𝑑
𝑛 ∣ 𝑋) ≥

𝑛
∑
𝑖=1

𝔼(min
𝑗≤𝑛

‖𝑋𝑖 − 𝑌𝑗‖ ∣ 𝑋) ≥ 𝑛 min
𝑥∈𝐵(0;1)

𝔼(min
𝑗≤𝑛

‖𝑥 − 𝑌𝑗‖).

Let 𝐵(𝑥, 𝑡) = {𝑦 ∈ ℝ𝑑 ∶ ‖𝑥 − 𝑦‖ ≤ 𝑡}. Then for 𝑡 < 1, |𝐵(𝑥,𝑡)∩𝐵(0;1)|
|𝐵(0;1)| ≤ min{𝑡𝑑, 1}

and
ℙ(min

𝑗≤𝑛
‖𝑥 − 𝑌𝑗‖ ≥ 𝑡) ≥ (1 − 𝑡𝑑)𝑛.
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Therefore,

𝔼(min
𝑗≤𝑛

‖𝑥−𝑌𝑗‖) = ∫
∞

0
ℙ(min

𝑗≤𝑛
‖𝑥−𝑌𝑗‖ ≥ 𝑡) 𝑑𝑡 ≥ ∫

1

0
(1−𝑡𝑑)𝑛 𝑑𝑡 = 𝑛−1/𝑑 ∫

𝑛1/𝑑

0
(1−𝑢𝑑/𝑛)𝑛 𝑑𝑢.

Finally, by Fatou’s lemma, we have

lim inf
𝑛→∞

𝔼(𝑀𝑑
𝑛)𝑛1− 1

𝑑 ≥ 1
𝑑 + 1.

Appendix B: The Upper Bound of 𝔼(𝑀𝑑
𝑛)

Set 𝑟 = 1
𝑛𝜔𝑑

where 𝜔𝑑 = |𝐵(0; 1)|, so that 𝑟 → 0 as 𝑛 → ∞ and |𝐵(𝑥, 𝑟)| = 1
𝑛 .

Define 𝑢(𝑖, 𝑗) = 1{‖𝑋𝑖−𝑌𝑗‖≤𝑟} and

𝑏(𝑥) = |𝐵(𝑥, 𝑟) ∩ 𝐵(0; 1)|
|𝐵(0; 1)| ,

so that 𝑏(𝑥) ≤ 1
𝑛 < 1 if 𝑛 > 1. First decompose ∑𝑖≤𝑛(𝑓(𝑋𝑖) − 𝑓(𝑌𝑖)) as follows:

𝑛
∑
𝑖=1

(𝑓(𝑋𝑖)−𝑓(𝑌𝑖)) =
𝑛

∑
𝑖=1

𝑛
∑
𝑗=1

𝑢(𝑖, 𝑗)(𝑓(𝑋𝑖)−𝑓(𝑌𝑗))+
𝑛

∑
𝑖=1

𝑓(𝑋𝑖) (1 −
𝑛

∑
𝑗=1

𝑢(𝑖, 𝑗))−
𝑛

∑
𝑗=1

𝑓(𝑌𝑗) (1 −
𝑛

∑
𝑖=1

𝑢(𝑖, 𝑗)) .

Thus,

∣
𝑛

∑
𝑖=1

(𝑓(𝑋𝑖) − 𝑓(𝑌𝑖))∣ ≤ ∣
𝑛

∑
𝑖=1

𝑛
∑
𝑗=1

𝑢(𝑖, 𝑗)(𝑓(𝑋𝑖) − 𝑓(𝑌𝑗))∣+∣
𝑛

∑
𝑖=1

𝑓(𝑋𝑖) (1 −
𝑛

∑
𝑗=1

𝑢(𝑖, 𝑗)) −
𝑛

∑
𝑗=1

𝑓(𝑌𝑗) (1 −
𝑛

∑
𝑖=1

𝑢(𝑖, 𝑗))∣ ∶= 𝐼1+𝐼2.

We will estimate 𝔼 sup𝑓∈ℒ1 𝐼1 and 𝔼 sup𝑓∈ℒ1 𝐼2 separately, and finally obtain

𝔼(𝑀𝑑
𝑛) = 𝔼 sup

𝑓∈ℒ1
∣

𝑛
∑
𝑖=1

(𝑓(𝑋𝑖) − 𝑓(𝑌𝑖))∣ ≤ 𝔼 sup
𝑓∈ℒ1

𝐼1+𝔼 sup
𝑓∈ℒ1

𝐼2 ≤ 𝑛1− 1
𝑑 +2𝑑𝑛1− 1

𝑑 +4𝑛1− 1
𝑑 +8.

Therefore,
lim sup

𝑛→∞
𝔼(𝑀𝑑

𝑛)𝑛1− 1
𝑑 ≤ 1 + 2𝑑 + 4 + 8.

B.1 The Estimation of 𝔼 sup𝑓∈ℒ1 𝐼1

We have

𝐼1 = ∣
𝑛

∑
𝑖=1

𝑛
∑
𝑗=1

𝑢(𝑖, 𝑗)(𝑓(𝑋𝑖) − 𝑓(𝑌𝑗))∣ ≤ 𝑟
𝑛

∑
𝑖=1

𝑛
∑
𝑗=1

𝑢(𝑖, 𝑗).
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Since 𝑓 is Lipschitz,

𝔼 sup
𝑓∈ℒ1

𝐼1 ≤ 𝑟
𝑛

∑
𝑖=1

𝑛
∑
𝑗=1

𝔼[𝑢(𝑖, 𝑗)] = 𝑟
𝑛

∑
𝑖=1

𝑛
∑
𝑗=1

𝔼[𝔼(𝑢(𝑖, 𝑗) ∣ 𝑋𝑖)] = 𝑟
𝑛

∑
𝑖=1

𝑛
∑
𝑗=1

𝔼[𝑏(𝑋𝑖)] ≤ 𝑟
𝑛

∑
𝑖=1

𝑛
∑
𝑗=1

1
𝑛 = 𝑛1− 1

𝑑 .

Note that the estimation of 𝐼1 could be further optimized; see [5].

B.2 The Estimation of 𝔼 sup𝑓∈ℒ1 𝐼2

Decompose 𝐼2 as follows:

𝐼2 = ∣
𝑛

∑
𝑖=1

𝑓(𝑋𝑖) (1 − 𝑛𝑏(𝑋𝑖)) −
𝑛

∑
𝑗=1

𝑓(𝑌𝑗) (1 − 𝑛𝑏(𝑌𝑗)) +
𝑛

∑
𝑖=1

𝑓(𝑋𝑖) (𝑛𝑏(𝑋𝑖) −
𝑛

∑
𝑗=1

𝑢(𝑖, 𝑗)) −
𝑛

∑
𝑗=1

𝑓(𝑌𝑗) (𝑛𝑏(𝑌𝑗) −
𝑛

∑
𝑖=1

𝑢(𝑖, 𝑗))∣ ∶= 𝐼21+𝐼22+𝐼23.

We will estimate these three parts and finally obtain

𝔼 sup
𝑓∈ℒ1

𝐼2 ≤ 𝔼 sup
𝑓∈ℒ1

𝐼21 + 𝔼 sup
𝑓∈ℒ1

𝐼22 + 𝔼 sup
𝑓∈ℒ1

𝐼23 ≤ 2𝑑𝑛1− 1
𝑑 + 4𝑛1− 1

𝑑 + 8.

B.2.1 The Estimation of 𝔼 sup𝑓∈ℒ1 𝐼21 Note that ‖𝑓‖𝐿∞[𝐵(0;1)] ≤ 1 and the
value of 𝑏(𝑋𝑖) on 𝐵(0; 1). We have

𝔼 sup
𝑓∈ℒ1

∣
𝑛

∑
𝑖=1

𝑓(𝑋𝑖)(1 − 𝑛𝑏(𝑋𝑖))∣ ≤ 𝔼 sup
𝑓∈ℒ1

𝑛
∑
𝑖=1

|𝑓(𝑋𝑖)||1−𝑛𝑏(𝑋𝑖)| ≤
𝑛

∑
𝑖=1

𝔼|1−𝑛𝑏(𝑋𝑖)| ≤ 𝑛𝑑𝑟 = 𝑑𝑛1− 1
𝑑 .

Thus,

𝔼 sup
𝑓∈ℒ1

𝐼21 = 𝔼 sup
𝑓∈ℒ1

∣
𝑛

∑
𝑖=1

𝑓(𝑋𝑖)(1 − 𝑛𝑏(𝑋𝑖)) −
𝑛

∑
𝑗=1

𝑓(𝑌𝑗)(1 − 𝑛𝑏(𝑌𝑗))∣ ≤ 2𝑑𝑛1− 1
𝑑 .

B.2.2 The Estimation of 𝔼 sup𝑓∈ℒ1 𝐼22 and 𝔼 sup𝑓∈ℒ1 𝐼23 This part of the
estimation is difficult and requires convolution decomposition to restrict 𝑓 to
small regions. The following estimate holds:

𝔼 sup
𝑓∈ℒ1

𝐼22 = 𝔼 sup
𝑓∈ℒ1

𝐼23 = 𝔼 sup
𝑓∈ℒ1

∣
𝑛

∑
𝑖=1

𝑓(𝑋𝑖) (𝑛𝑏(𝑋𝑖) −
𝑛

∑
𝑗=1

𝑢(𝑖, 𝑗))∣ ≤ 2𝑛1− 1
𝑑 +4.

First, assume 𝑓 is an indicator function on some set 𝐴 and estimate

𝔼 ∣∑
𝑖≤𝑛

1𝐴(𝑋𝑖) (𝑛𝑏(𝑋𝑖) − ∑
𝑗≤𝑛

𝑢(𝑖, 𝑗))∣
2

.
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We have

𝔼 ∣
𝑛

∑
𝑖=1

1𝐴(𝑋𝑖) (𝑛𝑏(𝑋𝑖) −
𝑛

∑
𝑗=1

𝑢(𝑖, 𝑗))∣
2

= 𝔼 [ ∑
𝑖,𝑖′≤𝑛

∑
𝑗,𝑗′≤𝑛

1𝐴(𝑋𝑖) (𝑏(𝑋𝑖) − 𝑢(𝑖, 𝑗)) 1𝐴(𝑋𝑖′) (𝑏(𝑋𝑖′) − 𝑢(𝑖′, 𝑗′))] .

Considering different cases for 𝑖, 𝑖′, 𝑗, 𝑗′, we obtain

𝔼 ∣
𝑛

∑
𝑖=1

1𝐴(𝑋𝑖) (𝑏(𝑋𝑖) −
𝑛

∑
𝑗=1

𝑢(𝑖, 𝑗))∣
2

≤ 𝑛2(𝑛 − 1)
|𝐵(0; 1)|2 + 𝑛2

|𝐵(0; 1)| .

Next, consider convolution. Let 𝑔 be a bounded Lipschitz function on ℝ𝑑, ℎ a
bounded support function on ℝ𝑑, and define 𝑔 ∗ ℎ(𝑥) = ∫ℝ𝑑 𝑔(𝑡)ℎ(𝑥 − 𝑡) 𝑑𝑡. To
estimate the expectation of

∣
𝑛

∑
𝑖=1

𝑔 ∗ ℎ(𝑋𝑖) (𝑏(𝑋𝑖) −
𝑛

∑
𝑗=1

𝑢(𝑖, 𝑗))∣ ,

we write

∣
𝑛

∑
𝑖=1

𝑔 ∗ ℎ(𝑋𝑖) (𝑏(𝑋𝑖) −
𝑛

∑
𝑗=1

𝑢(𝑖, 𝑗))∣ = ∣∫
𝑛

∑
𝑖=1

𝑛
∑
𝑗=1

ℎ(𝑋𝑖 − 𝑡) (𝑏(𝑋𝑖) − 𝑢(𝑖, 𝑗)) 𝑑𝑡∣ .

Thus,

𝔼 ∣
𝑛

∑
𝑖=1

𝑔 ∗ ℎ(𝑋𝑖) (𝑏(𝑋𝑖) −
𝑛

∑
𝑗=1

𝑢(𝑖, 𝑗))∣ ≤ ‖𝑔‖𝐿∞ ∫ 𝔼 ∣
𝑛

∑
𝑖=1

𝑛
∑
𝑗=1

ℎ(𝑋𝑖 − 𝑡) (𝑏(𝑋𝑖) − 𝑢(𝑖, 𝑗))∣ 𝑑𝑡.

Further setting ℎ(𝑥) = 𝑐01𝐴(𝑥), we have by the previous formula

∫ 𝔼 ∣
𝑛

∑
𝑖=1

𝑛
∑
𝑗=1

ℎ(𝑋𝑖 − 𝑡) (𝑏(𝑋𝑖) − 𝑢(𝑖, 𝑗))∣
2

𝑑𝑡 ≤ 2𝑛𝑐2
0|𝐴|.

Hence, we obtain the following estimate for the convolution with a characteristic
function:

𝔼 ∣
𝑛

∑
𝑖=1

𝑔 ∗ (𝑐01𝐴)(𝑋𝑖) (𝑏(𝑋𝑖) −
𝑛

∑
𝑗=1

𝑢(𝑖, 𝑗))∣ ≤ 𝑐0√2|𝐴|𝑛‖𝑔‖𝐿∞ .

Finally, we decompose 𝑓 into a sum of well-defined convolutions to estimate
these parts. Since a Lipschitz function 𝑓 on 𝐵(0; 1) ⊂ ℝ𝑑 with 𝑓(0) = 0 can be
extended to a Lipschitz function on ℝ𝑑 with ‖𝑓‖𝐿∞ ≤ 1, we may consider 𝑓 ∈ ℒ
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and decompose 𝑓 = ∑𝑞+1
𝑙=1 𝑓𝑙, where the decomposition is constructed using a

sequence of approximations. Let 𝑞 be such that 2𝑞+1𝑟 ≥ 1 > 2𝑞𝑟.

Then

𝔼 sup
𝑓∈ℒ1

𝐼22 = 𝔼 sup
𝑓∈ℒ1

∣
𝑛

∑
𝑖=1

𝑞+1
∑
𝑙=1

𝑓𝑙(𝑋𝑖) (𝑏(𝑋𝑖) −
𝑛

∑
𝑗=1

𝑢(𝑖, 𝑗))∣ ≤
𝑞+1
∑
𝑙=1

𝔼 sup
𝑓∈ℒ1

∣
𝑛

∑
𝑖=1

𝑓𝑙(𝑋𝑖) (𝑏(𝑋𝑖) −
𝑛

∑
𝑗=1

𝑢(𝑖, 𝑗))∣ .

For the first part, we have

𝔼 sup
𝑓∈ℒ1

∣
𝑛

∑
𝑖=1

𝑓1(𝑋𝑖) (𝑏(𝑋𝑖) −
𝑛

∑
𝑗=1

𝑢(𝑖, 𝑗))∣ ≤ ‖𝑓−𝑓∗ℎ1‖𝐿∞𝔼 ∣
𝑛

∑
𝑖=1

(𝑏(𝑋𝑖) −
𝑛

∑
𝑗=1

𝑢(𝑖, 𝑗))∣ ≤ 𝑛2𝑟,

where we omit the computation showing 𝔼 ∣∑𝑛
𝑖=1 (𝑏(𝑋𝑖) − ∑𝑛

𝑗=1 𝑢(𝑖, 𝑗))∣2 ≤ 1.

For the expectation involving 𝑓𝑙 = (𝑓 − 𝑓 ∗ ℎ𝑙) ∗ ℎ1 ∗ ⋯ ∗ ℎ𝑙−1 with 2 ≤ 𝑙 ≤ 𝑞, we
have from the previous estimate

𝔼 ∣
𝑛

∑
𝑖=1

𝑓𝑙(𝑋𝑖) (𝑏(𝑋𝑖) −
𝑛

∑
𝑗=1

𝑢(𝑖, 𝑗))∣ ≤ 2|𝐵(0; 1)|−1(2𝑙−1𝑟)−𝑑|supp(ℎ𝑙−1)|𝑛1/2‖(𝑓−𝑓∗ℎ𝑙)∗ℎ1∗⋯∗ℎ𝑙−2‖𝐿∞ ≤ 2
2𝑙𝑟 .

For the last part involving 𝑓𝑞+1 = 𝑓 ∗ ℎ1 ∗ ⋯ ∗ ℎ𝑞, we have similarly

𝔼 ∣
𝑛

∑
𝑖=1

𝑓𝑞+1(𝑋𝑖) (𝑏(𝑋𝑖) −
𝑛

∑
𝑗=1

𝑢(𝑖, 𝑗))∣ ≤ 2
2𝑞+1𝑟 .

Summing all part estimations, we obtain

𝔼 sup
𝑓∈ℒ1

𝐼22 ≤ 𝑛2𝑟 + ( 2
22𝑟 + ⋯ + 2

2𝑞+1𝑟) ≤ 2𝑛1− 1
𝑑 + 4.
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