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Abstract

We analyze properties of degree and clustering of a hyperbolic geometric model
of complex networks in small parameter case 7 < 1,20 < 1. We find that the
probability of k-degree goes to 0 and the global clustering coefficient goes to 0 in
probability too as the number of nodes N — oo for some specific growth R(N)
of the region radius. Here the scale-free degree is failed and the connection
between neighbors are very weak. The transition of properties of the model
with the parameter o changes seems to show that the mobility is important to
keep society full and stable communication, otherwise a silence society. Some
analysis technique and method are first applied for such model.
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We analyze properties of degree and clustering in a hyperbolic geometric model
of complex networks for the small parameter case 7 < 1, 20 < 1. We find that
the probability of k-degree goes to 0 and the global clustering coefficient goes to
0 in probability as the number of nodes N — oo for some specific growth R(N)
of the region radius. Here the scale-free degree property fails and connections
between neighbors become very weak. The transition of model properties with
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parameter o changes seems to show that mobility is important for maintaining
full and stable communication in society; otherwise, a silent society emerges.
Some analysis techniques and methods are first applied to such a model.

Keywords: hyperbolic geometry model; complex network; k-degree; mean de-
gree; clustering.

1. Introduction

Many models of complex networks have been proposed to capture common
properties of real-world systems. Perhaps the most well-known is the Barabési-
Albert model of preferential attachment [?], which is based on two generic mecha-
nisms: (i) networks expand continuously by the addition of new vertices, and (ii)
new vertices attach preferentially to sites that are already well-connected. This
model reproduces the observed stationary scale-free distributions and indicates
that the development of large networks is governed by robust self-organizing
phenomena that go beyond the particulars of individual systems. Another com-
mon property of social networks is the formation of cliques, representing circles
of friends or acquaintances in which every member knows every other mem-
ber. This inherent tendency to cluster is quantified by the clustering coefficient
or the global clustering coefficient. Although the Barabasi-Albert model effec-
tively captures the scale-free degree sequence, it fails to generate networks with
clustering phenomena. There are growing indications that the tendency for af-
filiation among neighbors of a node is a manifestation of the network having
a geometric structure [?], based upon the notion of a geometric random graph.
Statistical mechanical models of complex networks were introduced in [?], and
in particular applied to random geometric graphs in hyperbolic space [?].

The model employs a random mapping of graph nodes to points in a ball cen-
tered at the origin in the hyperbolic space H?*1, giving these nodes hyperbolic co-
ordinates, and connection probability based on hyperbolic geometry. Therefore,
random geometric graphs in hyperbolic geometry provide extremely promising
models for the structure of complex networks.

In [?], we extended the hyperbolic geometric random graph model of Krioukov
et al. [?] to arbitrary dimension and considered this model in five regions of the
parameter space for any dimension. We found power-law (scale-free) expected
degree distributions for two regions, while for others the power law disappears
and the probability of k-degree goes to zero. The case 7 < 1 and 20 < 1
remained unresearched since the main difficulty lies in that the probability of
connection between a fixed node v and a random node v is mostly contributed
by r, < R—r,+w(N), and the previous explicit formula for hyperbolic distance
is powerless for this case.

In this article, we continue our study for the remaining parameter region 7 <
1 and 20 < 1. We explore the hyperbolic distance formula deeply, overcome
some technical difficulties, and obtain estimations for the probability integral
of connection, enabling us to analyze the degree and clustering properties of
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the model. We find that the probability of k-degree goes to 0 and the global
clustering coefficient goes to 0 in probability as the number of nodes N — oo
for some specific growth R(N) of the region radius. Some analysis methods and
techniques are first applied to such a model. For the clustering study, we partly
borrow methods from Fountoulakis for 7 < 1, 20 > 1 and d =1 in [?].

In generalization of analysis results in [?, ?, ?] and this article, for N-node
random geometric graphs G(N,(,7,0,v,d) in the hyperbolic ball with graph
Hamiltonian energy parameter 7 < 1 and rescaled hyperbolic ball radius Ry =
In N”, we have the following classification. There exists a power law of degrees
for 20 > 1,d > 1 in [?, ?]; and there don’ t exist scale-free degree distributions
and the probability of k-degrees goes to zero as N — oo for 20 < 1,d > 1
in [?] and this article. The global clustering coeflicient will converge to some
nontrivial constant in probability for 20 > 2, d = 1, which means the connection
ratio of neighbors is scale-free in probability, and the global clustering coefficient
will go to zero in probability as N — oo for 1 < 20 < 2,d = 1 (we believe
such results are correct for d > 1) in [?]. We prove that the global clustering
coefficient has the same zero-tendency in probability for 7 < 1,20 < 1,d > 1 in
this article, which means that connections among neighbors become increasingly
unlikely. We don’ t study the global clustering coefficient for the 20 = 1 case
due to extensive computation, but we believe it has the same zero-tendency.
Altogether, we can see that the density function (1.3) with 20 = 1 is exactly
a critical probability for the scale-free degree in the random graph, and so is
o =1 for the clustering, as Albert and Barabasi mentioned in [?].

There are also many papers such as [?, 7, 7] that study the hyperbolic geomet-
ric random graph model with numerical methods, whose approximate results
prompt the development of analytical methods.

Why do the degree and clustering of networks become weaker for the growing
speed of the radius Ry = In N¥ as the parameter ¢ becomes smaller in the
hyperbolic geometric random graph model? We may observe that the probabil-
ity of nodes (1.3) staying in the interval [r,r + dr| of small radius r increases
when the parameter ¢ becomes smaller, and correspondingly nodes are more
likely to stay in the region closer to the origin. For example, with d = 1 and
r < R/+/2, the density of this region increases when o becomes smaller, so two
nodes in this region are possibly closer and easier to connect since formula (1.2).
On the other hand, we can observe that the probability of nodes lying in the
region close to the origin decreases when the hyperbolic ball radius increases.
For example, with d = 1 and r < R/ V2, the probability of nodes staying in
this region decreases as the radius grows. Hence these two opposite tendencies
interact: the willingness of nodes to stay in the interval [r, r+dr] of small radius
(and thus become dense) as o becomes smaller is resisted by the radius growth
at speed Ry = In N”. In contrast, the willingness of nodes to stay in regions
far from the origin as o becomes larger is consistent with the influence of radius
growth. Finally, a critical point is achieved at 20 = 1 for the scale-free degree
and at o = 1 for the clustering property of networks at the fixed growth speed of
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Ry =In N¥. This phenomenon in the model is similar to a principle in human
society: the willingness of nodes to stay in the interval [r, 7 + dr] of small radius
represents the willingness of people to be immobile and stay within small circles,
while mobility represents the opposite.

If people dislike moving, communication among them will become less and less as
society expands at some speed of population growth, finally forming a silent so-
ciety. Conversely, if the likelihood of mobility increases, communication among
people becomes easier and more frequent, so mobility makes society’ s commu-
nication full and stable, i.e., the scale-free property occurs.

Based on the above analysis, should mobility be another generic mechanism for
networks, especially social networks?

1.1 Model Introduction

We analyzed a class of exponential random graph models in [?], in which a
random graph G = G(N,(,7,0,v,d) with N vertices, denoting the vertex set
by Vy, has positive model parameters ¢, o, v, and 7. Its elements are randomly
distributed into a ball of radius R centered at the origin in the hyperbolic space
He+1 (integer d > 1) with probability density

pu(x) = p(r)pe( ) = p(r)p1(01) -+ pa(0,4),

and the probability of an edge occurring between vertices u and v is

1

= (1.1)

Puv

Here x = (r, ) represents spherical coordinates on H%*! with the usual coordi-
nates = (6,0,,-,0,) on S, where 6, € [0,7) for k=1...d—1and 6, € [0, 27),
and 7 € [0, R). The angular density functions are p,(6,) = sin® " 0r/ 14 With
Ijp= foﬂ sin? " 0df for k=1..d—1, and py(6,) = 5. The radial density is

sinh? (o¢r)

p(r) = C. (1.3)

with C; = jéR sinhd(UCr) dr. The distance function d,, , is the hyperbolic dis-
tance between two points v = (r,, ,,) and v = (r,, ,), given by the hyperbolic
law of cosines:

cosh(¢d,, ,,) = cosh((r, ) cosh(Cr,) — sinh(¢r, ) sinh((r,) cos b, ,, (1.4)

where 0, , is the angular distance (relative angle) between , and , on Sd.

The parameter o governs the radial node distribution, v the node density, 7
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the ‘temperature’ , and —(? governs the curvature of the hyperbolic space,
respectively.

The conditional probability that a node u at a fixed position in the hyperbolic
ball connects to an angularly random node v at fixed radius r,, is

ﬁu,v = / P1 (eu,v)pu,'u deu,'u = / Sind71 epu,'u deu,'m (15)
0 0

which we call the angular integral. Let [, , be an indicator random variable that
equals 1 when there is an edge between u and v in the graph, and 0 otherwise.
The conditional probability that a node u at a fixed position connects to a
random node v is

R T
Prll,, =1ry ] = / /sind*eu,vpu,vdeu,vpm)dm. (1.6)
0 0

The integrals in (1.5) and (1.6) depend only on the relative angle 0, ,, so the
probabilities are independent of the specific angular position 6,,. We will some-
times omit this specific angular position. The expected degree of node u at a
fixed position is

(ky) = (k(r,)) = (N = 1) Prl, , =1]r,]. (L.7)

If we average over the random position of node wu, i.e., computing the node
expected degree, we obtain the mean degree

R
(k) = / k() plr) dr- (18)

We also let D, = ZUEVN\{u} I, be the number of connections to vertex u,
i.e., its degree. We refer to the connection number equaling a positive integer
k as k-degree, and denote its probability by Pr[D, = k]. Throughout, we let
R = R(N) — 00, w(N) = o(R(N)) = o0, o(1) = 0 as N — oo, and o,(1)
means convergence to 0 in probability as N — oco. We also use Big Theta ©
notation for some function f(x), i.e., ©(f(x)), which means 3¢;,c, > 0 such

that ¢, f(z) < O(f(x)) < e f(x).

In this article, the function f(z) is related to N and N — oo, so we always as-
sume the Big Theta function O(f(x)) holds for sufficiently large N. To simplify
notation, we rescale variables as follows: (1, Ry, 7) = (r,R,T), w;(N) = w(N).

There are also some useful computational results:
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edoCR

C, = (1+0(1>)W

and /’" sinhd(agr) dr = (1+0(1))e? 1) = (14-0(1))e27 1 Fx)
’ (1.9)

for 7 > 1, and p(r) = (1 + o(1))oCd (e — e~27 20 Rudn)d from [?].

We introduce some notation about clustering in the network model:

e A(u,v;w) represents the event that the triple u, v, w forms an incomplete
triangle pivoted at w, i.e., u,v,w forms a path of length 2 with w being
the middle vertex.

e A(u,v,w) represents the event that the triple u,v,w forms a complete
triangle.

o T =T(G), A = A(G) denote the number of complete triangles or incom-
plete triangles in graph G, respectively.

1.2 Main Results

We study the degree and clustering properties of the random graph
G = G(N,(,71,0,v,d) with N vertices and parameters 7 < 1 and 20 < 1 in
arbitrary dimensional hyperbolic space H%*!. The main results of this article
are as follows.

THEOREM 1.1 Let 7 < 1,20 <1 and d > 1. Then

R
Pr[[uw =1]|ry, .= / f)u’vp(rv) dr, = ©(e 27™) for any r,. (1.10)
0
Mean degree

(ky =0 ((N —1)Rye 27Ru), (1.11)

The probability of k-degree

Pr[D,=k] -0 as N — oo, for any given k > 0, if we let Ry = ln N”.

u

THEOREM 1.2 Let 1< 1,20 <1 and d > 1. Then

E(A) =3 (g) (eszH) } (1.12)

There exists a lower bound estimation and order estimation for F(T'):
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E(T) =z (g) e37fn and  E(T) = o(E(A)). (1.13)

THEOREM 1.3 Let 7 < 1, 20 < 1 and d > 1. Also let Ry = In N”. The
global clustering coefficient Cy(G) of the graph G(N,(, 7,0,v,d) will converge
to zero in probability, i.e.,

_3T(@)  BE(T)(1+0,(1))

Cy(G) = AG) B+ 0,(1) — 0, as N — oo.

The paper is organized as follows. In Section 1.1 we introduce the model. In
Section 2 we provide a useful preliminary result. We give degree estimations and
prove Theorem 1.1 in Section 3. We discuss incomplete and complete triangles
and prove Theorem 1.2 in Section 4. Finally, we estimate the variance and prove
Theorem 1.3 in Sections 5 and 6.

1.3 Simulations

We adopt R software (https://www.r-project.org/) for statistical simulation. Ac-
cording to the law of large numbers in probability theory, we use the mean to
approximate the expectation in R programs. We simulate the connection prob-
ability of a fixed node in two kinds of dimensions, k-degree, and the global
clustering coefficient of incomplete and complete triangles. One can also use
some usual ComplexNetworks toolkit within Cactus [?] for simulation.

2. Preliminary Lemma

The hyperbolic distance d,,
the following lemma.

LEMMA 2.1 Let h, hy : N = RT such that A(N), hy(N) = 0o as N — co. Let
u,v be two distinct points in H*! with 0, , denoting their relative angle. Let
also éu’v = (e726" 4 e~ %) /2. If we assume u, v with r,,7, > h(N), then as

hy(N)0, ., <0,., <, we have

~ 2
0 - 0
d,,=r,+r,+Insin (;”) —In6, ,+0 ((;"’) ) (2.1)

uniformly for all u,v satisfying the above condition. Note that we can take
hy(N) = h(N), for example. Thus we may choose h;(N) to make hy(N)f, , <

.

, in (1.4) can be explicitly expressed according to

Proof. For r,,r, > h(N), we have éum « 7, hence the condition hy(N)f,, , <

ur v = u,v

0,, < mis well-defined. Obviously, we can take hy(IN) = h(N) so that

u,v

h(N)0, ., < m. Next, we prove (2.1). The right-hand side of (1.4) gives
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Cry+ry)
cosh((r,) cosh((r,)—sinh((r,) sinh((r,) cos b, , = i

5 (sin2 QMTU + e 2(rat7y) cog? 0;“) +eS(rutry) gin?

Here, 0 < O((0,,,/0.,,)%) < (;”2)2, and we also use Young’ s inequality to get

)2
e Crutry) = g2 < %(6_2@“ +e 2 < éu,v-

Thus,

cosh((r,,) cosh((r,)—sinh((r,) sinh(¢r,) cos 8, , >

DN | =

(1o ()

so from (1.4) we get eS%u.v > %(éuv)Qh%(N) Furthermore, from (1.4) and the
above expansion, we have

~ 2
0 0
(dyy+I0(1 e 26e) = ((r, +7,) + Insin® 42 +In (1 Ho ( <9> ) ) |
w,v

and from the lower bound we obtain the result

~ 2
0 5 0
du,v = (r, +1,) +lnsin ;’U —In Guw +0 ( <0u,v) ) 7

where [O((0,,,/0,,,))] < %5 (0,,,/0,,,)*
Especially, for all u,v with r, +7,— R > w(N) where w(N)
N — oo, we may choose 0, , = 2¢ef=ru=m0)/2 such that 0

(2.1) is achieved, since r,,r, > w(N) and 57“, > hl(N)éuyv,
2w(N). Further, we have

~ 2
0 0
du,v_R:Tu+Tv—R+2lnSin< ;”) +0 ((9“’U> )’

1 1
Puw =7 R T 1+ Crnetutn—Ry’

=0o(R(N)) — oo as
v <0y, <7 Then
where hy(N) =

and

where Cyy =1+ éuu
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3. Degree Estimation

In this section, we prove Theorem 1.1.

3.1.1 Pr[I,,=1]|r,, ,] under the condition r, > w(N)

By definition,

R R—r,+w(N) R
Prlly, =1l )= [ Buwlr)dn, = [ Buapr)drt [ o) dr,,
o () R—r,+w(N)
(3.1)
The second integral has the estimation from Appendix A.2:
R R
/ Pypp(r,)dr, = (1+0(1))/ c*(r, d)efn 1" (140(1))20dn, —e 27 €27 u o) = o(1)e~27"
R—r,+w(N) R—r, +w(N)
(3.2)
The primary difficulty is estimating the first integral
R—r, +w(N)
/ Pu,wp (1) dry, (3.3)
0

which requires more refined analysis. We decompose it into two subparts. The
first subpart has the estimation

R—r R—r T R—r k
u . u 1 u
[ Bentridr = [ [ o6 ) dr, G < <= [ ]
0 0 0 0 0

1+ eSldun—F
(3.4)
For the second subpart
R—r,+w(N) Rery+w(N) ,
/RT“ Puwp(ry)dr, = /Rr“ /0 P1(9u,v)m df,, ,p(r,)dr,,
(3.5)

we consider the angular integral p,, , in two cases since R —r, <r, < R—r, +
w(N).

Case (1): If r, < R — w(N), then r, > w(N). Together with the primary
condition r, > w(N), we have the explicit distance expression from Lemma 2.1:
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. 2
6 ~ 6
dy,,=r,+r,+Insin ( ;v> —Iné,,+0 (<9u,v> ) ) (3.6)

hence the connection probability

1 1
Puy = 14+ eC(du.u—R> - 1+ CNenquRH

for gu,v <0,, < m. So the angular integral

iju,v = / p1<9)pu,v df = /
0 0

where 6 is defined by sin®(05/2) = e~ (1t ~Ru)_ The last equality follows from
the process: if 05 < 7, then f095 01 do = 0(0¢) = © (e~ Er)) for r < 1;
and if 7 < 0, then [ sin®~ 6d6 = ©(1). So it is obvious that [ sin~ 6.6 =

S (e‘<"u+7’v—RH)), and there always has j(;ﬁ sin10do = © (e_("“”’v_RH)) for
0< 05 <.

Ou,v

1

s a - T Cde1
pr(0)p,,,, dO+ /6 pr(0)py A0 = o™ (o Fa)) 4 /0 S e

Case (2): If r, > R — w(N), we luckily have the lower bound estimation of
the distance from (1.4). Notice that R —3w(N) <r, —r, <d, , <7, +71,, 50
d, ., — 00 as N — co. We expand both sides of the hyperbolic distance formula
(1.4) and get

eS%uw (14 200 ) = eSrutrv ((1 — cos 0,.) + € 2" (1+cosb, ) +e 2" (1 +cosh, ) + e 26rutro)(1 — cos 6,

SO

eSuw = (14e72uw)~Lelruter, <Sin2 % + e 2" cog? % + e %" cos? % + e~ 2(rutry) gin? 0“7”) )

Hence

eSlduv=R) = (14 %dur)Lelrutr,—R) (sin2 % + e %" cos? % + e % cos? QUTU + e X (rutry) gin? 0“”) :

2
(3.7)
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Set 65 as before, i.e., sin®(f;/2)e¢mutmR) = 1. For 0 < Oy < 05 we have

eSlduv=R) < 4(1 + 0(1)), while for 0 < 6 < 7 we have d,, — R > (1 +
’ u,v u,v

o(1))(r, +r, — R). Hence we have the upper bound estimation

I [% ™
= L ’ a1
7d9+/ 0)——=db g/ 0 d0+/ 1+o(1))emtm=—Fusin® " 0do <
1+ eduw R b, P )1+edu,u*R A p1(0) b, (1+o(1)) «

0,
By < / P (60)
0

and the lower bound estimation

1

T3 et ’ 2

™ [
By = / P (O)p . dB > / ()
0 0

for the same process as before.

Finally, from the above two cases we generalize

Buw= [ P1(O0p,,d8 =0 (), (58)
0

Further, for the second subpart (3.5), we have

R—r,+w(N)

—r R—r

77’71,

(3.10)

R—r,+w(N) R—r,+w(N)
/ ﬁu,v/’(%) dr, = / [®) (e*(ﬁu+mﬁRH)> p(r,)dr, =0 (/ e*(nﬁanH)p(rv) dm,)
R R

u u

Combining the estimations of the two subparts (3.4) and (3.5), we have the
estimation for the first part integral (3.3):

R—7r,+w(N)
/ Puuplr,) dry = © (271)
0

Further, together with the estimation of the second part integral (3.2), we get

R
Pr[Iu,v =1 | Tus u] = / f)uwp(rv) drv =0 (6726,’7u> .
0

We see that the connection probability Pr[I, , =1 |r,, ,] is mainly contributed
by 0 <r,<R—r, +w(N) for r, > w(N). This property differs from the case
20 > 11in [7].
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3.1.2 Pr[I,,=1]|r,, ,] under the condition r, < w(N)

ur u

We decompose formula (3.1) into two parts as follows:

R R-r, R
Prll,, =1|r, ] = / B () dry = / B (o) dry / B 0(ry) dry.
0 0 R

B

For the first integral, we have the estimation

R—r R—r T
u u 1
i)u,vp(rq) drv = / / P (eu,v) — dau,’up(rv) drv (du,'u Sry+ry, < lf) = 6(1)/
/0 0 0 ! 1 + e¢(duv=1) b

For the second integral, since R — 2w(N) <r, —r, <d,, <7, +1,, we have
d,, — 00 as N — co. Using the same analysis as in the second case of (3.5),
we have p,, , = O(e (mFmRu)) 5o

R R ™
1
D = [ = —(u+1m,—Rp) = —20m,
/Rr puﬂ)p(rv) d’l’v /RT /0 P1 (eu,v) 1 + ec(dum,R) dau,q)p(ri) drv @(6 H )p(rv) drv 6(6 )

‘ (3.12)

Combining both parts, we have

R
Prll,, =1]|r, ] = / B oo (ry) dry = O(e27).
0

3.1.3 Pr[[u}v =1|r

u’ u]

From Sections 3.1.1 and 3.1.2, we have the first conclusion (1.10) in Theorem
1.1:

R
Pr[Iu,v =1 ‘ Tus u] = / ﬁu,vp(rv) d?“v = @(eizanu) for any r,.
0

[Figure 1: see original paper]| shows simulation results consistent with our anal-
ysis. On the other hand, we also obtain a fact: for 0 <r, < R—r,, p,, = O(1);

for R—r,<7,<R,D,,= O mutm—Ru)y,
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3.2 Mean Degree

By simple computation, we have the second conclusion (1.11) in Theorem 1.1:

R
)= (V=) [ p(r)le20m) dr = O (N = )y 2oT).

[Figure 1: see original paper] Plot from simulation of Pr[/,, =1 | r,, ,] by
the law of large numbers. The vertical axis is log(Pr) and the horizontal axis is
radius r,,. The data points with N = 2! from lower to upper take parameters
d=3,20=1/2,7=1/2;d=1,20 =2/3,7=1/3; d=1,20 = 1/2,7 = 1/2
respectively, and ¢ = 1. Comparison of three almost straight lines is consistent
with equation (1.10).

3.3 The Probability of k-Degree

Next we analyze the probability of D, = k, where k is a positive integer. Let
constant A € (0,1). Then

pep, =4 = (V1) / C(Brllyy = 1 DB, = 1| )Yl dr, = ") /j(Pr[Iu,,,:]

Now to analyze the first integral, let ¢ = Pr[l, , = 1| r,] = ©(e"?7") and we
can see ¢ — 0 uniformly for AR <r, < R, and

(1—t)N"17%F = (1 + 0(1)) exp[—(N — 1)t] x exp [ N1 2t2] , 0<E<t,

2(1-¢) -

with o(1) = O(e~2° 1) when r, > AR. So

<Nk_ 1) /A: (Prll o = 1 rl)F(A=Prlly, = V)Y o(ry) dr, = (Nk_ 1> /A,}:(Pf[fu,v =1 r)*(1to(l

Since (N —1)0(e 27%n) < (N —1)Pr[l,,=1|r,, ,] = (N —1)0(e27") <

(N —1)0(e 29*2r) when we take Ry; = InNY, then (N — 1)Pr[l,, = 1 |

u,v

— 00 as N — 00, and since e *z* is decreasing to 0 for x > k, we have

T’LL’ u}

((N_ 1) Pr[Iu,v =1 | Tws u])k
k!

exp[—(N —1) Pr[[uw =1]|r, .J]—0.

Thus we get
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N-—1\ [
(Y3 Pl = 1 DAL = L DYt dr, 0,
AR

as N — oco. Finally, we have the third conclusion in Theorem 1.1: Pr[D, =
k] — 0 as N — oo for any given k& > 0. Simulation (Figure 2) also shows the
same tendency.

4. Expectation of Incomplete and Complete Triangles

In this section we compute longer links and prove Theorem 1.2.

4.1 Incomplete Triangle for Arbitrary Dimension

In this subsection, we compute the probability P(A(u,v;w)) of the event
A(u,v;w). First we define the angular integral p,, ., as a conditional proba-
bility describing that nodes w,v at fixed radial coordinates r,,r, connect to
a node w at fixed radius r,,. We pivot the radial direction of vertex w as the
center axis, and since the connections {u,w} and {v,w} are independent events,
we may compute p,, ,.,, by integrating over the relative angles 0, ,,, 0, ,, of u,v

u,w? Yv,w
about w respectively (Figure 3):

ﬁu,v;w = ﬁu,w@v,w = / / P1 (gu,w)pl (0v7w>pu,wpv,w dau,wdav,w' (41)
0 0

For d = 1, we have p, ,, = foﬂ Puw 40, ,, due to angular symmetry for the
hyperbolic distance. So

R R R R R R
P(A(u, v; ) = / / / B a2 (r)p(r)plr) drudrydry = / / / B wbowd(r)(r)plr) droydryds
0 0 0 0 0 0

Hence we obtain formula (1.12) in Theorem 1.2:

()

4.2 Complete Triangle for Arbitrary Dimension

In this subsection, we consider complete triangles and complete the proof of the
second part of Theorem 1.2.

If we choose a triangle formed by (u,v,w) pivoted at w, for d = 1 there is a
similar angular integral definition
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B = PO ) [rrr) = [ [ bbb @Byt (42)
0 0

where eu,v = |9u,w - 01),w| or min{ou,w + ev,wﬂ 27 — (Gu,w + 01;,w>} (refer to A in

Figure 3). For d > 1, the angular integral is

ﬁu,v,w = P(A<uvv’ ’LU) =1 ‘ Tuvranw) - / / / pu,rupv,wpu,vf)l(ou,w)pl (0v,ru)p2(9v,2> dou,wdev,wdou,%
0 0 0

where p,(6,) = sin®* 01/141, pa(ty) = sin?™? 03/1,9, and 6, 5 is the angle
between the uww-plane and vw-plane (refer to B in Figure 3). It is obvious that
f)u,'u,w < ﬁu,wigv,w'

The probability of the event A(u,v,w) is

P(A(u, 0,w)) = / ’ / ’ / usp(ra)o(ra)plra) drudradry,

If r,, > w(N), there is

P(A(, 5,0) | 7y > w(N)) < / ’ / ’ / anap(ra)olr o) dradrydry, < / ’ / ’ / aauwpr)olra)p
(4.3)

w(N)). Starting from the

In the following, we consider P(A(u,v,w) | r,, <
O(1) since py, s Py s Pu,p aTE

range 7, < w(N), r,,7, < R, we have p,, ,, ,,

©(1). So

w

w(N) R R w(N) R /R
P o) [ry <oy <R = [ [0 [ puuetretrptrdrdrar, = [ [7 [T ea
0 o Jo 0 o Jo
(4.4)
On the other hand, we have

w(N) R R w(N) R ,F
P(A(w,v,w) | 7y < W(N), 7y < Riry < R) / / / B (ro ) pr)p(r) drydrydry < / / /
0 0 0 0 0 0

(4.5)

For the triangle in the situation below, we choose to pivot the triangle at v:

chinarxiv.org/items/chinaxiv-202112.00055 Machine Translation


https://chinarxiv.org/items/chinaxiv-202112.00055

w(N) R R w(N) R R
P(A(u,0,0) | 1y < W(N),rysry < R) < / / / B P (1) () () drydrydry = / / / B
0 0 0 0 0 0
(4.6)

Together (4.4), (4.5), (4.6), and (4.7), we have
P(A(u,v,w) | 7, <w(N)) = o(P(A(u, v;w))). (4.8)

Hence from (4.3) and (4.8), we have the order estimation (1.13) in Theorem 1.2:

P(A(u,v,w)) = o(P(A(u,v;w))), E(T)=o0(E(A)).

Next, we give the lower bound estimation for P(A(u,v,w)) = e 3°%u_ which
will deduce the lower bound estimation (1.13) in Theorem 1.2:

E(T) = (gf ) P(A(u,v,w)) = (J;f ) e37 R,

From a similar process as (4.4), we get

P(A(u,v,w) | 7y, 7y Ty < R) / / / Pu,wwP(Ty)p(1,)p(1y,) dr, drdr, / / / p(r,)p(

On the other hand, we consider P(A(u,v,w) | r, < R,7,,7, < R):

IR TRRR )

R R R R R /R R—r, R
/ / / B (1) P(2)p(r) drodrydry = / / / ( / B () dry + / ﬁu,wp<ru>dru>
0 0 0 0 0 0 0 R—r,,

(4.10)
where the third equality from last (4.11) involves the following details:

R—r,, R—r,,
/ O)p(r,)dr, =© (/ (et — 7202t d dnu) =0 (e f(n,))
’ i (4.11)

where f(n,) = e—20(Rp—1,) fORH*Ww (edn _ 672ae2aRHdn)d dn, and

R R
et dr, o ( [ ertn . —e%e%RH%ddm) =0 (e mg(n,),
0 0
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where g(n,,) = e(1=20)(Ry—n,,) j(‘)RH*”w e (e — e720e20Rudnu)d gy - By the
general monotonic method, we can get f(n,,) + g(n,) is initially increasing
then decreasing when 7, varies from 0 to Ry, so we have f(n,) + g(n,) >

min{ f(Ry/2),9(Ry)} > ¢y(d, o), where the constant c,(d, o) depends only on
o, d for sufficiently large N. On the other hand, the upper bound of f(n,,)+9(n,,)
is obvious, so we have

R—r,, R
/ @(1)p(ru> d{ru + / G(ei(nw+n“7RH))p(Tu) dTu = @(67207774)),
0 0

Combining (4.10) and (4.12), we have

R R R
/ / / B v ()P0 p(1ry) drydrydry = © (e37Rn) | (4.13)
0 0 0

hence P(A(u,v,w)) = e 378n,
Question: Is P(A(u,v,w)) = @(6—30Ry)?

[Figure 4: see original paper] Two Complete Triangles

5. Variance Estimation of Incomplete and Complete Trian-
gles

We first estimate F(T?) and F(A%). We need to specify Ry = In NV.

5.1 Estimation of E(T?)
LEMMA 5.1 E(T?) = (1 + o(1))EX(T).

We mark two complete triangle events A(uq,vq;w;) and A(ug, vy;w,) formed
by two groups of vertices u,,v;,w; and u,, vy, Wy respectively. First we have

E(T?)=E !( Z 1{A(u,u,w)})
(

u,v,w)

(uq,v15w1)F(ug,v5ws)

(5.1)
where for the second part, there are three cases (Figure 4):

1. {uy, vy, wy N {ug, vg, we} = 0.

2. {uq,vy,wy} and {uy, vy, ws} share exactly one common vertex.

3. {uq, vy, w;y } and {uy, vy, wy} share exactly two common vertices, i.e., they
share a common edge.
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We denote the event by 7T, corresponding to the i-th case, i = 1,2, 3.

Case 1 (refer to A in Figure 4): There are (g) possible choices for {u,v,,w;}
and (N3_3) possible choices for {uy, vy, wy}. So

E(T)) = (g) <N33) P(A(uy,vy,w,))P(A(ug, v9,ws)) = (14 0(1))E*(T).

Case 2 (refer to B in Figure 4): There are (§) possible choices for {uy, vy, w, },

and if w, is the common vertex, there remain (' 5 %) possible choices for {u,, vy }.
Then

R R R R R
P(A(uy, 0y, 1), Altg, vg, 1)) < / / / / / B oo Brs s, D )00 )01 )91, )0(r, ) i iy
0 0 0 0 0

Considering the lower bound of E(T) in (4.9), we have

E(T,) = 3(];7) <N2 3) P(A(uy,vy,w, ), Altg, vy, w;)) < 3(];7) (N2 3) O(R%)e 4 7Ru = o( E2(T)).

Case 3 (refer to C in Figure 4): There are (§) possible choices for {uy, vy, w, },

and if v, w; are common vertices, there remain (N N 3) possible choices for us.
Then

R R R R
P(A(uy, 0y, wy), Alug, vy, ) < / / / / B o B Py D70 90 )00, )0(r ) i diry iy
0 0 0 0

SO

B(T,) = 3(];[) (N N 3) P(A(uy, v, w,), Ay, vy, 10,)) < 3(N> (N - 3) O(R%,)e19Rn — o( E2(T)),

Combining all cases, we obtain Lemma 5.1.

5.2 Estimation of F(A?)
LEMMA 5.2 E(A2) = (1 + o(1))E2(A).

Similarly, we have
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E(A*) =E = E(A)+ By 05000} L{A(ug,05505)})-

(uy,v1;3w1)#(ug,vp3ws)

2
( > 1{A<u,v;w>}>
(rvr0)

We classify the second part events into the following eight cases (Figure 5):

(5.2)

1. {uy, vy, wy } N {tg, ve, we} = 0.

The following cases involve {u,v;,w;} and {uy, vy, wy} sharing exactly one
common vertex:

2. Wy = Wy, {ulvvl} N {u2av2} = @
3. Uy = Uy, {vg,wy} N{vg, wy} = 0.
4. uy = wy, {vy,wy} N{uy, vy} =0.

The following cases involve {uq,v;,w;} and {us, vy, ws} sharing exactly two
common vertices:

5. U = Uy, V] = Vg, W] F Wy.
6. u; = wy, V] = Vg, Wy F Uy.
T. Uy = Uy, Wy = Wy, V] F Vsy.
8. U = Wy, Wy = Uy, V] F Vy.

We denote the event by A, corresponding to the i-th case, i = 1,2, ..., 8.

Case 1 (refer to I in Figure 5): There are 3@[) possible choices for {u,,v;,w;}
and S(N;?’) possible choices for {uy, vy, wsy}, S0

p) =95 ) (V5 ) PO v 00 P8 05 00) = (1 o) )

Case 2 (refer to II in Figure 5): There are 3(1;[) possible choices for {u,, v, w; }
and (", ?) possible choices for {uy,v,}, so

R R R R R
P(A(uy, 013 w1) Az, vg;0,)) < / / / / / B 0. Bor o Pusn Bor o, P )0 191, 0o, Pl )
0 0 0 0 0

Thus

B(A,) = 3@) (NQ‘ 3) P(A (g, 0y w,)A(ttg, vy w1, )) < 3@) (N; 3) (e-20Ri)? — o(E2(A)).
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Case 3 (refer to III in Figure 5): There are 3(1;[) possible choices for
{uy,vy,w;} and (V7?)(N;?) possible choices for {vy,w,}, so there are totally

6(1;[) (N1_3) (Nl_?’) choices for this case.

R R R R /R
P(A(uhvl;wl)A<u17U2;w2)) < / / / / / i)ul,wlﬁvl,wlﬁul,wzﬁvz,wzp(rul)p(rvl)p<rw1)p(rvz)p(rw2>dr
0 0 0 0 0

where we use fOR Pun©(e27m)p(r,) dr, < O(Ry)e 27Rn. Thus

N\ (N—-3\(N-3 N\ (N -3\ (N-3

E(Ag) =6 P(A(uy, vy;wp)A(ug, vp5w5)) <6 O(Rf)e M = ¢
3 1 1 3 1 1

Case 4 (refer to IV in Figure 5): There are 3(];) possible choices for {u;, v, w;}

and () (N®) possible choices for {u,, vy}, so there are totally 6(];)7) NHE)

1 1 1 1
choices for this case.

R R R R R
P(A(uy, 013 w1) Az, vy; ) < / / / / / B 0. Por o Pus Pos e 270 1910 P10, )0(r, ()
0 0 0 0 0

where we use LRﬁuhwl(‘)(e—QU”“l)@(6_2077“1)p(?“ )dr, < O(e ?7%). Thus

Uy u

=5 ) (") (77 ) P vsenntu v < (3 ) (Y77 (V) ottae 1o =

Case 5 (refer to V in Figure 5): There are 3(%)(";®) possible choices for w,,

so there are totally S(g) possible choices for {u,,v;,w;} and (Nfg) choices for
this case.

R R R R
P(Auy, vy wy) Ay, vy wp)) < / / / / Pu o s o P 00 )00 V0, ) o, g,
0 0 0 0

Thus

5 =3(3 ) (V1) Pt mena v <33 ) (V¥ )otmeniomn)  oma,
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Case 6 (refer to VI in Figure 5): There are 3(})(";®) possible choices for w,,

so there are totally 3(%) possible choices for {uy,v;,w;} and (") choices for
this case.

R R R R
P(A(uy, 013 w1)Aug, 035 0)) < / / / / B o B P o0 (e, 19T, )0(ra,) iy iy dry dry <
0 0 0 0

Thus

E(Ag) = 3@) (Nl_ 3) P(A(uy, vy wy)A(ty, vy31uy)) < 3<]3V) (Nl_ 3) O(R2,e19Rn) = o( B2(A)).

Case 7 (refer to VII in Figure 5): There are 3(1;[) (N;?) possible choices for v,,

so there are totally 3(%) possible choices for {uy,v;,w;} and (" ®) choices for
this case.

R R R (R
P(A(u17’Ul;wl)A<u17U2;w1)) = / / / / ﬁvl,wlﬁul,wli)vz,wlp(rul)p(rvl)p(rvz)p(rwl)druldrvldrvzdrwl =
0 0 0 0

Thus

pan =33 ) (N1 P swn i) <3(3 ) (Y1) ote 2ot — o2ia)

Case 8 (refer to VIII in Figure 5): There are 3(1;[ ) possible choices for
{uy,vy,w; } and (M]?) choices for v,, so there are totally 6() (", ®

this case.

) choices for

R R R R
P(Auy, vy wy)Awy, v y)) < / / / / B P P o2 )0(r V(o Yoo, ) iy iy iy dry, <
0 0 0 0

Thus

sy =33 ) (N1 P swontes s < o3 ) (V17 ottgesomn) — o)

Together with all cases, we have Lemma 5.2.
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5.3 Variance and Chebyshev’ s Inequality

From the previous subsections, we have

Var(A) = E(JA—E(A)?) = E(A?)—E*(A) = o(E*(A)), Var(T) = E(|T—E(T)|?) = E(T?)—E*(T) = o(E*(T)),

if Ry = In N”. Further, by Chebyshev’s inequality P(|X—E(X)| > ¢) < Va;gx),
if we replace € with eE(X), we get

A—E(A) Var(A)
([ Fair =) = i oo
A =E(A)(1+0,(1)).
Similarly,

T =E(T)(1+0,(1)).
[Figure 6: see original paper]| Plot of the tendency of the global clustering coef-

ficient against network size N, ford =1,20 =1/2, 7 =1/2, v =1and ( = 1.
One can see the tendency of Cy(G) — 0 as N — oo.

6. Global Clustering Coefficient
The global clustering coefficient Cy(G) of a graph G is defined as

So from the previous section, we have Theorem 1.3:

_3T(G)  3E(T)(1+0,(1))
C2(G) = AG) — E(A)(1+o0,(1))

— 0, as N — oo.

Simulation results (refer to Figure 6) also support this conclusion.
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7. Conclusions

In this article, we give a precise characterization of degree and clustering in
random geometric graphs on the hyperbolic ball of any dimension for the small
parameter 7 < 1, 20 < 1 and the given relation Ry = In N”. We obtain the
zero-tendency for the k-degree and the global clustering coefficient as N —
00. Although this may not meet the desire for power-law behavior with small
parameters in the real world, the interaction between the density parameter
o and the region expansion speed is reflected by this article and the previous
article [?], which reveals that mobility may have important significance as a
generic mechanism in networks. Some techniques and analysis methods are first
used in this article, and we hope that our results and methods may be applied
in machine learning since hyperbolic geometry has been widely used in this
field for the quasi-isometric embedding proof of Sarkar [?, ?]. Here we use the
global clustering coefficient to describe the clustering phenomenon, but there
are also other definitions for clustering tendency, so it is interesting to try other
clustering definitions for this model. We recently learned that Fountoulakis
gave a finer characterization about clustering in [?]. It is a natural step to
follow their work for the case 7 < 1, 20 < 1. There are many other models of
hyperbolic geometry, for example in [?, ?], and some researchers advise us that
the Klein model in [?] is well-suited for calculation, so it is a good choice to
apply our method to such models. We also think that the random geometric
graph model on the hyperbolic ball can analyze social networks since there exist
some common principles as we mentioned in the Introduction.
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Appendix

Al

For r, +r, — R > w(N) we divide the integral (1.5) as follows:

s

m B
ﬁu,v = / P1 (a)pu,v do = / P1 (9>pu,v do + [ P1 (e)pu,v dg.
0 0 [%

u,v

For the first part of the integral,
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7 6

w,v u,v d ~
/ p1(0)py,, A < / p1(0) df < ——efummgl = o(efumm),
0 ’ 0 Tgq ’

and for the second part of the integral,

s

" 1 n T 1
= NNy ) = Ry—i
P1 (9)pu,v do /@ P1 (0) 1+ 6771L+771,*RH7-(9) d9+0(€ " ) /§ p1(9> 1+ 677u+77u*RH7-<0> d0+0(6 H

u,v u,v u,v

6
and the last equation is from the estimation I = j: Sir;r(la)l 040 = c*(7,d)d"+0(87)
in Appendix A.1 of [?] with § = ef#=7.="_ Finally, we have

Puw = / pr(0)py, dO = (1+ o(1))c* (7, d)etn . (A.2)
0

Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv —Machine translation. Verify with original.
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