
AI translation ・View original & related papers at
chinarxiv.org/items/chinaxiv-202112.00055

Some properties of a hyperbolic model of complex
networks for the small parameter
Authors: Yang Weihua, Dai Jun, Yang Weihua

Date: 2021-12-15T00:00:00+00:00

Abstract
We analyze properties of degree and clustering of a hyperbolic geometric model
of complex networks in small parameter case 𝜏 < 1, 2𝜎 < 1. We find that the
probability of k-degree goes to 0 and the global clustering coefficient goes to 0 in
probability too as the number of nodes 𝑁 → ∞ for some specific growth 𝑅(𝑁)
of the region radius. Here the scale-free degree is failed and the connection
between neighbors are very weak. The transition of properties of the model
with the parameter 𝜎 changes seems to show that the mobility is important to
keep society full and stable communication, otherwise a silence society. Some
analysis technique and method are first applied for such model.
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We analyze properties of degree and clustering in a hyperbolic geometric model
of complex networks for the small parameter case 𝜏 < 1, 2𝜎 < 1. We find that
the probability of k-degree goes to 0 and the global clustering coefficient goes to
0 in probability as the number of nodes N → ∞ for some specific growth R(N)
of the region radius. Here the scale-free degree property fails and connections
between neighbors become very weak. The transition of model properties with
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parameter 𝜎 changes seems to show that mobility is important for maintaining
full and stable communication in society; otherwise, a silent society emerges.
Some analysis techniques and methods are first applied to such a model.

Keywords: hyperbolic geometry model; complex network; k-degree; mean de-
gree; clustering.

1. Introduction
Many models of complex networks have been proposed to capture common
properties of real-world systems. Perhaps the most well-known is the Barabási–
Albert model of preferential attachment [?], which is based on two generic mecha-
nisms: (i) networks expand continuously by the addition of new vertices, and (ii)
new vertices attach preferentially to sites that are already well-connected. This
model reproduces the observed stationary scale-free distributions and indicates
that the development of large networks is governed by robust self-organizing
phenomena that go beyond the particulars of individual systems. Another com-
mon property of social networks is the formation of cliques, representing circles
of friends or acquaintances in which every member knows every other mem-
ber. This inherent tendency to cluster is quantified by the clustering coefficient
or the global clustering coefficient. Although the Barabási–Albert model effec-
tively captures the scale-free degree sequence, it fails to generate networks with
clustering phenomena. There are growing indications that the tendency for af-
filiation among neighbors of a node is a manifestation of the network having
a geometric structure [?], based upon the notion of a geometric random graph.
Statistical mechanical models of complex networks were introduced in [?], and
in particular applied to random geometric graphs in hyperbolic space [?].

The model employs a random mapping of graph nodes to points in a ball cen-
tered at the origin in the hyperbolic space ℍ𝑑+1, giving these nodes hyperbolic co-
ordinates, and connection probability based on hyperbolic geometry. Therefore,
random geometric graphs in hyperbolic geometry provide extremely promising
models for the structure of complex networks.

In [?], we extended the hyperbolic geometric random graph model of Krioukov
et al. [?] to arbitrary dimension and considered this model in five regions of the
parameter space for any dimension. We found power-law (scale-free) expected
degree distributions for two regions, while for others the power law disappears
and the probability of k-degree goes to zero. The case 𝜏 < 1 and 2𝜎 < 1
remained unresearched since the main difficulty lies in that the probability of
connection between a fixed node 𝑢 and a random node 𝑣 is mostly contributed
by 𝑟𝑣 < 𝑅−𝑟𝑢 +𝜔(𝑁), and the previous explicit formula for hyperbolic distance
is powerless for this case.

In this article, we continue our study for the remaining parameter region 𝜏 <
1 and 2𝜎 < 1. We explore the hyperbolic distance formula deeply, overcome
some technical difficulties, and obtain estimations for the probability integral
of connection, enabling us to analyze the degree and clustering properties of
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the model. We find that the probability of k-degree goes to 0 and the global
clustering coefficient goes to 0 in probability as the number of nodes 𝑁 → ∞
for some specific growth 𝑅(𝑁) of the region radius. Some analysis methods and
techniques are first applied to such a model. For the clustering study, we partly
borrow methods from Fountoulakis for 𝜏 < 1, 2𝜎 > 1 and 𝑑 = 1 in [?].

In generalization of analysis results in [?, ?, ?] and this article, for 𝑁 -node
random geometric graphs 𝐺(𝑁, 𝜁, 𝜏, 𝜎, 𝜈, 𝑑) in the hyperbolic ball with graph
Hamiltonian energy parameter 𝜏 < 1 and rescaled hyperbolic ball radius 𝑅𝐻 =
ln𝑁𝜈, we have the following classification. There exists a power law of degrees
for 2𝜎 > 1, 𝑑 ≥ 1 in [?, ?]; and there don’t exist scale-free degree distributions
and the probability of k-degrees goes to zero as 𝑁 → ∞ for 2𝜎 ≤ 1, 𝑑 ≥ 1
in [?] and this article. The global clustering coefficient will converge to some
nontrivial constant in probability for 2𝜎 > 2, 𝑑 = 1, which means the connection
ratio of neighbors is scale-free in probability, and the global clustering coefficient
will go to zero in probability as 𝑁 → ∞ for 1 < 2𝜎 ≤ 2, 𝑑 = 1 (we believe
such results are correct for 𝑑 > 1) in [?]. We prove that the global clustering
coefficient has the same zero-tendency in probability for 𝜏 < 1, 2𝜎 < 1, 𝑑 ≥ 1 in
this article, which means that connections among neighbors become increasingly
unlikely. We don’t study the global clustering coefficient for the 2𝜎 = 1 case
due to extensive computation, but we believe it has the same zero-tendency.
Altogether, we can see that the density function (1.3) with 2𝜎 = 1 is exactly
a critical probability for the scale-free degree in the random graph, and so is
𝜎 = 1 for the clustering, as Albert and Barabási mentioned in [?].

There are also many papers such as [?, ?, ?] that study the hyperbolic geomet-
ric random graph model with numerical methods, whose approximate results
prompt the development of analytical methods.

Why do the degree and clustering of networks become weaker for the growing
speed of the radius 𝑅𝐻 = ln𝑁𝜈 as the parameter 𝜎 becomes smaller in the
hyperbolic geometric random graph model? We may observe that the probabil-
ity of nodes (1.3) staying in the interval [𝑟, 𝑟 + 𝑑𝑟] of small radius 𝑟 increases
when the parameter 𝜎 becomes smaller, and correspondingly nodes are more
likely to stay in the region closer to the origin. For example, with 𝑑 = 1 and
𝑟 ≤ 𝑅/

√
2, the density of this region increases when 𝜎 becomes smaller, so two

nodes in this region are possibly closer and easier to connect since formula (1.2).
On the other hand, we can observe that the probability of nodes lying in the
region close to the origin decreases when the hyperbolic ball radius increases.
For example, with 𝑑 = 1 and 𝑟 ≤ 𝑅/

√
2, the probability of nodes staying in

this region decreases as the radius grows. Hence these two opposite tendencies
interact: the willingness of nodes to stay in the interval [𝑟, 𝑟+𝑑𝑟] of small radius
(and thus become dense) as 𝜎 becomes smaller is resisted by the radius growth
at speed 𝑅𝐻 = ln𝑁𝜈. In contrast, the willingness of nodes to stay in regions
far from the origin as 𝜎 becomes larger is consistent with the influence of radius
growth. Finally, a critical point is achieved at 2𝜎 = 1 for the scale-free degree
and at 𝜎 = 1 for the clustering property of networks at the fixed growth speed of
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𝑅𝐻 = ln𝑁𝜈. This phenomenon in the model is similar to a principle in human
society: the willingness of nodes to stay in the interval [𝑟, 𝑟 + 𝑑𝑟] of small radius
represents the willingness of people to be immobile and stay within small circles,
while mobility represents the opposite.

If people dislike moving, communication among them will become less and less as
society expands at some speed of population growth, finally forming a silent so-
ciety. Conversely, if the likelihood of mobility increases, communication among
people becomes easier and more frequent, so mobility makes society’s commu-
nication full and stable, i.e., the scale-free property occurs.

Based on the above analysis, should mobility be another generic mechanism for
networks, especially social networks?

1.1 Model Introduction
We analyzed a class of exponential random graph models in [?], in which a
random graph 𝐺 = 𝐺(𝑁, 𝜁, 𝜏, 𝜎, 𝜈, 𝑑) with 𝑁 vertices, denoting the vertex set
by 𝑉𝑁 , has positive model parameters 𝜁, 𝜎, 𝜈, and 𝜏 . Its elements are randomly
distributed into a ball of radius 𝑅 centered at the origin in the hyperbolic space
ℍ𝑑+1 (integer 𝑑 ≥ 1) with probability density

𝜌𝐻(x) = 𝜌(𝑟)𝜌𝜃(�) = 𝜌(𝑟)𝜌1(𝜃1) ⋯ 𝜌𝑑(𝜃𝑑),

and the probability of an edge occurring between vertices 𝑢 and 𝑣 is

𝑝𝑢,𝑣 = 1
1 + 𝑒𝜁(𝑑𝑢,𝑣−𝑅) . (1.1)

Here x = (𝑟, �) represents spherical coordinates on ℍ𝑑+1 with the usual coordi-
nates � = (𝜃1, 𝜃2, ⋯ , 𝜃𝑑) on 𝑆𝑑, where 𝜃𝑘 ∈ [0, 𝜋) for 𝑘 = 1 … 𝑑−1 and 𝜃𝑑 ∈ [0, 2𝜋),
and 𝑟 ∈ [0, 𝑅). The angular density functions are 𝜌𝑘(𝜃𝑘) = sin𝑑−𝑘 𝜃𝑘/𝐼𝑑,𝑘 with
𝐼𝑑,𝑘 = ∫𝜋

0 sin𝑑−𝑘 𝜃 𝑑𝜃 for 𝑘 = 1 … 𝑑 − 1, and 𝜌𝑑(𝜃𝑑) = 1
2𝜋 . The radial density is

𝜌(𝑟) = sinh𝑑(𝜎𝜁𝑟)
𝐶𝑑

(1.3)

with 𝐶𝑑 = ∫𝑅
0 sinh𝑑(𝜎𝜁𝑟) 𝑑𝑟. The distance function 𝑑𝑢,𝑣 is the hyperbolic dis-

tance between two points 𝑢 = (𝑟𝑢, �𝑢) and 𝑣 = (𝑟𝑣, �𝑣), given by the hyperbolic
law of cosines:

cosh(𝜁𝑑𝑢,𝑣) = cosh(𝜁𝑟𝑢) cosh(𝜁𝑟𝑣) − sinh(𝜁𝑟𝑢) sinh(𝜁𝑟𝑣) cos 𝜃𝑢,𝑣, (1.4)

where 𝜃𝑢,𝑣 is the angular distance (relative angle) between �𝑢 and �𝑣 on 𝑆𝑑.
The parameter 𝜎 governs the radial node distribution, 𝜈 the node density, 𝜏
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the ‘temperature’, and −𝜁2 governs the curvature of the hyperbolic space,
respectively.

The conditional probability that a node 𝑢 at a fixed position in the hyperbolic
ball connects to an angularly random node 𝑣 at fixed radius 𝑟𝑣 is

̂𝑝𝑢,𝑣 = ∫
𝜋

0
𝜌1(𝜃𝑢,𝑣)𝑝𝑢,𝑣 𝑑𝜃𝑢,𝑣 = ∫

𝜋

0
sin𝑑−1 𝜃 𝑝𝑢,𝑣 𝑑𝜃𝑢,𝑣, (1.5)

which we call the angular integral. Let 𝐼𝑢,𝑣 be an indicator random variable that
equals 1 when there is an edge between 𝑢 and 𝑣 in the graph, and 0 otherwise.
The conditional probability that a node 𝑢 at a fixed position connects to a
random node 𝑣 is

Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢, �𝑢] = ∫
𝑅

0
∫

𝜋

0
sin𝑑−1 𝜃𝑢,𝑣 𝑝𝑢,𝑣 𝑑𝜃𝑢,𝑣 𝜌(𝑟𝑣) 𝑑𝑟𝑣. (1.6)

The integrals in (1.5) and (1.6) depend only on the relative angle 𝜃𝑢,𝑣, so the
probabilities are independent of the specific angular position 𝜃𝑢. We will some-
times omit this specific angular position. The expected degree of node 𝑢 at a
fixed position is

⟨𝑘𝑢⟩ = ⟨𝑘(𝑟𝑢)⟩ = (𝑁 − 1)Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢]. (1.7)

If we average over the random position of node 𝑢, i.e., computing the node
expected degree, we obtain the mean degree

⟨𝑘⟩ = ∫
𝑅

0
⟨𝑘(𝑟𝑢)⟩𝜌(𝑟) 𝑑𝑟. (1.8)

We also let 𝐷𝑢 = ∑𝑣∈𝑉𝑁∖{𝑢} 𝐼𝑢,𝑣 be the number of connections to vertex 𝑢,
i.e., its degree. We refer to the connection number equaling a positive integer
𝑘 as k-degree, and denote its probability by Pr[𝐷𝑢 = 𝑘]. Throughout, we let
𝑅 = 𝑅(𝑁) → ∞, 𝜔(𝑁) = 𝑜(𝑅(𝑁)) → ∞, 𝑜(1) → 0 as 𝑁 → ∞, and 𝑜𝑝(1)
means convergence to 0 in probability as 𝑁 → ∞. We also use Big Theta Θ
notation for some function 𝑓(𝑥), i.e., Θ(𝑓(𝑥)), which means ∃𝑐1, 𝑐2 > 0 such
that 𝑐1𝑓(𝑥) ≤ Θ(𝑓(𝑥)) ≤ 𝑐2𝑓(𝑥).
In this article, the function 𝑓(𝑥) is related to 𝑁 and 𝑁 → ∞, so we always as-
sume the Big Theta function Θ(𝑓(𝑥)) holds for sufficiently large 𝑁 . To simplify
notation, we rescale variables as follows: (𝜂, 𝑅𝐻 , 𝜏) = (𝑟, 𝑅, 𝑇 ), 𝜔1(𝑁) = 𝜔(𝑁).
There are also some useful computational results:
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𝐶𝑑 = (1+𝑜(1)) 𝑒𝑑𝜎𝜁𝑅

𝜎𝜁𝑑2𝑑 and ∫
𝑟

0
sinh𝑑(𝜎𝜁𝑟) 𝑑𝑟 = (1+𝑜(1))𝑒𝜎𝑑𝜉(𝑟−𝑅) = (1+𝑜(1))𝑒2𝜎(𝜂−𝑅𝐻)

(1.9)

for 𝑟 ≫ 1, and 𝜌(𝑟) = (1 + 𝑜(1))𝜎𝜁𝑑(𝑒𝑑𝜂 − 𝑒−2𝜎𝑒2𝜎𝑅𝐻𝑑𝜂)𝑑 from [?].

We introduce some notation about clustering in the network model:

• Λ(𝑢, 𝑣; 𝑤) represents the event that the triple 𝑢, 𝑣, 𝑤 forms an incomplete
triangle pivoted at 𝑤, i.e., 𝑢, 𝑣, 𝑤 forms a path of length 2 with 𝑤 being
the middle vertex.

• Δ(𝑢, 𝑣, 𝑤) represents the event that the triple 𝑢, 𝑣, 𝑤 forms a complete
triangle.

• 𝑇 = 𝑇 (𝐺), Λ = Λ(𝐺) denote the number of complete triangles or incom-
plete triangles in graph 𝐺, respectively.

1.2 Main Results
We study the degree and clustering properties of the random graph
𝐺 = 𝐺(𝑁, 𝜁, 𝜏, 𝜎, 𝜈, 𝑑) with 𝑁 vertices and parameters 𝜏 < 1 and 2𝜎 < 1 in
arbitrary dimensional hyperbolic space ℍ𝑑+1. The main results of this article
are as follows.

THEOREM 1.1 Let 𝜏 < 1, 2𝜎 < 1 and 𝑑 ≥ 1. Then

Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢, �𝑢] = ∫
𝑅

0
̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 = Θ(𝑒−2𝜎𝜂𝑢) for any 𝑟𝑢. (1.10)

Mean degree

⟨𝑘⟩ = Θ ((𝑁 − 1)𝑅𝐻𝑒−2𝜎𝑅𝐻) . (1.11)

The probability of k-degree

Pr[𝐷𝑢 = 𝑘] → 0 as 𝑁 → ∞, for any given 𝑘 ≥ 0, if we let 𝑅𝐻 = ln𝑁𝜈.

THEOREM 1.2 Let 𝜏 < 1, 2𝜎 < 1 and 𝑑 ≥ 1. Then

𝐸(Λ) = 3(𝑁
3 )(𝑒−2𝜎𝑅𝐻

1 )
2
. (1.12)

There exists a lower bound estimation and order estimation for 𝐸(𝑇 ):
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𝐸(𝑇 ) ≳ (𝑁
3 )𝑒−3𝜎𝑅𝐻 and 𝐸(𝑇 ) = 𝑜(𝐸(Λ)). (1.13)

THEOREM 1.3 Let 𝜏 < 1, 2𝜎 < 1 and 𝑑 ≥ 1. Also let 𝑅𝐻 = ln𝑁𝜈. The
global clustering coefficient 𝐶2(𝐺) of the graph 𝐺(𝑁, 𝜁, 𝜏, 𝜎, 𝜈, 𝑑) will converge
to zero in probability, i.e.,

𝐶2(𝐺) = 3𝑇 (𝐺)
Λ(𝐺) = 3𝐸(𝑇 )(1 + 𝑜𝑝(1))

𝐸(Λ)(1 + 𝑜𝑝(1)) ⟶ 0, as 𝑁 → ∞.

The paper is organized as follows. In Section 1.1 we introduce the model. In
Section 2 we provide a useful preliminary result. We give degree estimations and
prove Theorem 1.1 in Section 3. We discuss incomplete and complete triangles
and prove Theorem 1.2 in Section 4. Finally, we estimate the variance and prove
Theorem 1.3 in Sections 5 and 6.

1.3 Simulations
We adopt R software (https://www.r-project.org/) for statistical simulation. Ac-
cording to the law of large numbers in probability theory, we use the mean to
approximate the expectation in R programs. We simulate the connection prob-
ability of a fixed node in two kinds of dimensions, k-degree, and the global
clustering coefficient of incomplete and complete triangles. One can also use
some usual ComplexNetworks toolkit within Cactus [?] for simulation.

2. Preliminary Lemma
The hyperbolic distance 𝑑𝑢,𝑣 in (1.4) can be explicitly expressed according to
the following lemma.

LEMMA 2.1 Let ℎ, ℎ1 ∶ ℕ → ℝ+ such that ℎ(𝑁), ℎ1(𝑁) → ∞ as 𝑁 → ∞. Let
𝑢, 𝑣 be two distinct points in ℍ𝑑+1 with 𝜃𝑢,𝑣 denoting their relative angle. Let
also ̂𝜃𝑢,𝑣 ∶= (𝑒−2𝜁𝑟𝑣 + 𝑒−2𝜁𝑟𝑢)/2. If we assume 𝑢, 𝑣 with 𝑟𝑢, 𝑟𝑣 ≥ ℎ(𝑁), then as
ℎ1(𝑁) ̂𝜃𝑢,𝑣 ≤ 𝜃𝑢,𝑣 ≤ 𝜋, we have

𝑑𝑢,𝑣 = 𝑟𝑢 + 𝑟𝑣 + ln sin(𝜃𝑢,𝑣
2 ) − ln ̂𝜃𝑢,𝑣 + 𝑂 ⎛⎜

⎝
(

̂𝜃𝑢,𝑣
𝜃𝑢,𝑣

)
2
⎞⎟
⎠

(2.1)

uniformly for all 𝑢, 𝑣 satisfying the above condition. Note that we can take
ℎ1(𝑁) = ℎ(𝑁), for example. Thus we may choose ℎ1(𝑁) to make ℎ1(𝑁) ̂𝜃𝑢,𝑣 <
𝜋.
Proof. For 𝑟𝑢, 𝑟𝑣 ≥ ℎ(𝑁), we have ̂𝜃𝑢,𝑣 ≪ 𝜋, hence the condition ℎ1(𝑁) ̂𝜃𝑢,𝑣 ≤
𝜃𝑢,𝑣 ≤ 𝜋 is well-defined. Obviously, we can take ℎ1(𝑁) = ℎ(𝑁) so that
ℎ(𝑁) ̂𝜃𝑢,𝑣 ≪ 𝜋. Next, we prove (2.1). The right-hand side of (1.4) gives
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cosh(𝜁𝑟𝑢) cosh(𝜁𝑟𝑣)−sinh(𝜁𝑟𝑢) sinh(𝜁𝑟𝑣) cos 𝜃𝑢,𝑣 = 𝑒𝜁(𝑟𝑢+𝑟𝑣)

2 (sin2 𝜃𝑢,𝑣
2 + 𝑒−2𝜁(𝑟𝑢+𝑟𝑣) cos2 𝜃𝑢,𝑣

2 )+𝑒−𝜁(𝑟𝑢+𝑟𝑣) sin2 𝜃𝑢,𝑣
2 .

Here, 0 < 𝑂(( ̂𝜃𝑢,𝑣/𝜃𝑢,𝑣)2) ≤ 2𝜋2

( ̂𝜃𝑢,𝑣)2 , and we also use Young’s inequality to get

𝑒−𝜁(𝑟𝑢+𝑟𝑣) = 𝑒−2𝜁 𝑟𝑢+𝑟𝑣
2 ≤ 1

2 (𝑒−2𝜁𝑟𝑢 + 𝑒−2𝜁𝑟𝑣) ≤ ̂𝜃𝑢,𝑣.

Thus,

cosh(𝜁𝑟𝑢) cosh(𝜁𝑟𝑣)−sinh(𝜁𝑟𝑢) sinh(𝜁𝑟𝑣) cos 𝜃𝑢,𝑣 ≥ 1
2 ( ̂𝜃𝑢,𝑣)

2 ⎛⎜
⎝

1 + 𝑂 ⎛⎜
⎝

(
̂𝜃𝑢,𝑣

𝜃𝑢,𝑣
)

2
⎞⎟
⎠

⎞⎟
⎠

,

so from (1.4) we get 𝑒𝜁𝑑𝑢,𝑣 ≥ 1
𝜋2 ( ̂𝜃𝑢,𝑣)2ℎ2

1(𝑁). Furthermore, from (1.4) and the
above expansion, we have

𝜁𝑑𝑢,𝑣 + ln(1 + 𝑒−2𝜁𝑑𝑢,𝑣) = 𝜁(𝑟𝑢 + 𝑟𝑣) + ln sin2 𝜃𝑢,𝑣
2 + ln⎛⎜

⎝
1 + 𝑂 ⎛⎜

⎝
(

̂𝜃𝑢,𝑣
𝜃𝑢,𝑣

)
2
⎞⎟
⎠

⎞⎟
⎠

,

and from the lower bound we obtain the result

𝑑𝑢,𝑣 = (𝑟𝑢 + 𝑟𝑣) + ln sin
𝜃𝑢,𝑣

2 − ln ̂𝜃𝑢,𝑣 + 𝑂 ⎛⎜
⎝

(
̂𝜃𝑢,𝑣

𝜃𝑢,𝑣
)

2
⎞⎟
⎠

,

where |𝑂(( ̂𝜃𝑢,𝑣/𝜃𝑢,𝑣)2)| ≤ 3𝜋2
2 ( ̂𝜃𝑢,𝑣/𝜃𝑢,𝑣)2.

Especially, for all 𝑢, 𝑣 with 𝑟𝑢 + 𝑟𝑣 − 𝑅 ≥ 𝜔(𝑁) where 𝜔(𝑁) = 𝑜(𝑅(𝑁)) → ∞ as
𝑁 → ∞, we may choose ̃𝜃𝑢,𝑣 = 2𝑒(𝑅−𝑟𝑢−𝑟𝑣)/2 such that ̃𝜃𝑢,𝑣 ≤ 𝜃𝑢,𝑣 ≤ 𝜋. Then
(2.1) is achieved, since 𝑟𝑢, 𝑟𝑣 ≥ 𝜔(𝑁) and ̃𝜃𝑢,𝑣 ≥ ℎ1(𝑁) ̂𝜃𝑢,𝑣, where ℎ1(𝑁) =
2𝜔(𝑁). Further, we have

𝑑𝑢,𝑣 − 𝑅 = 𝑟𝑢 + 𝑟𝑣 − 𝑅 + 2 ln sin(𝜃𝑢,𝑣
2 ) + 𝑂 ⎛⎜

⎝
(

̂𝜃𝑢,𝑣
𝜃𝑢,𝑣

)
2
⎞⎟
⎠

,

and

𝑝𝑢,𝑣 = 1
1 + 𝑒𝜁(𝑑𝑢,𝑣−𝑅) = 1

1 + 𝐶𝑁𝑒𝜂𝑢+𝜂𝑣−𝑅𝐻
,

where 𝐶𝑁 = 1 + ̂𝜃𝑢,𝑣.
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3. Degree Estimation
In this section, we prove Theorem 1.1.

3.1.1 Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢, �𝑢] under the condition 𝑟𝑢 ≥ 𝜔(𝑁)
By definition,

Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢, �𝑢] = ∫
𝑅

0
̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 = ∫

𝑅−𝑟𝑢+𝜔(𝑁)

0
̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣+∫

𝑅

𝑅−𝑟𝑢+𝜔(𝑁)
̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣.

(3.1)

The second integral has the estimation from Appendix A.2:

∫
𝑅

𝑅−𝑟𝑢+𝜔(𝑁)
̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 = (1+𝑜(1)) ∫

𝑅

𝑅−𝑟𝑢+𝜔(𝑁)
𝑐∗(𝜏, 𝑑)𝑒𝑅𝐻−𝜂𝑢−𝜂𝑣 ⋅(1+𝑜(1))2𝜎𝑑𝜂𝑣−𝑒−2𝜎𝑒2𝜎𝑅𝐻𝑑𝜂𝑣)𝑑 = 𝑜(1)𝑒−2𝜎𝜂𝑢 .

(3.2)

The primary difficulty is estimating the first integral

∫
𝑅−𝑟𝑢+𝜔(𝑁)

0
̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣, (3.3)

which requires more refined analysis. We decompose it into two subparts. The
first subpart has the estimation

∫
𝑅−𝑟𝑢

0
̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 = ∫

𝑅−𝑟𝑢

0
∫

𝜋

0
𝜌1(𝜃𝑢,𝑣) 1

1 + 𝑒𝜁(𝑑𝑢,𝑣−𝑅) 𝑑𝜃𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 (𝑑𝑢,𝑣 ≤ 𝑟𝑢+𝑟𝑣 ≤ 𝑅) = Θ(1) ∫
𝑅−𝑟𝑢

0
∫

𝜋

0
𝜌1(𝜃𝑢,𝑣) 𝑑𝜃𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 = Θ(1)(1+𝑜(1))2𝜎𝑑𝜂𝑣−𝑒−2𝜎𝑒2𝜎𝑅𝐻𝑑𝜂𝑣)𝑑 = 𝑂(𝑒−2𝜎𝜂).

(3.4)

For the second subpart

∫
𝑅−𝑟𝑢+𝜔(𝑁)

𝑅−𝑟𝑢

̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 = ∫
𝑅−𝑟𝑢+𝜔(𝑁)

𝑅−𝑟𝑢

∫
𝜋

0
𝜌1(𝜃𝑢,𝑣) 1

1 + 𝑒𝜁(𝑑𝑢,𝑣−𝑅) 𝑑𝜃𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣,

(3.5)

we consider the angular integral ̂𝑝𝑢,𝑣 in two cases since 𝑅 − 𝑟𝑢 ≤ 𝑟𝑣 ≤ 𝑅 − 𝑟𝑢 +
𝜔(𝑁).
Case (1): If 𝑟𝑢 ≤ 𝑅 − 𝜔(𝑁), then 𝑟𝑣 ≥ 𝜔(𝑁). Together with the primary
condition 𝑟𝑢 ≥ 𝜔(𝑁), we have the explicit distance expression from Lemma 2.1:
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𝑑𝑢,𝑣 = 𝑟𝑢 + 𝑟𝑣 + ln sin(𝜃𝑢,𝑣
2 ) − ln ̂𝜃𝑢,𝑣 + 𝑂 ⎛⎜

⎝
(

̂𝜃𝑢,𝑣
𝜃𝑢,𝑣

)
2
⎞⎟
⎠

, (3.6)

hence the connection probability

𝑝𝑢,𝑣 = 1
1 + 𝑒𝜁(𝑑𝑢,𝑣−𝑅) = 1

1 + 𝐶𝑁𝑒𝜂𝑢+𝜂𝑣−𝑅𝐻

for ̃𝜃𝑢,𝑣 ≤ 𝜃𝑢,𝑣 ≤ 𝜋. So the angular integral

̂𝑝𝑢,𝑣 = ∫
𝜋

0
𝜌1(𝜃)𝑝𝑢,𝑣 𝑑𝜃 = ∫

̃𝜃𝑢,𝑣

0
𝜌1(𝜃)𝑝𝑢,𝑣 𝑑𝜃+∫

𝜋

̃𝜃𝑢,𝑣

𝜌1(𝜃)𝑝𝑢,𝑣 𝑑𝜃 = 𝑜(𝑒−(𝜂𝑢+𝜂𝑣−𝑅𝐻))+∫
𝜋

̃𝜃𝑢,𝑣

sin𝑑−1 𝜃 1
1 + 𝐶𝑁𝑒𝜂𝑢+𝜂𝑣−𝑅𝐻

𝑑𝜃 ( ̃𝜃𝑢,𝑣 ≫ ̂𝜃𝑢,𝑣) = 𝑜(𝑒−(𝜂𝑢+𝜂𝑣−𝑅𝐻))+(1+𝑜(1)) ∫
𝜋

̃𝜃𝑢,𝑣

sin𝑑−1 𝜃 1
1 + 𝑒𝜂𝑢+𝜂𝑣−𝑅𝐻

𝑑𝜃 = 𝑜(𝑒−(𝜂𝑢+𝜂𝑣−𝑅𝐻))+(1+𝑜(1))Θ (∫
𝜋

𝜃𝛿

sin𝑑−1 𝜃 𝑑𝜃) (𝑒−(𝜂𝑢+𝜂𝑣−𝑅𝐻))𝜏 = 𝑜(𝑒−(𝜂𝑢+𝜂𝑣−𝑅𝐻))+(1+𝑜(1))Θ ((𝑒−(𝜂𝑢+𝜂𝑣−𝑅𝐻))𝜏) ,

where 𝜃𝛿 is defined by sin2(𝜃𝛿/2) = 𝑒−(𝜂𝑢+𝜂𝑣−𝑅𝐻). The last equality follows from
the process: if 𝜃𝛿 ≤ 𝜋, then ∫𝜃𝛿

0 𝜃𝑑−1 𝑑𝜃 = Θ(𝜃𝑑
𝛿 ) = Θ (𝑒−(𝜂𝑢+𝜂𝑣−𝑅𝐻)) for 𝜏 ≤ 1;

and if 𝜋 ≤ 𝜃𝛿, then ∫𝜋
0 sin𝑑−1 𝜃 𝑑𝜃 = Θ(1). So it is obvious that ∫𝜃𝛿

0 sin𝑑−1 𝜃 𝑑𝜃 =
Θ (𝑒−(𝜂𝑢+𝜂𝑣−𝑅𝐻)), and there always has ∫𝜋

0 sin𝑑−1 𝜃 𝑑𝜃 = Θ (𝑒−(𝜂𝑢+𝜂𝑣−𝑅𝐻)) for
0 < 𝜃𝛿 < 𝜋.
Case (2): If 𝑟𝑢 ≥ 𝑅 − 𝜔(𝑁), we luckily have the lower bound estimation of
the distance from (1.4). Notice that 𝑅 − 3𝜔(𝑁) ≤ 𝑟𝑢 − 𝑟𝑣 ≤ 𝑑𝑢,𝑣 ≤ 𝑟𝑢 + 𝑟𝑣, so
𝑑𝑢,𝑣 → ∞ as 𝑁 → ∞. We expand both sides of the hyperbolic distance formula
(1.4) and get

𝑒𝜁𝑑𝑢,𝑣(1+𝑒−2𝜁𝑑𝑢,𝑣) = 𝑒𝜁𝑟𝑢+𝜁𝑟𝑣 ((1 − cos 𝜃𝑢,𝑣) + 𝑒−2𝜁𝑟𝑢(1 + cos 𝜃𝑢,𝑣) + 𝑒−2𝜁𝑟𝑣(1 + cos 𝜃𝑢,𝑣) + 𝑒−2𝜁(𝑟𝑢+𝑟𝑣)(1 − cos 𝜃𝑢,𝑣)) ,

so

𝑒𝜁𝑑𝑢,𝑣 = (1+𝑒−2𝜁𝑑𝑢,𝑣)−1𝑒𝜁𝑟𝑢+𝜁𝑟𝑣 (sin2 𝜃𝑢,𝑣
2 + 𝑒−2𝜁𝑟𝑢 cos2 𝜃𝑢,𝑣

2 + 𝑒−2𝜁𝑟𝑣 cos2 𝜃𝑢,𝑣
2 + 𝑒−2𝜁(𝑟𝑢+𝑟𝑣) sin2 𝜃𝑢,𝑣

2 ) .

Hence

𝑒𝜁(𝑑𝑢,𝑣−𝑅) = (1+𝑒−2𝜁𝑑𝑢,𝑣)−1𝑒𝜁(𝑟𝑢+𝑟𝑣−𝑅) (sin2 𝜃𝑢,𝑣
2 + 𝑒−2𝜁𝑟𝑢 cos2 𝜃𝑢,𝑣

2 + 𝑒−2𝜁𝑟𝑣 cos2 𝜃𝑢,𝑣
2 + 𝑒−2𝜁(𝑟𝑢+𝑟𝑣) sin2 𝜃𝑢,𝑣

2 ) = (1+𝑜(1))𝑒𝜁(𝑟𝑢+𝑟𝑣−𝑅) (sin2 𝜃𝑢,𝑣
2 + 𝑒−2𝜁𝑟𝑢 cos2 𝜃𝑢,𝑣

2 + 𝑒−2𝜁𝑟𝑣 cos2 𝜃𝑢,𝑣
2 + 𝑒−2𝜁(𝑟𝑢+𝑟𝑣) sin2 𝜃𝑢,𝑣

2 ) .
(3.7)
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Set 𝜃𝛿 as before, i.e., sin2(𝜃𝛿/2)𝑒𝜁(𝑟𝑢+𝑟𝑣−𝑅) = 1. For 0 ≤ 𝜃𝑢,𝑣 ≤ 𝜃𝛿 we have
𝑒𝜁(𝑑𝑢,𝑣−𝑅) ≤ 4(1 + 𝑜(1)), while for 0 ≤ 𝜃𝑢,𝑣 ≤ 𝜋 we have 𝑑𝑢,𝑣 − 𝑅 ≥ (1 +
𝑜(1))(𝑟𝑢 + 𝑟𝑣 − 𝑅). Hence we have the upper bound estimation

̂𝑝𝑢,𝑣 ≤ ∫
𝜃𝛿

0
𝜌1(𝜃) 1

1 + 𝑒𝑑𝑢,𝑣−𝑅 𝑑𝜃+∫
𝜋

𝜃𝛿

𝜌1(𝜃) 1
1 + 𝑒𝑑𝑢,𝑣−𝑅 𝑑𝜃 ≤ ∫

𝜃𝛿

0
𝜌1(𝜃) 𝑑𝜃+∫

𝜋

𝜃𝛿

(1+𝑜(1))𝑒𝜂𝑢+𝜂𝑣−𝑅𝐻 sin𝑑−1 𝜃 𝑑𝜃 ≲ 𝑒−(𝜂𝑢+𝜂𝑣−𝑅𝐻),

and the lower bound estimation

̂𝑝𝑢,𝑣 = ∫
𝜋

0
𝜌1(𝜃)𝑝𝑢,𝑣 𝑑𝜃 ≥ ∫

𝜃𝛿

0
𝜌1(𝜃) 1

1 + 𝑒𝑑𝑢,𝑣−𝑅 𝑑𝜃,

for the same process as before.

Finally, from the above two cases we generalize

̂𝑝𝑢,𝑣 = ∫
𝜋

0
𝜌1(𝜃)𝑝𝑢,𝑣 𝑑𝜃 = Θ (𝑒−(𝜂𝑢+𝜂𝑣−𝑅𝐻)) . (3.8)

Further, for the second subpart (3.5), we have

∫
𝑅−𝑟𝑢+𝜔(𝑁)

𝑅−𝑟𝑢

̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 = ∫
𝑅−𝑟𝑢+𝜔(𝑁)

𝑅−𝑟𝑢

Θ (𝑒−(𝜂𝑢+𝜂𝑣−𝑅𝐻)) 𝜌(𝑟𝑣) 𝑑𝑟𝑣 = Θ (∫
𝑅−𝑟𝑢+𝜔(𝑁)

𝑅−𝑟𝑢

𝑒−(𝜂𝑢+𝜂𝑣−𝑅𝐻)𝜌(𝑟𝑣) 𝑑𝑟𝑣) = Θ (𝑒−2𝜎𝜂𝑢) .

(3.10)

Combining the estimations of the two subparts (3.4) and (3.5), we have the
estimation for the first part integral (3.3):

∫
𝑅−𝑟𝑢+𝜔(𝑁)

0
̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 = Θ (𝑒−2𝜎𝜂𝑢) .

Further, together with the estimation of the second part integral (3.2), we get

Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢, �𝑢] = ∫
𝑅

0
̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 = Θ (𝑒−2𝜎𝜂𝑢) .

We see that the connection probability Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢, �𝑢] is mainly contributed
by 0 ≤ 𝑟𝑣 ≤ 𝑅 − 𝑟𝑢 + 𝜔(𝑁) for 𝑟𝑢 > 𝜔(𝑁). This property differs from the case
2𝜎 > 1 in [?].
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3.1.2 Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢, �𝑢] under the condition 𝑟𝑢 ≤ 𝜔(𝑁)
We decompose formula (3.1) into two parts as follows:

Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢, �𝑢] = ∫
𝑅

0
̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 = ∫

𝑅−𝑟𝑢

0
̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣+∫

𝑅

𝑅−𝑟𝑢

̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣.

(3.11)

For the first integral, we have the estimation

∫
𝑅−𝑟𝑢

0
̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 = ∫

𝑅−𝑟𝑢

0
∫

𝜋

0
𝜌1(𝜃𝑢,𝑣) 1

1 + 𝑒𝜁(𝑑𝑢,𝑣−𝑅) 𝑑𝜃𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 (𝑑𝑢,𝑣 ≤ 𝑟𝑢+𝑟𝑣 ≤ 𝑅) = Θ(1) ∫
𝑅−𝑟𝑢

0
∫

𝜋

0
𝜌1(𝜃𝑢,𝑣) 𝑑𝜃𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 = Θ(1)(1+𝑜(1))2𝜎𝑑𝜂𝑣−𝑒−2𝜎𝑒2𝜎𝑅𝐻𝑑𝜂𝑣)𝑑 = Θ(𝑒−2𝜎𝜂𝑢).

For the second integral, since 𝑅 − 2𝜔(𝑁) ≤ 𝑟𝑣 − 𝑟𝑢 ≤ 𝑑𝑢,𝑣 ≤ 𝑟𝑢 + 𝑟𝑣, we have
𝑑𝑢,𝑣 → ∞ as 𝑁 → ∞. Using the same analysis as in the second case of (3.5),
we have ̂𝑝𝑢,𝑣 = Θ(𝑒−(𝜂𝑢+𝜂𝑣−𝑅𝐻)), so

∫
𝑅

𝑅−𝑟𝑢

̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 = ∫
𝑅

𝑅−𝑟𝑢

∫
𝜋

0
𝜌1(𝜃𝑢,𝑣) 1

1 + 𝑒𝜁(𝑑𝑢,𝑣−𝑅) 𝑑𝜃𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 = Θ(𝑒−(𝜂𝑢+𝜂𝑣−𝑅𝐻))𝜌(𝑟𝑣) 𝑑𝑟𝑣 = Θ(𝑒−2𝜎𝜂𝑢).

(3.12)

Combining both parts, we have

Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢, �𝑢] = ∫
𝑅

0
̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 = Θ(𝑒−2𝜎𝜂𝑢).

3.1.3 Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢, �𝑢]
From Sections 3.1.1 and 3.1.2, we have the first conclusion (1.10) in Theorem
1.1:

Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢, �𝑢] = ∫
𝑅

0
̂𝑝𝑢,𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣 = Θ(𝑒−2𝜎𝜂𝑢) for any 𝑟𝑢.

[Figure 1: see original paper] shows simulation results consistent with our anal-
ysis. On the other hand, we also obtain a fact: for 0 ≤ 𝑟𝑣 ≤ 𝑅 −𝑟𝑢, ̂𝑝𝑢,𝑣 = Θ(1);
for 𝑅 − 𝑟𝑢 ≤ 𝑟𝑣 ≤ 𝑅, ̂𝑝𝑢,𝑣 = Θ(𝑒−(𝜂𝑢+𝜂𝑣−𝑅𝐻)).
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3.2 Mean Degree

By simple computation, we have the second conclusion (1.11) in Theorem 1.1:

⟨𝑘⟩ = (𝑁 − 1) ∫
𝑅

0
𝜌(𝑟)Θ(𝑒−2𝜎𝜂𝑢) 𝑑𝑟 = Θ ((𝑁 − 1)𝑅𝐻𝑒−2𝜎𝑅𝐻) .

[Figure 1: see original paper] Plot from simulation of Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢, �𝑢] by
the law of large numbers. The vertical axis is log(Pr) and the horizontal axis is
radius 𝑟𝑢. The data points with 𝑁 = 212 from lower to upper take parameters
𝑑 = 3, 2𝜎 = 1/2, 𝜏 = 1/2; 𝑑 = 1, 2𝜎 = 2/3, 𝜏 = 1/3; 𝑑 = 1, 2𝜎 = 1/2, 𝜏 = 1/2
respectively, and 𝜁 = 1. Comparison of three almost straight lines is consistent
with equation (1.10).

3.3 The Probability of k-Degree

Next we analyze the probability of 𝐷𝑢 = 𝑘, where 𝑘 is a positive integer. Let
constant 𝜆 ∈ (0, 1). Then

Pr[𝐷𝑢 = 𝑘] = (𝑁 − 1
𝑘 ) ∫

𝑅

0
(Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢])𝑘(1−Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢])𝑁−1−𝑘𝜌(𝑟𝑢) 𝑑𝑟𝑢 = (𝑁 − 1

𝑘 ) ∫
𝑅

𝜆𝑅
(Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢])𝑘(1−Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢])𝑁−1−𝑘𝜌(𝑟𝑢) 𝑑𝑟𝑢+𝑜(1).

Now to analyze the first integral, let 𝑡 = Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢] = Θ(𝑒−2𝜎𝜂𝑢) and we
can see 𝑡 → 0 uniformly for 𝜆𝑅 ≤ 𝑟𝑢 ≤ 𝑅, and

(1 − 𝑡)𝑁−1−𝑘 = (1 + 𝑜(1)) exp[−(𝑁 − 1)𝑡] × exp [− 𝑁 − 1
2(1 − 𝜉)2 𝑡2] , 0 ≤ 𝜉 ≤ 𝑡,

with 𝑜(1) = 𝑂(𝑒−2𝜎𝜆𝑅𝐻) when 𝑟𝑢 ≥ 𝜆𝑅. So

(𝑁 − 1
𝑘 ) ∫

𝑅

𝜆𝑅
(Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢])𝑘(1−Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢])𝑁−1−𝑘𝜌(𝑟𝑢) 𝑑𝑟𝑢 = (𝑁 − 1

𝑘 ) ∫
𝑅

𝜆𝑅
(Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢])𝑘(1+𝑜(1)) exp[−(𝑁−1)Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢]] 𝑑𝑟𝑢 = (1+𝑜(1)) ∫

𝑅

𝜆𝑅

((𝑁 − 1)Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢])𝑘

𝑘! exp[−(𝑁−1)Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢]] ×exp [ 𝑁 − 1
2(1 − 𝜉)2 (Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢])2] 𝜌(𝑟𝑢) 𝑑𝑟𝑢.

Since (𝑁 − 1)Θ(𝑒−2𝜎𝑅𝐻) ≤ (𝑁 − 1)Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢, �𝑢] = (𝑁 − 1)Θ(𝑒−2𝜎𝜂𝑢) ≤
(𝑁 − 1)Θ(𝑒−2𝜎𝜆𝑅𝐻), when we take 𝑅𝐻 = ln𝑁𝜈, then (𝑁 − 1)Pr[𝐼𝑢,𝑣 = 1 ∣
𝑟𝑢, �𝑢] → ∞ as 𝑁 → ∞, and since 𝑒−𝑥𝑥𝑘 is decreasing to 0 for 𝑥 > 𝑘, we have

((𝑁 − 1)Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢, �𝑢])𝑘

𝑘! exp[−(𝑁 − 1)Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢, �𝑢]] → 0.

Thus we get
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(𝑁 − 1
𝑘 ) ∫

𝑅

𝜆𝑅
(Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢, �𝑢])𝑘(1−Pr[𝐼𝑢,𝑣 = 1 ∣ 𝑟𝑢, �𝑢])𝑁−1−𝑘𝜌(𝑟𝑢) 𝑑𝑟𝑢 → 0,

as 𝑁 → ∞. Finally, we have the third conclusion in Theorem 1.1: Pr[𝐷𝑢 =
𝑘] → 0 as 𝑁 → ∞ for any given 𝑘 ≥ 0. Simulation (Figure 2) also shows the
same tendency.

4. Expectation of Incomplete and Complete Triangles
In this section we compute longer links and prove Theorem 1.2.

4.1 Incomplete Triangle for Arbitrary Dimension

In this subsection, we compute the probability 𝑃(Λ(𝑢, 𝑣; 𝑤)) of the event
Λ(𝑢, 𝑣; 𝑤). First we define the angular integral ̂𝑝𝑢,𝑣;𝑤 as a conditional proba-
bility describing that nodes 𝑢, 𝑣 at fixed radial coordinates 𝑟𝑢, 𝑟𝑣 connect to
a node 𝑤 at fixed radius 𝑟𝑤. We pivot the radial direction of vertex 𝑤 as the
center axis, and since the connections {𝑢, 𝑤} and {𝑣, 𝑤} are independent events,
we may compute ̂𝑝𝑢,𝑣;𝑤 by integrating over the relative angles 𝜃𝑢,𝑤, 𝜃𝑣,𝑤 of 𝑢, 𝑣
about 𝑤 respectively (Figure 3):

̂𝑝𝑢,𝑣;𝑤 = ̂𝑝𝑢,𝑤 ̂𝑝𝑣,𝑤 = ∫
𝜋

0
∫

𝜋

0
𝜌1(𝜃𝑢,𝑤)𝜌1(𝜃𝑣,𝑤)𝑝𝑢,𝑤𝑝𝑣,𝑤 𝑑𝜃𝑢,𝑤𝑑𝜃𝑣,𝑤. (4.1)

For 𝑑 = 1, we have ̂𝑝𝑢,𝑤 = ∫𝜋
0 𝑝𝑢,𝑤 𝑑𝜃𝑢,𝑤 due to angular symmetry for the

hyperbolic distance. So

𝑃(Λ(𝑢, 𝑣; 𝑤)) = ∫
𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢,𝑣;𝑤𝜌(𝑟𝑢)𝜌(𝑟𝑣)𝜌(𝑟𝑤) 𝑑𝑟𝑢𝑑𝑟𝑣𝑑𝑟𝑤 = ∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢,𝑤 ̂𝑝𝑣,𝑤𝜌(𝑟𝑢)𝜌(𝑟𝑣)𝜌(𝑟𝑤) 𝑑𝑟𝑢𝑑𝑟𝑣𝑑𝑟𝑤 = ∫

𝑅

0
𝜌(𝑟𝑤)Pr[𝐼𝑤,𝑢 = 1 ∣ 𝑟𝑤]Pr[𝐼𝑤,𝑣 = 1 ∣ 𝑟𝑤] 𝑑𝑟𝑤 = ∫

𝑅

0
𝜌(𝑟𝑤) (𝑒−4𝜎𝜂𝑤) 𝑑𝑟𝑤 = ∫

𝑅

0
(𝑒−4𝜎𝜂𝑤) (1+𝑜(1))2𝜎𝑑𝜂𝑣−𝑒−2𝜎𝑒2𝜎𝑅𝐻𝑑𝜂𝑣)𝑑.

Hence we obtain formula (1.12) in Theorem 1.2:

𝐸(Λ) = 3(𝑁
3 )(𝑒−2𝜎𝑅𝐻

1 )
2
.

4.2 Complete Triangle for Arbitrary Dimension

In this subsection, we consider complete triangles and complete the proof of the
second part of Theorem 1.2.

If we choose a triangle formed by (𝑢, 𝑣, 𝑤) pivoted at 𝑤, for 𝑑 = 1 there is a
similar angular integral definition
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̂𝑝𝑢,𝑣,𝑤 = 𝑃(Δ(𝑢, 𝑣, 𝑤) ∣ 𝑟𝑢, 𝑟𝑣, 𝑟𝑤) = ∫
𝜋

0
∫

𝜋

0
𝑝𝑢,𝑤𝑝𝑣,𝑤𝑝𝑢,𝑣 𝑑𝜃𝑢,𝑤𝑑𝜃𝑣,𝑤, (4.2)

where 𝜃𝑢,𝑣 = |𝜃𝑢,𝑤 − 𝜃𝑣,𝑤| or min{𝜃𝑢,𝑤 + 𝜃𝑣,𝑤, 2𝜋 − (𝜃𝑢,𝑤 + 𝜃𝑣,𝑤)} (refer to A in
Figure 3). For 𝑑 > 1, the angular integral is

̂𝑝𝑢,𝑣,𝑤 = 𝑃(Δ(𝑢, 𝑣, 𝑤) = 1 ∣ 𝑟𝑢, 𝑟𝑣, 𝑟𝑤) = ∫
𝜋

0
∫

𝜋

0
∫

𝜋

0
𝑝𝑢,𝑤𝑝𝑣,𝑤𝑝𝑢,𝑣𝜌1(𝜃𝑢,𝑤)𝜌1(𝜃𝑣,𝑤)𝜌2(𝜃𝑣,2) 𝑑𝜃𝑢,𝑤𝑑𝜃𝑣,𝑤𝑑𝜃𝑣,2,

where 𝜌1(𝜃1) = sin𝑑−1 𝜃1/𝐼𝑑,1, 𝜌2(𝜃2) = sin𝑑−2 𝜃2/𝐼𝑑,2, and 𝜃𝑣,2 is the angle
between the 𝑢𝑤-plane and 𝑣𝑤-plane (refer to B in Figure 3). It is obvious that
̂𝑝𝑢,𝑣,𝑤 ≤ ̂𝑝𝑢,𝑤 ̂𝑝𝑣,𝑤.

The probability of the event Δ(𝑢, 𝑣, 𝑤) is

𝑃(Δ(𝑢, 𝑣, 𝑤)) = ∫
𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢,𝑣,𝑤𝜌(𝑟𝑢)𝜌(𝑟𝑣)𝜌(𝑟𝑤) 𝑑𝑟𝑢𝑑𝑟𝑣𝑑𝑟𝑤.

If 𝑟𝑤 > 𝜔(𝑁), there is

𝑃(Δ(𝑢, 𝑣, 𝑤) ∣ 𝑟𝑤 > 𝜔(𝑁)) ≤ ∫
𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢,𝑣,𝑤𝜌(𝑟𝑢)𝜌(𝑟𝑣)𝜌(𝑟𝑤) 𝑑𝑟𝑢𝑑𝑟𝑣𝑑𝑟𝑤 ≤ ∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢,𝑤 ̂𝑝𝑣,𝑤𝜌(𝑟𝑢)𝜌(𝑟𝑣)𝜌(𝑟𝑤) 𝑑𝑟𝑢𝑑𝑟𝑣𝑑𝑟𝑤 = ∫

𝑅

0
𝜌(𝑟𝑤) (∫

𝑅

0
̂𝑝𝑢,𝑤𝜌(𝑟𝑢) 𝑑𝑟𝑢) (∫

𝑅

0
̂𝑝𝑣,𝑤𝜌(𝑟𝑣) 𝑑𝑟𝑣) 𝑑𝑟𝑤 = ∫

𝑅

0
𝜌(𝑟𝑤) (𝑒−4𝜎𝜂𝑤) 𝑑𝑟𝑤 = ∫

𝑅

0
(𝑒−4𝜎𝜂𝑤) (1+𝑜(1))2𝜎𝑑𝜂𝑤−𝑒−2𝜎𝑒2𝜎𝑅𝐻𝑑𝜂𝑤)𝑑 = 𝑜(𝑃(Λ(𝑢, 𝑣; 𝑤))).

(4.3)

In the following, we consider 𝑃(Δ(𝑢, 𝑣, 𝑤) ∣ 𝑟𝑤 ≤ 𝜔(𝑁)). Starting from the
range 𝑟𝑤 ≤ 𝜔(𝑁), 𝑟𝑢, 𝑟𝑣 ≤ 𝑅, we have ̂𝑝𝑢,𝑣,𝑤 = Θ(1) since 𝑝𝑢,𝑤, 𝑝𝑣,𝑤, 𝑝𝑢,𝑣 are
Θ(1). So

𝑃(Δ(𝑢, 𝑣, 𝑤) ∣ 𝑟𝑤 ≤ 𝜔(𝑁), 𝑟𝑢, 𝑟𝑣 ≤ 𝑅) = ∫
𝜔(𝑁)

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢,𝑣,𝑤𝜌(𝑟𝑢)𝜌(𝑟𝑣)𝜌(𝑟𝑤) 𝑑𝑟𝑢𝑑𝑟𝑣𝑑𝑟𝑤 = ∫

𝜔(𝑁)

0
∫

𝑅

0
∫

𝑅

0
Θ(1)𝜌(𝑟𝑣)𝜌(𝑟𝑢)𝜌(𝑟𝑤) 𝑑𝑟𝑢𝑑𝑟𝑣𝑑𝑟𝑤 = (∫

𝜔(𝑁)

0
𝜌(𝑟𝑤) 𝑑𝑟𝑤) (∫

𝑅

0
𝜌(𝑟𝑢) 𝑑𝑟𝑢) (∫

𝑅

0
𝜌(𝑟𝑣) 𝑑𝑟𝑣) = (𝑒−2𝜎𝑅𝐻) (𝑒−4𝜎𝑅𝐻𝑒2𝜎𝜔1(𝑁)) = Θ (𝑒−3𝜎𝑅𝐻) .

(4.4)

On the other hand, we have

𝑃(Δ(𝑢, 𝑣, 𝑤) ∣ 𝑟𝑤 ≤ 𝜔(𝑁), 𝑟𝑢 ≤ 𝑅, 𝑟𝑣 ≤ 𝑅) ≲ ∫
𝜔(𝑁)

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢,𝑣,𝑤𝜌(𝑟𝑢)𝜌(𝑟𝑣)𝜌(𝑟𝑤) 𝑑𝑟𝑢𝑑𝑟𝑣𝑑𝑟𝑤 ≲ ∫

𝜔(𝑁)

0
∫

𝑅

0
∫

𝑅

0
𝜌(𝑟𝑣)𝜌(𝑟𝑢)𝜌(𝑟𝑤) 𝑑𝑟𝑢𝑑𝑟𝑣𝑑𝑟𝑤 = (∫

𝜔(𝑁)

0
𝑒−2𝜎𝑅𝐻𝜌(𝑟𝑤) 𝑑𝑟𝑤) (∫

𝑅

0
𝜌(𝑟𝑢) 𝑑𝑟𝑢) (∫

𝑅

0
𝜌(𝑟𝑣) 𝑑𝑟𝑣) ≲ 𝑒−3𝜎𝑅𝐻𝑒2𝜎𝜔1(𝑁).

(4.5)

For the triangle in the situation below, we choose to pivot the triangle at 𝑣:
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𝑃(Δ(𝑢, 𝑣, 𝑤) ∣ 𝑟𝑤 ≤ 𝜔(𝑁), 𝑟𝑢, 𝑟𝑣 ≤ 𝑅) ≲ ∫
𝜔(𝑁)

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢,𝑣,𝑤𝜌(𝑟𝑢)𝜌(𝑟𝑣)𝜌(𝑟𝑤) 𝑑𝑟𝑢𝑑𝑟𝑣𝑑𝑟𝑤 = ∫

𝜔(𝑁)

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢,𝑣 ̂𝑝𝑤,𝑣𝜌(𝑟𝑢)𝜌(𝑟𝑣)𝜌(𝑟𝑤) 𝑑𝑟𝑢𝑑𝑟𝑣𝑑𝑟𝑤 = (∫

𝜔(𝑁)

0
𝑒−2𝜎𝜂𝑣𝜌(𝑟𝑣) 𝑑𝑟𝑣) (∫

𝑅

0
𝜌(𝑟𝑤) 𝑑𝑟𝑤) (∫

𝑅

0
𝜌(𝑟𝑢) 𝑑𝑟𝑢) ≲ 𝑒−2𝜎𝑅𝐻𝜌(𝑟𝑤) 𝑑𝑟𝑤 = Θ (𝑒−4𝜎𝑅𝐻𝑒2𝜎𝜔1(𝑁)) .

(4.6)

Together (4.4), (4.5), (4.6), and (4.7), we have

𝑃(Δ(𝑢, 𝑣, 𝑤) ∣ 𝑟𝑤 ≤ 𝜔(𝑁)) = 𝑜(𝑃(Λ(𝑢, 𝑣; 𝑤))). (4.8)

Hence from (4.3) and (4.8), we have the order estimation (1.13) in Theorem 1.2:

𝑃(Δ(𝑢, 𝑣, 𝑤)) = 𝑜(𝑃(Λ(𝑢, 𝑣; 𝑤))), 𝐸(𝑇 ) = 𝑜(𝐸(Λ)).

Next, we give the lower bound estimation for 𝑃(Δ(𝑢, 𝑣, 𝑤)) ≳ 𝑒−3𝜎𝑅𝐻 , which
will deduce the lower bound estimation (1.13) in Theorem 1.2:

𝐸(𝑇 ) = (𝑁
3 )𝑃(Δ(𝑢, 𝑣, 𝑤)) ≳ (𝑁

3 )𝑒−3𝜎𝑅𝐻 .

From a similar process as (4.4), we get

𝑃(Δ(𝑢, 𝑣, 𝑤) ∣ 𝑟𝑤, 𝑟𝑢, 𝑟𝑣 ≤ 𝑅) = ∫
𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢,𝑣,𝑤𝜌(𝑟𝑢)𝜌(𝑟𝑣)𝜌(𝑟𝑤) 𝑑𝑟𝑢𝑑𝑟𝑣𝑑𝑟𝑤 = ∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
Θ(1)𝜌(𝑟𝑣)𝜌(𝑟𝑢)𝜌(𝑟𝑤) 𝑑𝑟𝑢𝑑𝑟𝑣𝑑𝑟𝑤 = Θ (𝑒−3𝜎𝑅𝐻) .

(4.9)

On the other hand, we consider 𝑃(Δ(𝑢, 𝑣, 𝑤) ∣ 𝑟𝑤 ≤ 𝑅, 𝑟𝑢, 𝑟𝑣 ≤ 𝑅):

∫
𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢,𝑣,𝑤𝜌(𝑟𝑢)𝜌(𝑟𝑣)𝜌(𝑟𝑤) 𝑑𝑟𝑢𝑑𝑟𝑣𝑑𝑟𝑤 = ∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
(∫

𝑅−𝑟𝑤

0
̂𝑝𝑢,𝑤𝜌(𝑟𝑢) 𝑑𝑟𝑢 + ∫

𝑅

𝑅−𝑟𝑤

̂𝑝𝑢,𝑤𝜌(𝑟𝑢) 𝑑𝑟𝑢) ×(∫
𝑅−𝑟𝑤

0
̂𝑝𝑣,𝑤𝜌(𝑟𝑣) 𝑑𝑟𝑣 + ∫

𝑅

𝑅−𝑟𝑤

̂𝑝𝑣,𝑤𝜌(𝑟𝑣) 𝑑𝑟𝑣) 𝜌(𝑟𝑤) 𝑑𝑟𝑤 = ∫
𝑅

0
(Θ(𝑒−2𝜎𝜂𝑤)Θ(𝑒−2𝜎𝜂𝑤)) 𝜌(𝑟𝑤) 𝑑𝑟𝑤 = Θ (𝑒−3𝜎𝑅𝐻) ,

(4.10)

where the third equality from last (4.11) involves the following details:

∫
𝑅−𝑟𝑤

0
Θ(1)𝜌(𝑟𝑢) 𝑑𝑟𝑢 = Θ (∫

𝑅−𝑟𝑤

0
(𝑒𝑑𝜂𝑢 − 𝑒−2𝜎𝑒2𝜎𝑅𝐻𝑑𝜂𝑢)𝑑 𝑑𝜂𝑢) = Θ (𝑒−2𝜎𝜂𝑤𝑓(𝜂𝑤)) ,

(4.11)

where 𝑓(𝜂𝑤) = 𝑒−2𝜎(𝑅𝐻−𝜂𝑤) ∫𝑅𝐻−𝜂𝑤
0 (𝑒𝑑𝜂 − 𝑒−2𝜎𝑒2𝜎𝑅𝐻𝑑𝜂)𝑑 𝑑𝜂, and

∫
𝑅

0
Θ(𝑒−(𝜂𝑤+𝜂𝑢−𝑅𝐻))𝜌(𝑟𝑢) 𝑑𝑟𝑢 = Θ (∫

𝑅

0
𝑒−(𝜂𝑤+𝜂𝑢−𝑅𝐻)(𝑒𝑑𝜂𝑢 − 𝑒−2𝜎𝑒2𝜎𝑅𝐻𝑑𝜂𝑢)𝑑 𝑑𝜂𝑢) = Θ (𝑒−2𝜎𝜂𝑤𝑔(𝜂𝑤)) ,
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where 𝑔(𝜂𝑤) = 𝑒(1−2𝜎)(𝑅𝐻−𝜂𝑤) ∫𝑅𝐻−𝜂𝑤
0 𝑒−𝜂𝑢(𝑒𝑑𝜂𝑢 − 𝑒−2𝜎𝑒2𝜎𝑅𝐻𝑑𝜂𝑢)𝑑 𝑑𝜂𝑢. By the

general monotonic method, we can get 𝑓(𝜂𝑤) + 𝑔(𝜂𝑤) is initially increasing
then decreasing when 𝜂𝑤 varies from 0 to 𝑅𝐻 , so we have 𝑓(𝜂𝑤) + 𝑔(𝜂𝑤) ≥
min{𝑓(𝑅𝐻/2), 𝑔(𝑅𝐻)} ≥ 𝑐0(𝑑, 𝜎), where the constant 𝑐0(𝑑, 𝜎) depends only on
𝜎, 𝑑 for sufficiently large 𝑁 . On the other hand, the upper bound of 𝑓(𝜂𝑤)+𝑔(𝜂𝑤)
is obvious, so we have

∫
𝑅−𝑟𝑤

0
Θ(1)𝜌(𝑟𝑢) 𝑑𝑟𝑢 + ∫

𝑅

0
Θ(𝑒−(𝜂𝑤+𝜂𝑢−𝑅𝐻))𝜌(𝑟𝑢) 𝑑𝑟𝑢 = Θ(𝑒−2𝜎𝜂𝑤).

Combining (4.10) and (4.12), we have

∫
𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢,𝑣,𝑤𝜌(𝑟𝑢)𝜌(𝑟𝑣)𝜌(𝑟𝑤) 𝑑𝑟𝑢𝑑𝑟𝑣𝑑𝑟𝑤 = Θ (𝑒−3𝜎𝑅𝐻) , (4.13)

hence 𝑃(Δ(𝑢, 𝑣, 𝑤)) ≳ 𝑒−3𝜎𝑅𝐻 .

Question: Is 𝑃(Δ(𝑢, 𝑣, 𝑤)) = Θ(𝑒−3𝜎𝑅𝐻)?
[Figure 4: see original paper] Two Complete Triangles

5. Variance Estimation of Incomplete and Complete Trian-
gles
We first estimate 𝐸(𝑇 2) and 𝐸(Λ2). We need to specify 𝑅𝐻 = ln𝑁𝜈.

5.1 Estimation of 𝐸(𝑇 2)
LEMMA 5.1 𝐸(𝑇 2) = (1 + 𝑜(1))𝐸2(𝑇 ).
We mark two complete triangle events Δ(𝑢1, 𝑣1; 𝑤1) and Δ(𝑢2, 𝑣2; 𝑤2) formed
by two groups of vertices 𝑢1, 𝑣1, 𝑤1 and 𝑢2, 𝑣2, 𝑤2 respectively. First we have

𝐸(𝑇 2) = 𝐸 ⎡⎢
⎣

⎛⎜
⎝

∑
(𝑢,𝑣,𝑤)

1{Δ(𝑢,𝑣,𝑤)}⎞⎟
⎠

2
⎤⎥
⎦

= 𝐸(𝑇 )+ ∑
(𝑢1,𝑣1;𝑤1)≠(𝑢2,𝑣2;𝑤2)

𝐸(1{Δ(𝑢1,𝑣1;𝑤1)}1{Δ(𝑢2,𝑣2;𝑤2)}),

(5.1)

where for the second part, there are three cases (Figure 4):

1. {𝑢1, 𝑣1, 𝑤1} ∩ {𝑢2, 𝑣2, 𝑤2} = ∅.
2. {𝑢1, 𝑣1, 𝑤1} and {𝑢2, 𝑣2, 𝑤2} share exactly one common vertex.
3. {𝑢1, 𝑣1, 𝑤1} and {𝑢2, 𝑣2, 𝑤2} share exactly two common vertices, i.e., they

share a common edge.
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We denote the event by 𝑇𝑖 corresponding to the 𝑖-th case, 𝑖 = 1, 2, 3.
Case 1 (refer to A in Figure 4): There are (𝑁

3 ) possible choices for {𝑢1, 𝑣1, 𝑤1}
and (𝑁−3

3 ) possible choices for {𝑢2, 𝑣2, 𝑤2}. So

𝐸(𝑇1) = (𝑁
3 )(𝑁 − 3

3 )𝑃(Δ(𝑢1, 𝑣1, 𝑤1))𝑃 (Δ(𝑢2, 𝑣2, 𝑤2)) = (1 + 𝑜(1))𝐸2(𝑇 ).

Case 2 (refer to B in Figure 4): There are (𝑁
3 ) possible choices for {𝑢1, 𝑣1, 𝑤1},

and if 𝑤1 is the common vertex, there remain (𝑁−3
2 ) possible choices for {𝑢2, 𝑣2}.

Then

𝑃(Δ(𝑢1, 𝑣1, 𝑤1), Δ(𝑢2, 𝑣2, 𝑤1)) ≤ ∫
𝑅

0
∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢1,𝑣1,𝑤1

̂𝑝𝑢2,𝑣2,𝑤1
𝜌(𝑟𝑢1

)𝜌(𝑟𝑣1
)𝜌(𝑟𝑢2

)𝜌(𝑟𝑣2
)𝜌(𝑟𝑤1

) 𝑑𝑟𝑢1
𝑑𝑟𝑣1

𝑑𝑟𝑢2
𝑑𝑟𝑣2

𝑑𝑟𝑤1
≤ ∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢1,𝑣1

̂𝑝𝑣1,𝑤1
̂𝑝𝑤1,𝑢2

̂𝑝𝑢2,𝑣2
𝜌(𝑟𝑢1

)𝜌(𝑟𝑣1
)𝜌(𝑟𝑤1

)𝜌(𝑟𝑢2
)𝜌(𝑟𝑣2

) 𝑑𝑟𝑢1
𝑑𝑟𝑣1

𝑑𝑟𝑤1
𝑑𝑟𝑢2

𝑑𝑟𝑣2
= 𝑂(𝑅2

𝐻)𝑒−4𝜎𝑅𝐻 .

Considering the lower bound of 𝐸(𝑇 ) in (4.9), we have

𝐸(𝑇2) = 3(𝑁
3 )(𝑁 − 3

2 )𝑃(Δ(𝑢1, 𝑣1, 𝑤1), Δ(𝑢2, 𝑣2, 𝑤1)) ≤ 3(𝑁
3 )(𝑁 − 3

2 )𝑂(𝑅2
𝐻)𝑒−4𝜎𝑅𝐻 = 𝑜(𝐸2(𝑇 )).

Case 3 (refer to C in Figure 4): There are (𝑁
3 ) possible choices for {𝑢1, 𝑣1, 𝑤1},

and if 𝑣1, 𝑤1 are common vertices, there remain (𝑁−3
1 ) possible choices for 𝑢2.

Then

𝑃(Δ(𝑢1, 𝑣1, 𝑤1), Δ(𝑢2, 𝑣1, 𝑤1)) ≤ ∫
𝑅

0
∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢1,𝑣1

̂𝑝𝑣1,𝑢2
̂𝑝𝑢2,𝑤1

𝜌(𝑟𝑢1
)𝜌(𝑟𝑣1

)𝜌(𝑟𝑣2
)𝜌(𝑟𝑤1

) 𝑑𝑟𝑢1
𝑑𝑟𝑣1

𝑑𝑟𝑣2
𝑑𝑟𝑤1

≤ 𝑂(𝑅2
𝐻)𝑒−4𝜎𝑅𝐻 ,

so

𝐸(𝑇3) = 3(𝑁
3 )(𝑁 − 3

1 )𝑃(Δ(𝑢1, 𝑣1, 𝑤1), Δ(𝑢2, 𝑣1, 𝑤1)) ≤ 3(𝑁
3 )(𝑁 − 3

1 )𝑂(𝑅2
𝐻)𝑒−4𝜎𝑅𝐻 = 𝑜(𝐸2(𝑇 )).

Combining all cases, we obtain Lemma 5.1.

5.2 Estimation of 𝐸(Λ2)
LEMMA 5.2 𝐸(Λ2) = (1 + 𝑜(1))𝐸2(Λ).
Similarly, we have
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𝐸(Λ2) = 𝐸 ⎡⎢
⎣

⎛⎜
⎝

∑
(𝑢,𝑣;𝑤)

1{Λ(𝑢,𝑣;𝑤)}⎞⎟
⎠

2
⎤⎥
⎦

= 𝐸(Λ)+ ∑
(𝑢1,𝑣1;𝑤1)≠(𝑢2,𝑣2;𝑤2)

𝐸(1{Λ(𝑢1,𝑣1;𝑤1)}1{Λ(𝑢2,𝑣2;𝑤2)}).

(5.2)

We classify the second part events into the following eight cases (Figure 5):

1. {𝑢1, 𝑣1, 𝑤1} ∩ {𝑢2, 𝑣2, 𝑤2} = ∅.
The following cases involve {𝑢1, 𝑣1, 𝑤1} and {𝑢2, 𝑣2, 𝑤2} sharing exactly one
common vertex:

2. 𝑤1 = 𝑤2, {𝑢1, 𝑣1} ∩ {𝑢2, 𝑣2} = ∅.
3. 𝑢1 = 𝑢2, {𝑣1, 𝑤1} ∩ {𝑣2, 𝑤2} = ∅.
4. 𝑢1 = 𝑤2, {𝑣1, 𝑤1} ∩ {𝑢2, 𝑣2} = ∅.

The following cases involve {𝑢1, 𝑣1, 𝑤1} and {𝑢2, 𝑣2, 𝑤2} sharing exactly two
common vertices:

5. 𝑢1 = 𝑢2, 𝑣1 = 𝑣2, 𝑤1 ≠ 𝑤2.
6. 𝑢1 = 𝑤2, 𝑣1 = 𝑣2, 𝑤1 ≠ 𝑢2.
7. 𝑢1 = 𝑢2, 𝑤1 = 𝑤2, 𝑣1 ≠ 𝑣2.
8. 𝑢1 = 𝑤2, 𝑤1 = 𝑢2, 𝑣1 ≠ 𝑣2.

We denote the event by Λ𝑖 corresponding to the 𝑖-th case, 𝑖 = 1, 2, … , 8.
Case 1 (refer to I in Figure 5): There are 3(𝑁

3 ) possible choices for {𝑢1, 𝑣1, 𝑤1}
and 3(𝑁−3

3 ) possible choices for {𝑢2, 𝑣2, 𝑤2}, so

𝐸(Λ1) = 9(𝑁
3 )(𝑁 − 3

3 )𝑃(Λ(𝑢1, 𝑣1; 𝑤1))𝑃 (Λ(𝑢2, 𝑣2; 𝑤2)) = (1 + 𝑜(1))𝐸2(Λ).

Case 2 (refer to II in Figure 5): There are 3(𝑁
3 ) possible choices for {𝑢1, 𝑣1, 𝑤1}

and (𝑁−3
2 ) possible choices for {𝑢2, 𝑣2}, so

𝑃(Λ(𝑢1, 𝑣1; 𝑤1)Λ(𝑢2, 𝑣2; 𝑤1)) ≤ ∫
𝑅

0
∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢1,𝑤1

̂𝑝𝑣1,𝑤1
̂𝑝𝑢2,𝑤1

̂𝑝𝑣2,𝑤1
𝜌(𝑟𝑢1

)𝜌(𝑟𝑣1
)𝜌(𝑟𝑢2

)𝜌(𝑟𝑣2
)𝜌(𝑟𝑤1

) 𝑑𝑟𝑢1
𝑑𝑟𝑣1

𝑑𝑟𝑢2
𝑑𝑟𝑣2

𝑑𝑟𝑤1
= ∫

𝑅

0
(∫

𝑅

0
̂𝑝𝑢1,𝑤1

𝜌(𝑟𝑢1
) 𝑑𝑟𝑢1

) (∫
𝑅

0
̂𝑝𝑣1,𝑤1

𝜌(𝑟𝑣1
) 𝑑𝑟𝑣1

) ×(∫
𝑅

0
̂𝑝𝑢2,𝑤1

𝜌(𝑟𝑢2
) 𝑑𝑟𝑢2

) (∫
𝑅

0
̂𝑝𝑣2,𝑤1

𝜌(𝑟𝑣2
) 𝑑𝑟𝑣2

) 𝜌(𝑟𝑤1
) 𝑑𝑟𝑤1

= ∫
𝑅

0
(𝑒−8𝜎𝜂𝑤1 ) 𝜌(𝑟𝑤1

) 𝑑𝑟𝑤1
= ∫

𝑅

0
(𝑒−8𝜎𝜂𝑤1 ) (1+𝑜(1))2𝜎𝑑𝜂𝑤1

−𝑒−2𝜎𝑒2𝜎𝑅𝐻𝑑𝜂𝑤1 )𝑑𝑒−2𝜎𝑅𝐻 𝑑𝑟𝑤1
.

Thus

𝐸(Λ2) = 3(𝑁
3 )(𝑁 − 3

2 )𝑃(Λ(𝑢1, 𝑣1; 𝑤1)Λ(𝑢2, 𝑣2; 𝑤1)) ≤ 3(𝑁
3 )(𝑁 − 3

2 ) (𝑒−2𝜎𝑅𝐻)2 = 𝑜(𝐸2(Λ)).
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Case 3 (refer to III in Figure 5): There are 3(𝑁
3 ) possible choices for

{𝑢1, 𝑣1, 𝑤1} and (𝑁−3
1 )(𝑁−3

1 ) possible choices for {𝑣2, 𝑤2}, so there are totally
6(𝑁

3 )(𝑁−3
1 )(𝑁−3

1 ) choices for this case.

𝑃(Λ(𝑢1, 𝑣1; 𝑤1)Λ(𝑢1, 𝑣2; 𝑤2)) ≤ ∫
𝑅

0
∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢1,𝑤1

̂𝑝𝑣1,𝑤1
̂𝑝𝑢1,𝑤2

̂𝑝𝑣2,𝑤2
𝜌(𝑟𝑢1

)𝜌(𝑟𝑣1
)𝜌(𝑟𝑤1

)𝜌(𝑟𝑣2
)𝜌(𝑟𝑤2

) 𝑑𝑟𝑢1
𝑑𝑟𝑣1

𝑑𝑟𝑤1
𝑑𝑟𝑣2

𝑑𝑟𝑤2
= ∫

𝑅

0
(∫

𝑅

0
̂𝑝𝑢1,𝑤1

𝜌(𝑟𝑢1
) 𝑑𝑟𝑢1

) (∫
𝑅

0
̂𝑝𝑣1,𝑤1

𝜌(𝑟𝑣1
) 𝑑𝑟𝑣1

) ×(∫
𝑅

0
̂𝑝𝑢1,𝑤2

𝜌(𝑟𝑤2
) 𝑑𝑟𝑤2

) (∫
𝑅

0
̂𝑝𝑣2,𝑤2

𝜌(𝑟𝑣2
) 𝑑𝑟𝑣2

) 𝑑𝑟𝑤1
= ∫

𝑅

0
Θ(𝑒−2𝜎𝜂𝑤1 )𝑂(𝑅𝐻)𝑒−2𝜎𝑅𝐻𝜌(𝑟𝑤1

) 𝑑𝑟𝑤1
≤ 𝑂(𝑅2

𝐻)𝑒−4𝜎𝑅𝐻 ,

where we use ∫𝑅
0 ̂𝑝𝑢,𝑣Θ(𝑒−2𝜎𝜂𝑣)𝜌(𝑟𝑣) 𝑑𝑟𝑣 ≤ 𝑂(𝑅𝐻)𝑒−2𝜎𝑅𝐻 . Thus

𝐸(Λ3) = 6(𝑁
3 )(𝑁 − 3

1 )(𝑁 − 3
1 )𝑃(Λ(𝑢1, 𝑣1; 𝑤1)Λ(𝑢1, 𝑣2; 𝑤2)) ≤ 6(𝑁

3 )(𝑁 − 3
1 )(𝑁 − 3

1 )𝑂(𝑅2
𝐻)𝑒−4𝜎𝑅𝐻 = 𝑜(𝐸2(Λ)).

Case 4 (refer to IV in Figure 5): There are 3(𝑁
3 ) possible choices for {𝑢1, 𝑣1, 𝑤1}

and (𝑁−3
1 )(𝑁−3

1 ) possible choices for {𝑢2, 𝑣2}, so there are totally 6(𝑁
3 )(𝑁−3

1 )(𝑁−3
1 )

choices for this case.

𝑃(Λ(𝑢1, 𝑣1; 𝑤1)Λ(𝑢2, 𝑣2; 𝑢1)) ≤ ∫
𝑅

0
∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑢1,𝑤1

̂𝑝𝑣1,𝑤1
̂𝑝𝑢2,𝑢1

̂𝑝𝑣2,𝑢1
𝜌(𝑟𝑢1

)𝜌(𝑟𝑣1
)𝜌(𝑟𝑤1

)𝜌(𝑟𝑣2
)𝜌(𝑟𝑢2

) 𝑑𝑟𝑢1
𝑑𝑟𝑣1

𝑑𝑟𝑤1
𝑑𝑟𝑣2

𝑑𝑟𝑢2
= ∫

𝑅

0
Θ(𝑒−2𝜎𝜂𝑤1 )Θ(𝑒−2𝜎𝜂𝑢1 )Θ(𝑒−2𝜎𝜂𝑢1 )𝜌(𝑟𝑢1

) 𝑑𝑟𝑢1
𝜌(𝑟𝑤1

) 𝑑𝑟𝑤1
×∫

𝑅

0
̂𝑝𝑢2,𝑢1

𝜌(𝑟𝑢2
) 𝑑𝑟𝑢2

∫
𝑅

0
̂𝑝𝑣2,𝑢1

𝜌(𝑟𝑣2
) 𝑑𝑟𝑣2

≤ ∫
𝑅

0
Θ(𝑒−2𝜎𝜂𝑤1 )𝑂(𝑒−2𝜎𝑅𝐻)𝜌(𝑟𝑤1

) 𝑑𝑟𝑤1
≤ 𝑂(𝑅𝐻𝑒−4𝜎𝑅𝐻),

where we use ∫𝑅
0 ̂𝑝𝑢1,𝑤1

Θ(𝑒−2𝜎𝜂𝑢1 )Θ(𝑒−2𝜎𝜂𝑢1 )𝜌(𝑟𝑢1
) 𝑑𝑟𝑢1

≤ 𝑂(𝑒−2𝜎𝑅𝐻). Thus

𝐸(Λ4) = 6(𝑁
3 )(𝑁 − 3

1 )(𝑁 − 3
1 )𝑃(Λ(𝑢1, 𝑣1; 𝑤1)Λ(𝑢2, 𝑣2; 𝑢1)) ≤ 6(𝑁

3 )(𝑁 − 3
1 )(𝑁 − 3

1 )𝑂(𝑅𝐻𝑒−4𝜎𝑅𝐻) = 𝑜(𝐸2(Λ)).

Case 5 (refer to V in Figure 5): There are 3(𝑁
3 )(𝑁−3

1 ) possible choices for 𝑤2,
so there are totally 3(𝑁

3 ) possible choices for {𝑢1, 𝑣1, 𝑤1} and (𝑁−3
1 ) choices for

this case.

𝑃(Λ(𝑢1, 𝑣1; 𝑤1)Λ(𝑢1, 𝑣1; 𝑤2)) ≤ ∫
𝑅

0
∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑣1,𝑤1

̂𝑝𝑤1,𝑢1
̂𝑝𝑢1,𝑤2

𝜌(𝑟𝑢1
)𝜌(𝑟𝑣1

)𝜌(𝑟𝑤1
)𝜌(𝑟𝑤2

) 𝑑𝑟𝑤2
𝑑𝑟𝑢1

𝑑𝑟𝑤1
𝑑𝑟𝑣1

= ∫
𝑅

0
(∫

𝑅

0
̂𝑝𝑣1,𝑤1

𝜌(𝑟𝑣1
) 𝑑𝑟𝑣1

) (∫
𝑅

0
̂𝑝𝑤1,𝑢1

𝜌(𝑟𝑢1
) 𝑑𝑟𝑢1

) ×(∫
𝑅

0
̂𝑝𝑢1,𝑤2

𝜌(𝑟𝑤2
) 𝑑𝑟𝑤2

) 𝜌(𝑟𝑤1
) 𝑑𝑟𝑤1

= ∫
𝑅

0
̂𝑝𝑣1,𝑤1

𝑂(𝑅𝐻)𝑒−2𝜎𝑅𝐻𝜌(𝑟𝑤1
) 𝑑𝑟𝑤1

≤ 𝑂(𝑅2
𝐻𝑒−4𝜎𝑅𝐻).

Thus

𝐸(Λ5) = 3(𝑁
3 )(𝑁 − 3

1 )𝑃(Λ(𝑢1, 𝑣1; 𝑤1)Λ(𝑢1, 𝑣1; 𝑤2)) ≤ 3(𝑁
3 )(𝑁 − 3

1 )𝑂(𝑅2
𝐻𝑒−4𝜎𝑅𝐻) = 𝑜(𝐸2(Λ)).
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Case 6 (refer to VI in Figure 5): There are 3(𝑁
3 )(𝑁−3

1 ) possible choices for 𝑤2,
so there are totally 3(𝑁

3 ) possible choices for {𝑢1, 𝑣1, 𝑤1} and (𝑁−3
1 ) choices for

this case.

𝑃(Λ(𝑢1, 𝑣1; 𝑤1)Λ(𝑢2, 𝑣1; 𝑢1)) ≤ ∫
𝑅

0
∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑣1,𝑤1

̂𝑝𝑤1,𝑢1
̂𝑝𝑢1,𝑢2

𝜌(𝑟𝑢1
)𝜌(𝑟𝑣1

)𝜌(𝑟𝑤1
)𝜌(𝑟𝑢2

) 𝑑𝑟𝑢2
𝑑𝑟𝑢1

𝑑𝑟𝑤1
𝑑𝑟𝑣1

≤ 𝑂(𝑅2
𝐻𝑒−4𝜎𝑅𝐻).

Thus

𝐸(Λ6) = 3(𝑁
3 )(𝑁 − 3

1 )𝑃(Λ(𝑢1, 𝑣1; 𝑤1)Λ(𝑢2, 𝑣1; 𝑢1)) ≤ 3(𝑁
3 )(𝑁 − 3

1 )𝑂(𝑅2
𝐻𝑒−4𝜎𝑅𝐻) = 𝑜(𝐸2(Λ)).

Case 7 (refer to VII in Figure 5): There are 3(𝑁
3 )(𝑁−3

1 ) possible choices for 𝑣2,
so there are totally 3(𝑁

3 ) possible choices for {𝑢1, 𝑣1, 𝑤1} and (𝑁−3
1 ) choices for

this case.

𝑃(Λ(𝑢1, 𝑣1; 𝑤1)Λ(𝑢1, 𝑣2; 𝑤1)) = ∫
𝑅

0
∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑣1,𝑤1

̂𝑝𝑢1,𝑤1
̂𝑝𝑣2,𝑤1

𝜌(𝑟𝑢1
)𝜌(𝑟𝑣1

)𝜌(𝑟𝑣2
)𝜌(𝑟𝑤1

) 𝑑𝑟𝑢1
𝑑𝑟𝑣1

𝑑𝑟𝑣2
𝑑𝑟𝑤1

= ∫
𝑅

0
(∫

𝑅

0
̂𝑝𝑣1,𝑤1

𝜌(𝑟𝑣1
) 𝑑𝑟𝑣1

) (∫
𝑅

0
̂𝑝𝑢1,𝑤1

𝜌(𝑟𝑢1
) 𝑑𝑟𝑢1

) ×(∫
𝑅

0
̂𝑝𝑣2,𝑤1

𝜌(𝑟𝑣2
) 𝑑𝑟𝑣2

) 𝜌(𝑟𝑤1
) 𝑑𝑟𝑤1

= ∫
𝑅

0
Θ(𝑒−2𝜎𝜂𝑤1 )Θ(𝑒−2𝜎𝜂𝑤1 )Θ(𝑒−2𝜎𝜂𝑤1 )𝜌(𝑟𝑤1

) 𝑑𝑟𝑤1
≤ ∫

𝑅

0
𝑂(𝑒−2𝜎𝑅𝐻)𝜌(𝑟𝑤1

) 𝑑𝑟𝑤1
= 𝑂(𝑒−2𝜎𝑅𝐻).

Thus

𝐸(Λ7) = 3(𝑁
3 )(𝑁 − 3

1 )𝑃(Λ(𝑢1, 𝑣1; 𝑤1)Λ(𝑢1, 𝑣2; 𝑤1)) ≤ 3(𝑁
3 )(𝑁 − 3

1 )𝑂(𝑒−2𝜎𝑅𝐻) = 𝑜(𝐸2(Λ)).

Case 8 (refer to VIII in Figure 5): There are 3(𝑁
3 ) possible choices for

{𝑢1, 𝑣1, 𝑤1} and (𝑁−3
1 ) choices for 𝑣2, so there are totally 6(𝑁

3 )(𝑁−3
1 ) choices for

this case.

𝑃(Λ(𝑢1, 𝑣1; 𝑤1)Λ(𝑤1, 𝑣2; 𝑢1)) ≤ ∫
𝑅

0
∫

𝑅

0
∫

𝑅

0
∫

𝑅

0
̂𝑝𝑣1,𝑤1

̂𝑝𝑤1,𝑢1
̂𝑝𝑢1,𝑣2

𝜌(𝑟𝑢1
)𝜌(𝑟𝑣1

)𝜌(𝑟𝑤1
)𝜌(𝑟𝑣2

) 𝑑𝑟𝑣2
𝑑𝑟𝑢1

𝑑𝑟𝑤1
𝑑𝑟𝑣1

≤ 𝑂(𝑅2
𝐻𝑒−4𝜎𝑅𝐻).

Thus

𝐸(Λ8) = 3(𝑁
3 )(𝑁 − 3

1 )𝑃(Λ(𝑢1, 𝑣1; 𝑤1)Λ(𝑤1, 𝑣2; 𝑢1)) ≤ 6(𝑁
3 )(𝑁 − 3

1 )𝑂(𝑅2
𝐻𝑒−4𝜎𝑅𝐻) = 𝑜(𝐸2(Λ)).

Together with all cases, we have Lemma 5.2.
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5.3 Variance and Chebyshev’s Inequality

From the previous subsections, we have

Var(Λ) = 𝐸(|Λ−𝐸(Λ)|2) = 𝐸(Λ2)−𝐸2(Λ) = 𝑜(𝐸2(Λ)),Var(𝑇 ) = 𝐸(|𝑇 −𝐸(𝑇 )|2) = 𝐸(𝑇 2)−𝐸2(𝑇 ) = 𝑜(𝐸2(𝑇 )),

if 𝑅𝐻 = ln𝑁𝜈. Further, by Chebyshev’s inequality 𝑃(|𝑋−𝐸(𝑋)| ≥ 𝜀) ≤ Var(𝑋)
𝜀2 ,

if we replace 𝜀 with 𝜀𝐸(𝑋), we get

𝑃 (∣Λ − 𝐸(Λ)
𝐸(Λ) ∣ ≥ 𝜀) ≤ Var(Λ)

𝜀2𝐸2(Λ) = 𝑜(1)𝜀,

i.e.,

Λ = 𝐸(Λ)(1 + 𝑜𝑝(1)).

Similarly,

𝑇 = 𝐸(𝑇 )(1 + 𝑜𝑝(1)).

[Figure 6: see original paper] Plot of the tendency of the global clustering coef-
ficient against network size 𝑁 , for 𝑑 = 1, 2𝜎 = 1/2, 𝜏 = 1/2, 𝜈 = 1 and 𝜁 = 1.
One can see the tendency of 𝐶2(𝐺) → 0 as 𝑁 → ∞.

6. Global Clustering Coefficient
The global clustering coefficient 𝐶2(𝐺) of a graph 𝐺 is defined as

𝐶2(𝐺) ∶= 3𝑇 (𝐺)
Λ(𝐺) .

So from the previous section, we have Theorem 1.3:

𝐶2(𝐺) = 3𝑇 (𝐺)
Λ(𝐺) = 3𝐸(𝑇 )(1 + 𝑜𝑝(1))

𝐸(Λ)(1 + 𝑜𝑝(1)) ⟶ 0, as 𝑁 → ∞.

Simulation results (refer to Figure 6) also support this conclusion.
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7. Conclusions
In this article, we give a precise characterization of degree and clustering in
random geometric graphs on the hyperbolic ball of any dimension for the small
parameter 𝜏 < 1, 2𝜎 < 1 and the given relation 𝑅𝐻 = ln𝑁𝜈. We obtain the
zero-tendency for the k-degree and the global clustering coefficient as 𝑁 →
∞. Although this may not meet the desire for power-law behavior with small
parameters in the real world, the interaction between the density parameter
𝜎 and the region expansion speed is reflected by this article and the previous
article [?], which reveals that mobility may have important significance as a
generic mechanism in networks. Some techniques and analysis methods are first
used in this article, and we hope that our results and methods may be applied
in machine learning since hyperbolic geometry has been widely used in this
field for the quasi-isometric embedding proof of Sarkar [?, ?]. Here we use the
global clustering coefficient to describe the clustering phenomenon, but there
are also other definitions for clustering tendency, so it is interesting to try other
clustering definitions for this model. We recently learned that Fountoulakis
gave a finer characterization about clustering in [?]. It is a natural step to
follow their work for the case 𝜏 < 1, 2𝜎 < 1. There are many other models of
hyperbolic geometry, for example in [?, ?], and some researchers advise us that
the Klein model in [?] is well-suited for calculation, so it is a good choice to
apply our method to such models. We also think that the random geometric
graph model on the hyperbolic ball can analyze social networks since there exist
some common principles as we mentioned in the Introduction.
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Appendix
A.1

For 𝑟𝑢 + 𝑟𝑣 − 𝑅 ≥ 𝜔(𝑁) we divide the integral (1.5) as follows:

̂𝑝𝑢,𝑣 = ∫
𝜋

0
𝜌1(𝜃)𝑝𝑢,𝑣 𝑑𝜃 = ∫

̃𝜃𝑢,𝑣

0
𝜌1(𝜃)𝑝𝑢,𝑣 𝑑𝜃 + ∫

𝜋

̃𝜃𝑢,𝑣

𝜌1(𝜃)𝑝𝑢,𝑣 𝑑𝜃.

For the first part of the integral,
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∫
̃𝜃𝑢,𝑣

0
𝜌1(𝜃)𝑝𝑢,𝑣 𝑑𝜃 ≤ ∫

̃𝜃𝑢,𝑣

0
𝜌1(𝜃) 𝑑𝜃 ≤ 𝑑

𝐼𝑑,1
𝑒𝑅𝐻−𝜂𝑢−𝜂𝑣 ̃𝜃𝑑

𝑢,𝑣 = 𝑜(𝑒𝑅𝐻−𝜂𝑢−𝜂𝑣),
(A.1)

and for the second part of the integral,

∫
𝜋

̃𝜃𝑢,𝑣

𝜌1(𝜃)𝑝𝑢,𝑣 𝑑𝜃 = ∫
𝜋

̃𝜃𝑢,𝑣

𝜌1(𝜃) 1
1 + 𝑒𝜂𝑢+𝜂𝑣−𝑅𝐻𝜏(𝜃) 𝑑𝜃+𝑜(𝑒𝑅𝐻−𝜂𝑢−𝜂𝑣) = ∫

𝜋

̃𝜃𝑢,𝑣

𝜌1(𝜃) 1
1 + 𝑒𝜂𝑢+𝜂𝑣−𝑅𝐻𝜏(𝜃) 𝑑𝜃+𝑜(𝑒𝑅𝐻−𝜂𝑢−𝜂𝑣) = ∫

𝜋

̃𝜃𝑢,𝑣

𝜌1(𝜃) 1
1 + 𝑒𝜂𝑢+𝜂𝑣−𝑅𝐻𝜏(𝜃) 𝑑𝜃+𝑜(𝑒𝑅𝐻−𝜂𝑢−𝜂𝑣) = ∫

𝜋

̃𝜃𝑢,𝑣

sin𝑑−1 𝜃
1 + (𝐶𝑁 − 1)𝑒𝜂𝑢+𝜂𝑣−𝑅𝐻𝜏(𝜃) 𝑑𝜃+𝑜(𝑒𝑅𝐻−𝜂𝑢−𝜂𝑣) = (1+𝑜(1)) ∫

𝜋

̃𝜃𝑢,𝑣

sin𝑑−1 𝜃
1 + 𝑒𝜂𝑢+𝜂𝑣−𝑅𝐻𝜏(𝜃) 𝑑𝜃+𝑜(𝑒𝑅𝐻−𝜂𝑢−𝜂𝑣) = (1+𝑜(1))𝑐∗(𝜏, 𝑑)𝑒𝑅𝐻−𝜂𝑢−𝜂𝑣+𝑜(𝑒𝑅𝐻−𝜂𝑢−𝜂𝑣),

and the last equation is from the estimation 𝐼 = ∫𝜋
𝛿

sin𝑑−1 𝜃
𝜏(𝜃) 𝑑𝜃 = 𝑐∗(𝜏, 𝑑)𝛿𝜏+𝑜(𝛿𝜏)

in Appendix A.1 of [?] with 𝛿 = 𝑒𝑅𝐻−𝜂𝑢−𝜂𝑣 . Finally, we have

̂𝑝𝑢,𝑣 = ∫
𝜋

0
𝜌1(𝜃)𝑝𝑢,𝑣 𝑑𝜃 = (1 + 𝑜(1))𝑐∗(𝜏, 𝑑)𝑒𝑅𝐻−𝜂𝑢−𝜂𝑣 . (A.2)

Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv —Machine translation. Verify with original.
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