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Abstract

Standardized estimates play an important role in model interpretation and the
comparison of effect sizes. Although proper standardized estimation formulas
for latent variable interaction effects have been available for over a decade and
are used and cited both domestically and internationally, no systematic compari-
son of proper standardized estimates obtained from different estimation methods
has been conducted to date. Through simulation experiments, the performance
of standardized estimates for latent variable interaction effects was compared
across different conditions among the product indicator method, Latent Moder-
ated Structural Equations (LMS), Bayesian methods with uninformative priors,
and Bayesian methods with informative priors. The results revealed that un-
der normal conditions, LMS and informative Bayesian methods performed well;
whereas under non-normal conditions, the product indicator method was rela-
tively robust, but required a larger sample size (no less than 500). When the
sample size was small and the correlation between exogenous latent variables
was low, uninformative Bayesian methods could be used.
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Abstract

Standardized estimation plays a crucial role in model interpretation and the
comparison of effect sizes. Although the appropriate standardized estimation
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formula for latent interaction effects has been available for over a decade and
is widely used and cited both domestically and internationally, no systematic
comparison of appropriate standardized estimates obtained through different es-
timation methods has been conducted to date. Through simulation experiments,
this study compares the performance of standardized estimates for latent inter-
action effects derived from the product indicator approach, Latent Moderated
Structural Equations (LMS), and Bayesian methods with and without prior
information across various conditions. The results indicate that under normal
conditions, LMS and the informative Bayesian method perform well, whereas un-
der non-normal conditions, the product indicator approach is relatively robust
but requires a larger sample size (no less than 500). For small samples with
low correlation among exogenous latent variables, the non-informative Bayesian
method can be used.

Keywords: latent variable, interaction effect, product indicator approach, La-
tent Moderated Structural Equations, Bayesian method, standardized estima-
tion

Classification Code: B841

In psychology and other social sciences, structural equation modeling can ana-
lyze relationships among multiple latent variables. Beyond linear relationships,
interactions can reveal more complex relationships between variables. Conse-
quently, analyzing latent interaction effects has become an important topic in
both theoretical and empirical research.

Since parameters estimated from raw data (referred to as raw estimates) are
influenced by the measurement units of variables, they cannot be directly com-
pared. Researchers often convert raw parameter estimates into scale-invariant
standardized estimates. In structural equation modeling, completely standard-
ized estimation standardizes both indicators and latent variables, enabling com-
parison of estimated parameters (typically path coefficients or factor loadings).
For latent interaction effect models, standardized estimation treats all latent
variables in the model as Z-scores, which not only facilitates interpretation of
interaction effects but also simplifies comparison of simple main effects.

For observed variables, SPSS can be used to analyze interaction effects, but its
output of standardized estimates is inappropriate; instead, standardized vari-
ables (i.e., Z-scores) should be used for modeling and estimation (Wen et al.,
2008). For latent variable models containing interaction effects, standardized
estimation is more complex. For a long time, latent variable modeling software
(such as Mplus) produced inappropriate standardized estimates for interaction
effects. Wen et al. (2008) provided appropriate standardized estimation and
proved its scale invariance (i.e., it does not change with measurement units,
Wen et al., 2010), which is applicable in models with or without mean struc-
tures (Wu et al., 2011).

For standardized estimation of latent interaction effects, current statistical soft-
ware outputs vary—some are appropriate, others are not, requiring careful dis-
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tinction. When confusion is unlikely, “standardized estimation” can simply refer
to appropriate standardized estimation.

Mplus 8.2 (Muthén & Muthén, 2019) and later versions provide appropriate
standardized estimation for Latent Moderated Structural Equations (LMS) and
Bayesian methods based on Wen et al. (2010)’s formulas (Asparouhov & Muthén,
2020; see also Mplus Technical Document No. 23 ), enabling users to obtain
appropriate standardized estimates conveniently.

Comparing and selecting estimation methods constitutes an important com-
ponent of theoretical research on latent interaction effects. To address issues
of non-normality and nonlinearity introduced by interaction terms, researchers
have proposed various modeling and estimation methods, including product in-
dicator approaches, distribution analytic approaches (LMS is one such method),
and Bayesian approaches, and have compared the performance of these methods
under different conditions (Jackman et al., 2011; Kelava et al., 2011; Marsh et
al., 2004; Marsh et al., 2012; Wen & Wu, 2010; Wen et al., 2013).

However, existing research has not systematically compared the standardized
estimates of latent interaction effects obtained through different estimation
methods. Since Mplus 8.2 and later versions provide appropriate standard-
ized estimation, such comparisons have become feasible. Note that appropriate
standardized estimates can be calculated using raw estimates (Wen et al., 2010;
Wen et al., 2008), but raw estimates and their corresponding standard errors
are not scale-invariant (Wu et al., 2014). Therefore, comparison results based
on raw estimates may not generalize to appropriate standardized estimates. In
particular, in the calculation formula for appropriate standardized estimation,
some raw estimates appear in the numerator and some in the denominator. If
the biases in the numerator and denominator are in the same direction and of
similar magnitude, the bias in the appropriate standardized estimate could be
small. Thus, despite existing literature comparing different estimation meth-
ods based on raw estimates of latent interaction effects, it remains necessary to
compare their performance in terms of standardized estimates.

This paper assumes that the latent variables and their indicators discussed can
reasonably be treated as continuous variables. First, we review the standard-
ized model, appropriate standardized estimation, and its properties for latent
interaction effects, and summarize the main estimation methods for latent in-
teraction effects and comparative studies of these methods. Next, through a
simulation experiment, we compare the performance of appropriate standard-
ized estimates for latent interaction effects obtained by the product indicator
approach, LMS, and Bayesian methods under various common conditions, and
provide recommendations for selecting estimation methods.
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2. Standardized Estimation for Latent Interaction Effect
Models

Consider the structural equation model for latent interaction effects (Marsh et
al., 2004):

n="& + 78 + 7388 + ¢ (1)

where &; and &, are exogenous latent variables, £,&, is their interaction term,
7 is an endogenous latent variable, ¢ is a residual term, and ~;, 7v,, and 5 are
path coefficients (as shown in Figure 1 [Figure 1: see original paper]). Since
the intercept term and the means of &; and &, do not affect the estimation of
interaction effects, they can be set to zero (Algina & Moulder, 2001; Marsh
et al., 2004). The means of &, &,, and ¢ are zero, while the mean of & &, is
typically not zero, so the mean of 7 is also typically not zero.

Figure 1. Path diagram of a latent interaction effect model containing one
interaction term

If we follow the conventional approach and treat & &, as a variable (rather
than the product of two variables) for standardization, the standardized form
of equation (1) is:

n = v1& + 72 +13(6&) +¢ (2)

where 7’ is the standardized variable of 7, ] and &, are the standardized vari-
ables of £; and &,, (§,€,)” is the standardized variable of £,&,, ¢’ is the residual
term, and 71, 74, and 4 are conventional standardized coefficients. The re-
lationship between conventional standardized estimates and raw estimates is
(Wen et al., 2010; Wen et al., 2008):

/7 Sd(§1>

M"1T=N 5d(7]>

/7 Sd(§2>

Yo = V2 5d(7]>

;o 5d(£:65)
’73 - 73 5d(7]>

where sd(n) denotes the raw estimate of the standard deviation of 7, and simi-
larly for the others.

However, equation (2) is not the standardized form we desire, because it stan-
dardizes &, &, as a single variable, thus eliminating the interactive product term
and making the results difficult to interpret in terms of interaction effects. The
appropriate standardized form of equation (1) is:
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N =a+y& + 728 + 3818+ (7 (4)

where « is the intercept term (since 7’ is a standardized variable while the
means of & and &, are typically not zero, the intercept is generally non-zero),
v1, 74, and 4 are appropriate standardized coefficients. Wen et al. (2008, see
also Wen et al., 2010) derived the relationship between appropriate standardized
estimates and conventional standardized estimates as follows:

" ’/ " ’/ V4 /Sd(g )Sd(f )
T =7 Y2 =72, V3 :73W

where raw estimates of the standard deviations of £, &,, and &;&, are used. If
appropriate standardized estimates are calculated directly using raw estimates
(Mplus program see Appendix 1), the formulas are:

” o__ Sd(é-l) " o__ 8d(§2) ”o__ Sd(gl)‘gd(£2>
Ty T P T sd()

The above appropriate standardized estimates are applicable to both latent and
observed variables. Since the derivation does not involve specific estimation
methods, they are applicable to different interaction effect estimation methods,
such as product indicator approaches, distribution analytic approaches, and
Bayesian methods. Moreover, appropriate standardized estimation is indepen-
dent of variable distribution and does not require the assumption of normal
distribution.

More importantly, appropriate standardized estimation has scale-free proper-
ties (Wen et al., 2010). Scale invariance has three meanings: First, standard-
ized estimates of main effects and interaction effects are scale-invariant; second,
standardized estimates of all factor loadings in measurement equations are scale-
invariant; third, the standard errors and t-values corresponding to standardized
estimates are also scale-invariant. Due to these properties, using data with
different units yields identical standardized estimates.

The above appropriate standardized estimation has been applied in many studies
on latent interaction effects. Numerous theoretical studies have employed appro-
priate standardized estimation in Monte Carlo simulations (e.g., Asparouhov &
Muthén, 2020; Biichner & Klein, 2020; Foldnes & Hagtvet, 2014; Kelava et al.,
2011; Wu et al., 2013). Brandt et al. (2015) extended appropriate standardized
estimation to the mixture model framework. In personality psychology, develop-
mental psychology, clinical psychology, and other fields, many applied studies
cite Wen et al. (2010) and report standardized estimation results (e.g., Ito et al.,
2015; Laczniak et al., 2017; Nagengast et al., 2011; You et al., 2016). The popu-
lar structural equation software Mplus, in version 8.2 or above, already supports
LMS and Bayesian methods for analyzing latent interaction effect models and
provides appropriate standardized estimation (Asparouhov & Muthén, 2020).
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3.1 Product Indicator Approach

The product indicator approach was first proposed by Kenny and Judd (1984),
using products of indicators as indicators of the latent interaction term, in-
cluding constrained, partially constrained, and unconstrained models. The con-
strained and partially constrained models are complex and error-prone; only
the unconstrained model proposed by Marsh et al. (2004) has been accepted by
applied researchers (Wen & Liu, 2020). Therefore, unless otherwise specified,
the product indicator approach refers to the unconstrained model hereafter.

When estimating product indicator models, Maximum Likelihood (ML) estima-
tion is generally used. Although ML estimation requires indicators of latent
variables to follow a multivariate normal distribution, it remains robust under
non-normal conditions (Boomsma, 1983; Hau & Marsh, 2004), and standard
errors and x? can be corrected (Satorra & Bentler, 1994), which can be imple-
mented in common SEM software including Mplus (see Appendix 1).

3.2 Latent Moderated Structural Equations

Distribution analytic approaches can directly address the non-normality issue
of the interaction term &;& (Wen et al., 2013), including Latent Moderated
Structural Equations (LMS, Klein & Moosbrugger, 2000; Schermelleh-Engel et
al., 1998) and Quasi-Maximum Likelihood (QML, Klein & Muthén, 2007).

Currently, only LMS can be implemented in Mplus, while the QML method
requires specialized software, so this paper only considers LMS. LMS approx-
imates the joint distribution of indicators as a mixture of a finite number of
conditional normal distributions and obtains maximum likelihood estimates of
parameters through EM algorithm iterations, making it a generalized maximum
likelihood method. Klein and Moosbrugger (2000) demonstrated that LMS is
highly effective for estimating latent interaction effects. However, it is worth
noting that while LMS accounts for the non-normality of the interaction term
&€&y, it is still based on the assumption of normal distribution of latent vari-
ables, which can produce substantial bias when latent variables £, and &, are
non-normally distributed (Cham et al., 2012; Kelava & Nagengast, 2012).

3.3 Bayesian Method

Introducing Bayesian methods in structural equation modeling can also be used
to estimate latent interaction effects (Arminger & Muthén, 1998; Lee et al.,
2007). Bayesian structural equation models combine prior distributions with
likelihood functions given the data to determine posterior distributions of un-
known parameters, using Markov chain Monte Carlo methods such as Gibbs sam-
pling (Geman & Geman, 1984) and the Metropolis-Hastings algorithm (Hast-
ings, 1970; Metropolis et al., 1953) to estimate posterior distributions. Bayesian
methods provide credible estimates not only for simple structural equation mod-
els but also for nonlinear models (Lee & Song, 2004; Lee et al., 2007). In the
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past, Bayesian methods for latent interaction effect models were typically imple-
mented using WinBugs software, but Mplus 8.2 and above can now implement
them and provide appropriate standardized estimates.

Bayesian methods are often considered advantageous in situations with small
samples and complex models such as nonlinear relationships among variables
(Zhang et al., 2019). Since Bayesian methods combine prior information with
observed data, as sample size decreases, the influence of prior information on
posterior distributions increases while the influence of data decreases. Therefore,
Bayesian methods do not require large-sample asymptotic theory and have in-
herent advantages in small-sample conditions (Gelman et al., 2014; Lee & Song,
2004; Lee et al., 2007; Muthén & Asparouhov, 2012). Lee et al. (2007) found
in simulation studies that Bayesian methods produce acceptable estimates of
latent interaction effects even with small samples (N = 150). However, the
small-sample advantage of Bayesian methods is not absolute: without prior in-
formation, Bayesian methods may exhibit severe bias, performing worse than
maximum likelihood estimation. Only when prior information is accurate can
Bayesian methods perform acceptably in small samples (Smid et al., 2020).
With very large sample sizes, Bayesian estimates are equivalent to maximum
likelihood estimates (Gelman et al., 2014). Lee and Song (2004) found that
Bayesian methods are not robust under non-normal conditions when estimating
confirmatory factor analysis and structural equation models with small samples.
Jia (2016) found that Bayesian structural equation models have excessively low
true coverage rates for parameter confidence intervals under severely non-normal
conditions.

3.4 Comparison of Estimation Methods for Latent Interac-
tion Effects

For raw estimates, existing literature has compared the performance of product
indicator approaches, LMS, and Bayesian methods in estimating latent inter-
action effects. Under normal or slightly skewed conditions, the unconstrained
model shows acceptable estimation bias, standard error bias, and statistical
power when sample size is large; LMS performs relatively better, with negligi-
ble estimation bias and standard error bias even in small samples, and higher
statistical power (Cham et al., 2012; Jackman et al., 2011; Marsh et al., 2004).
Under non-normal conditions, the unconstrained model shows acceptable esti-
mation bias, standard error bias, coverage rates, and Type I error rates in large
samples, while LMS exhibits bias in estimating nonlinear effects and their stan-
dard errors, with higher Type I error rates than the unconstrained model (Cham
et al., 2012; Kelava & Nagengast, 2012; Marsh et al., 2004).

Currently, few studies systematically compare Bayesian methods with the other
two methods. Lee et al. (2004) compared Bayesian methods with the constrained
product indicator model and found that Bayesian methods perform well in small
samples under normal latent variable distributions, while the constrained model
is only acceptable with larger samples. Kelava and Nagengast (2012) system-
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atically compared Bayesian methods within a mixture model framework with
the unconstrained product indicator approach and LMS under different latent
variable distributions, finding that Bayesian methods using two to four latent
classes produce unbiased estimates of nonlinear effects under non-normal latent
variable conditions, outperforming other methods. Asparouhov and Muthén
(2020) compared LMS and non-informative Bayesian methods in a multilevel
framework under normal, large-sample conditions (N = 1000), with results fa-
voring Bayesian methods.

In summary, LMS outperforms the unconstrained product indicator approach
under normal conditions; under non-normal conditions, LMS shows substantial
bias, while the unconstrained product indicator approach shows acceptable es-
timation bias in large samples. Wen and Liu (2020) speculated that Bayesian
methods might perform well under small-sample and non-normal conditions, but
further research is needed.

However, since appropriate standardized estimates for latent interaction effects
are calculated using formulas based on raw estimates (or together with conven-
tional standardized estimates) rather than being direct estimates from a model,
the above findings regarding the performance of estimation methods based on
raw estimates may not be consistent with their performance based on appropri-
ate standardized estimates. Whether consistent or not, specialized research is
needed to draw conclusions; either way, the results would be meaningful. Be-
low, we systematically compare the performance of appropriate standardized
estimates for latent interaction effect models obtained by the product indicator
approach, LMS, Bayesian methods with informative priors (BI), and Bayesian
methods with non-informative priors (BN) under various common conditions,
providing references for selecting estimation methods in applied research.

4.1 Simulation Study Design

This study examines the performance of appropriate standardized estimates
for latent interaction effects obtained by the product indicator approach, LMS,
and Bayesian methods under different conditions of exogenous latent variable
distribution, correlation magnitude, and sample size. Following the simulation
study design of Marsh et al. (2004), the data-generating structural model (true
model) is:

n =" + 728 + 73618 +¢

where the variance of the endogenous latent variable 7 is set to 1, and the two
exogenous latent variables &; and &, are standardized variables (M = 0, SD =
1). Consequently, the main effects and interaction effect in the true model are
standardized (unaffected by the mean of 7).

Two distribution conditions for generating £; and &, are considered: normal and
non-normal conditions. The non-normal distribution is obtained by weighting
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two x2(6) distributions (Marsh et al., 2004). The skewness and kurtosis of latent
variables under both conditions are shown in Table 1 and Table 2 . The latent
variables 7, £;, and & each have three indicators: y, ¥y, ¥3; 1, %5, Z3; and
x4, T, X, respectively. The standardized factor loadings of indicators on their
factors are all 0.7. Fixing the loadings is justified because previous research has
found that loading magnitude essentially does not affect the comparison results
of estimation methods (e.g., Marsh et al., 2004). All indicators are generated
by adding random errors with the same distribution condition as the factors &;
and &,.

The two main effects v, and 7, in the model are both fixed at 0.4, and the
interaction effect ~y4 is set to 0 (for calculating Type I error rate) or 0.2 (for
calculating statistical power). The correlation between exogenous latent vari-
ables &; and &, is set to 0, 0.3, or 0.7. When the interaction effect 75 = 0.2,
for normal distributions, the effect size p? of the interaction term (i.e., the R-
squared increment of the interaction term, Marsh et al., 2004) corresponding to
different latent variable correlation magnitudes (0, 0.3, 0.7) are 4.00%, 4.36%,
and 5.96%, respectively. For non-normal distributions, p? values are 4.00%,
5.07%, and 9.88%, respectively. Common effect sizes for interaction terms gen-
erally range between 3% and 8% (Champoux & Peters, 1987; Moulder & Algina,
2002), indicating that the research design is reasonable.

Sample sizes are set at N = 100, 200, and 500, which are typical sample sizes in
applied research (Jaccard & Wan, 1995; Lee et al., 2007; MacCallum & Austin,
2000; Marsh et al., 2004).

In summary, the factorial design of the simulation study is as follows:

o Distribution of £; and &,: normal distribution, non-normal distribution
(between-subjects factor)

o Correlation between &; and &: ¢4 = 0,0.3,0.7 (between-subjects factor)

o Interaction effect: v; = 0,0.2 (between-subjects factor)

e Sample size: N = 100, 200, 500 (between-subjects factor)

¢ Estimation method: product indicator approach, LMS, Bayesian method
without prior information, Bayesian method with prior information
(between-subjects factor)

Thisisa 2 x 3 x 2 x 3 x 4 design with 144 conditions, of which 36 are between-
subjects conditions. For each between-subjects condition, 500 samples were
generated using PRELIS 2.3 (Joreskog & Sorbom, 1996) (i.e., 500 replications).
The initial indicator variances in the simulated data were all 1, with factor
loadings as specified above, and measurement errors had the same distribution
as the generating conditions for &, and &,. Following Marsh et al. (2004), the
simulated data were linearly transformed to different measurement units:

y1 =14y, /0.7, y4o=T+2,/0.7, z5=6+2,/0.7, =zt =2+y,,
ys =64+xy, x5=94+3x5, x5=3+ys; ] =8+42my; xy=7+ g
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This transformation yields raw data with intercept terms. When building the
latent interaction effect model, all indicators are first centered. For each sample,
Mplus 8.2 is used to estimate the latent interaction effect model, obtaining
results from the product indicator approach, LMS, non-informative Bayesian
method, and informative Bayesian method.

The product indicator approach uses a model without mean structure (Lin et
al., 2010; Marsh et al., 2004; Wu et al., 2009), employs matched product indica-
tors xq,4, T9,5, 5,6 (Marsh et al., 2004), and uses the fixed loading method to
specify measurement units. Regardless of the latent variable distribution, prod-
uct indicators are not normally distributed. In Mplus, “ESTIMATOR=MLM”"
is specified to correct standard errors and model chi-square statistics using the
Satorra-Bentler method (Satorra & Bentler, 1994). Based on Wen et al. (2008,
see also Wen et al., 2010)" s formulas, the “Model Constraint” command in
Mplus is used to transform raw estimates into appropriate standardized esti-
mates (Mplus program see Appendix 1).

The appropriate standardized estimation for LMS is already built into Mplus
8.2 and above; users only need to request standardized solutions without recal-
culation. The Mplus program can be found in Wen and Liu (2020, pp. 193-194).

The Bayesian method uses Mplus default settings (Asparouhov & Muthén, 2020).
Under informative prior conditions, prior distributions for factor loadings, main
effects, and interaction effects are set to normal distributions with means equal
to true values and variance of 0.01 (Muthén & Asparouhov, 2012). The prior
distribution for the variance-covariance matrix of latent variables & and &, is
set to an inverse Wishart distribution with mean equal to true values, diagonal
element variance set to 0.01. Since information about one element in the inverse
Wishart distribution determines information about other elements (Gelman et
al., 2014), off-diagonal element variances range between 0.50 and 0.74, with cal-
culation formulas provided in Asparouhov and Muthén (2010). The appropriate
standardized estimation for Bayesian methods is already built into Mplus 8.2
and above; users only need to request standardized solutions without recalcula-
tion. The Mplus program can be found in Wen and Liu (2020, pp. 199-200).

The simulation results reported below refer to appropriate standardized esti-
mates. Results for the true interaction effect 5 = 0 are shown in Table 1 and
Table 2, while results for 73 = 0.2 are shown in Table 3 and Table 4 .

4.2.1 Proper Solutions

A proper solution refers to a solution where the model converges and all pa-
rameter estimates are reasonable (e.g., variances and standard errors are non-
negative). Calculations of parameter estimation bias, standard error bias, and
other indicators are based only on proper solutions. As shown in Tables 1-4, the
proportion of proper solutions for LMS and both Bayesian methods is close to
or equal to 100% in all conditions. For the product indicator approach, when
N = 100, the proportion of proper solutions gradually increases from ¢, = 0
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(average 69.6%), ¢, = 0.3 (average 79.1%) to ¢4 = 0.7 (average 88.5%); when
N = 200, the proportion exceeds 90% (except when latent variables are non-
normal and ¢, = 0); when N = 500, all proportions are close to or equal to
100%.

4.2.2 Bias of Standardized Estimates of Interaction Effects

When 73 = 0, the bias of the standardized estimate of the interaction effect
equals the mean of the standardized estimate. A bias not exceeding 0.02 is
considered acceptable (for the 3 = 0.2 case, a relative bias of 10% corresponds
to a bias of 0.02). Under normal distribution of latent variables & and &,
(Table 1), the bias for both product indicator approach and LMS is less than
0.01; the bias for both Bayesian methods is less than 0.02. In summary, when
the interaction effect does not exist, under normal conditions, the standardized
estimates from all methods are very close to zero.

Under non-normal distribution of latent variables £; and &, (Table 2), the prod-
uct indicator approach shows an estimation bias of 0.031 for the interaction
effect when ¢, = 0 and N = 100, and less than 0.01 in all other conditions.
LMS and both Bayesian methods are not as robust as the product indicator
approach under non-normal conditions; the bias of standardized estimates for
the interaction effect increases with increasing ¢, (and thus increasing skew-
ness and kurtosis of £;&,) and does not systematically decrease with increasing
sample size. Except when ¢;, = 0, the bias exceeds 0.02. In terms of method
comparison, under non-normal conditions and except when ¢, = 0 and N =
100, the product indicator approach has the smallest bias, with the ranking
generally being PI < BI < LMS < BN.

We focus on the 3 = 0.2 case (Tables 3 and 4). The relative bias of the
standardized estimate of the interaction effect equals the value of the mean of
the 500 sample standardized estimates minus the true value, divided by the
true value. Generally, a relative bias (absolute value) less than 5% is considered
ignorable (Hoogland & Boomsma, 1998), and a relative bias not exceeding 10%
(Cham et al., 2012) or 15% (Bandalos, 2002; Muthén et al., 1987) is considered
acceptable.

Under normal distribution of latent variables &, and &, (Table 3), for the product
indicator approach, relative bias exceeds 10% when N = 100 and (¢, = 0.3 or
0.7), and when N = 200 and ¢;5, = 0.3, and is less than 10% in all other
conditions. The relative bias of LMS is close to or less than 5% in all conditions.
The relative bias of the non-informative Bayesian method is less than 10% in
all conditions. The relative bias of the informative Bayesian method is close
to or less than 5% in all conditions. In terms of method comparison, when N
= 100, the informative Bayesian method has the smallest relative bias, while
the product indicator approach has the largest, with the ranking being BI <
LMS, BN < PI; when N = 200 or 500, LMS has the smallest relative bias,
with the ranking generally being LMS < BI < BN < PI. In summary, under
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normal conditions, LMS and BI perform well, followed by BN, while the product
indicator approach requires a larger sample (e.g., N = 500) to be acceptable.

Under non-normal distribution of latent variables & and &, (Table 4), for the
product indicator approach, the relative bias of the interaction effect exceeds
10% when N = 100 and (¢, = 0 or 0.3), and is close to or less than 10% in
all other conditions. The robustness of LMS and both Bayesian methods is far
inferior to that of the product indicator approach; the relative bias of standard-
ized estimates for the interaction effect increases with increasing ¢, (and thus
increasing skewness and kurtosis of £;£,) and does not systematically decrease
with increasing sample size: when ¢,, = 0, relative bias is close to or less than
10%; when ¢4 = 0.3, it exceeds 10% (even exceeding 30%); when ¢, = 0.7,
it exceeds 30% (even exceeding 50%). In summary, when latent variables &;
and &, are non-normally distributed, the larger the correlation between £; and
&5, the more severe the non-normality. As long as &; and &, have a substantial
correlation, LMS and Bayesian methods should be avoided; only the product
indicator approach can be used, but with a large sample size (e.g., N = 500).

4.2.3 Bias of Standard Error Estimates for Interaction Ef-
fects

In each experimental condition, the standard deviation of the 500 sample stan-
dardized estimates of the interaction effect (denoted as SD) is used as the true
value of the standard error. The relative bias of the standard error of the
interaction effect equals the mean of the standard errors (denoted as SE) mi-
nus the true value, divided by the true value. A relative bias (absolute value)
within 10% is considered acceptable (Hoogland & Boomsma, 1998). Given that
interaction terms in models are always non-normal, for the product indicator ap-
proach, standard errors are corrected using the Satorra-Bentler method (Satorra
& Bentler, 1994). Results are shown in Tables 1-4.

First, consider the 3 = 0 case. Under normal distribution of latent variables &;
and & (Table 1), the relative bias of standard errors for the product indicator
approach exceeds 10% when N = 100 or N = 200, and is less than 10% when N
= 500; the relative bias for LMS and non-informative Bayesian methods is less
than 10% in all conditions; except when N = 500 and ¢,, = 0.7, the relative
bias for the informative Bayesian method exceeds 10%. In summary, the relative
bias of standard error estimates for interaction effects is small and acceptable
for LMS and BN, acceptable for the product indicator approach only with large
samples, while BI consistently overestimates standard errors across conditions.

Under non-normal distribution of latent variables &; and &, (Table 2), the prod-
uct indicator approach shows relative bias of standard errors exceeding 10% in
5 conditions with small samples or low correlation between &; and &, (i.e., N
= 100 or ¢y = 0), and less than 10% in the other 4 conditions; the relative
bias for LMS and non-informative Bayesian methods is close to or less than
10% in all conditions; except when N = 500 and ¢, = 0.7, the relative bias for
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the informative Bayesian method exceeds 10%. In summary, under non-normal
conditions, the relative bias of standard error estimates for interaction effects is
similar to that under normal conditions: LMS and BN show small and accept-
able bias, while the product indicator approach and BI are acceptable only with
large samples.

Now consider the v = 0.2 case. Under normal distribution of latent variables
&, and &, (Table 3), the relative bias of standard errors for the four methods is
similar to the 3 = 0 case and will not be repeated here.

Under non-normal distribution of latent variables &; and &, (Table 4), the prod-
uct indicator approach shows relative bias of standard errors less than 10% when
N = 100 and ¢, = 0, when N = 200 and ¢;5 = 0.3 (or 0.7), and when N =
500, and exceeds 10% in other conditions; LMS and non-informative Bayesian
methods show relative bias close to or less than 10% in all conditions; the infor-
mative Bayesian method shows relative bias less than 10% when N = 200 and
@15 = 0.7, and when N = 500, and close to or greater than 10% in other condi-
tions. In summary, under non-normal conditions, the relative bias of standard
error estimates for interaction effects is small and acceptable for LMS and BN,
while those for the product indicator approach and BI are acceptable only with
large samples.

4.2.4 Type I Error Rate and Statistical Power for Interac-
tion Effect Testing

Since testing has scale invariance, test results for standardized estimates should
be the same as or similar to those for raw estimates, so there is no need to
emphasize testing of standardized estimates. Type I error rate refers to the
probability of incorrectly rejecting the null hypothesis when it is true (here,
~5 = 0), equal to the proportion of 500 samples that reject the null hypothesis
at the 0.05 level. A Type I error rate below 0.075 is considered an acceptable
standard (Bradley, 1978; Wu et al., 2013). Results are shown in Tables 1 and 2.

Under normal distribution of latent variables & and &, (Table 1), the Type I
error rate for the product indicator approach is close to or below 0.075 in all
conditions; LMS is slightly above 0.075 in 3 correlation conditions when N =
100, and when N = 200 and ¢, = 0, and below 0.075 in the other 5 conditions;
the Type I error rate for the non-informative Bayesian method is below 0.075
in all conditions except when N = 200 and ¢, = 0; the Type I error rate for
the informative Bayesian method is below 0.075 in all conditions. In summary,
LMS tends to have higher Type I error rates, which become acceptable with
larger sample sizes; other methods have acceptable Type I error rates, with the
informative Bayesian method having the lowest.

Under non-normal distribution of latent variables &; and &, (Table 2), the Type
I error rate for the product indicator approach is below 0.075 in all conditions;
LMS is below 0.075 only when N = 200 and ¢, = 0.3, and above 0.075 in the
other 8 conditions; the non-informative Bayesian method is below 0.075 when
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N = 100 and (¢;5 = 0 or 0.3), and above 0.075 in the other 7 conditions; the
informative Bayesian method is below 0.075 in 3 correlation conditions when
N = 100, when N = 200 and ¢, = 0 or 0.3, and when N = 500 and ¢;5 = 0,
and above 0.075 in the other 3 conditions. In summary, except for the product
indicator approach, other methods have acceptable Type I error rates only with
small samples or when the non-normality of the interaction term is not severe
(i.e., low correlation between &; and &,).

Statistical power of parameter testing refers to the probability of correctly reject-
ing the null hypothesis when it is false (here, 753 = 0.2), equal to the proportion
of 500 samples that correctly reject the null hypothesis at the 0.05 level. Statis-
tical power closer to 1 is better, with 80% typically desired. Results are shown
in Tables 3 and 4.

Under normal distribution of latent variables £, and &, (Table 3), the statistical
power for the product indicator approach is below 0.8 when N = 100 or 200,
above 0.8 when N = 200 and ¢, = 0.7, and below 0.8 under the other 5
conditions; the informative Bayesian method is close to or above 0.8 under all
conditions. In summary, the statistical power for testing interaction effects is
lowest for the product indicator approach, which requires larger samples to
ensure power above 80%; BI has the highest power, with good power even when
sample size is 100; LMS and BN have power between these two methods.

Under non-normal distribution of latent variables &, and &, (Table 4), statistical
power results are similar to those under normal conditions. The statistical power
of all methods increases with sample size and with the severity of non-normality
of the interaction term (higher correlation between & and &, indicates more
severe non-normality).

When models contain interaction effects, conventional standardized estimates
are inappropriate. Wen et al. (2008, see also Wen et al., 2010) provided appro-
priate standardized estimation for latent interaction effects and proved its scale
invariance. This study systematically compares the performance of appropriate
standardized estimates for latent interaction effects obtained by the product
indicator approach, LMS, and both Bayesian methods under various common
conditions of exogenous latent variable distribution, correlation magnitude, and
sample size.

5.1 Simulation Study Results

Table 5 summarizes the simulation study results for standardized estimates of
latent interaction effects obtained by different methods, alongside comparison
results for raw estimates from different methods (Wen & Liu, 2020, pp. 202-203)
for easy comparison.

The proportion of proper solutions for LMS and both Bayesian methods equals
or approaches 100% under all conditions. The proportion of proper solutions
for the product indicator approach increases with sample size and correlation
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among exogenous latent variables, being relatively low with small samples (N
= 100) but approaching 100% with large samples (N = 500). This is similar to
previous findings (e.g., Cham et al., 2012).

When exogenous latent variables are normally distributed, the performance of
the product indicator approach and LMS in terms of estimation bias, standard
error bias, Type I error rate, and statistical power for appropriate standardized
estimates of interaction effects is similar to that for raw estimates (Cham et
al., 2012; Jackman et al., 2011; Kelava et al., 2011; Marsh et al., 2004; Wen &
Liu, 2020). Specifically, for the product indicator approach, estimation bias for
interaction effects becomes ignorable with large samples, bias of standard errors
corrected by the Satorra-Bentler method becomes acceptable with large samples,
Type I error rates are acceptable in all conditions, and although statistical power
is relatively low, it exceeds 80% with large samples. For LMS, estimation bias
for interaction effects is ignorable under all conditions, standard error bias is
acceptable, and both estimation bias and standard error bias are smaller than
those of other methods with medium to large samples (N = 200 or above). LMS
tends to have higher Type I error rates and significantly higher statistical power
than the product indicator approach.

Without prior information, the bias of appropriate standardized estimates and
standard errors for interaction effects obtained by Bayesian methods is accept-
able under all conditions, Type I error rates are almost always acceptable, and
statistical power increases with sample size and correlation among exogenous
latent variables, exceeding 80% with large samples or high correlation. With
correctly specified prior information, the bias of interaction effect estimates ob-
tained by Bayesian methods is acceptable under all conditions and smaller than
other methods with small samples; however, standard errors are consistently
overestimated across conditions, which is not necessarily problematic as it indi-
cates that actual fluctuations in parameter estimates are smaller than estimated;
Type I error rates and statistical power are acceptable under all conditions and
better than other methods.

Previous research has also found that informative Bayesian methods overesti-
mate parameter standard errors. Holtmann et al. (2016) found that both cor-
rectly and incorrectly specified prior information overestimate parameter stan-
dard errors, with stronger prior information leading to greater standard error
bias; however, Lee et al. (2007) found that correctly specified prior information
yields more accurate standard error estimates than misspecified prior informa-
tion, possibly due to different specifications of variance in prior distributions in
their study.

When exogenous latent variables are non-normally distributed, the performance
of the product indicator approach and LMS in terms of estimation bias, standard
error bias, Type I error rate, and statistical power for appropriate standardized
estimates is also similar to that for raw estimates (Cham et al., 2012; Kelava
& Nagengast, 2012; Marsh et al., 2004; Wen & Liu, 2020). The product in-
dicator approach shows acceptable estimation bias for interaction effects with
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large samples and is more robust than other methods; standard error bias is
acceptable with large samples or high correlation among exogenous latent vari-
ables; Type I error rates are acceptable in all conditions and lower than other
methods with large samples or high correlation; statistical power exceeds 80%
with large samples. LMS shows acceptable estimation bias for interaction ef-
fects only when exogenous latent variables are uncorrelated (¢, = 0), with
large bias under high correlation. LMS Type I error rates are almost always
high, with correspondingly high statistical power. Notably, LMS estimation
bias is not systematically affected by sample size when exogenous latent vari-
ables have medium or high correlation, consistent with Marsh et al. (2004)" s
findings for another distribution analytic method, QML. Cham et al. (2012) also
found that LMS is not robust under non-normal conditions. Unlike the present
study, Cham et al. (2012) used non-normal distributions with higher kurtosis
and skewness, resulting in even worse (less robust) LMS performance, while the
product indicator approach remained robust under large-sample conditions.

Both Bayesian methods show acceptable estimation bias for interaction effects
only when exogenous latent variables have low correlation (¢, = 0); with small
samples and low correlation, both Bayesian methods show small estimation
bias, but high bias under high correlation. Non-informative Bayesian methods
have acceptable standard error bias, while informative Bayesian methods are
acceptable only with large samples. Type I error rates and statistical power for
both Bayesian methods increase with sample size or severity of non-normality of
the interaction term (higher correlation between &; and &, indicates more severe
non-normality).

Overall, the performance of standardized estimates for latent interaction effects
obtained by various methods is very similar to that of raw estimates, indicating
that there is no need to deliberately distinguish between calculating standard-
ized or raw estimates when selecting estimation methods.

5.2 Performance of Bayesian Methods

Since Bayesian methods combine prior information with observed data, they
are considered advantageous in small samples (Gelman et al., 2014; Lee & Song,
2004; Lee et al., 2007; Muthén & Asparouhov, 2012). However, research on
Bayesian methods for latent interaction effect estimation is relatively scarce
compared to other methods, especially regarding Type I error rates and statis-
tical power, which remain largely unexplored (see Table 5).

This study finds that Bayesian methods are not necessarily more accurate
than LMS in small-sample conditions; the non-informative Bayesian method is
slightly worse than LMS in most conditions. Only when accurate prior informa-
tion is added do Bayesian methods show certain advantages, but informative
Bayesian methods overestimate standard errors. This is consistent with Smid
et al. (2020)" s recent conclusion: without prior information, Bayesian methods
may exhibit severe bias, performing worse than maximum likelihood estimation;
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only with accurate prior information do Bayesian methods demonstrate
excellent small-sample properties.

When prior information is accurate, the smaller the variance of the prior distri-
bution, the more accurate the estimation results and the higher the statistical
power (also see Fang et al., 2019; Miocevi¢ et al., 2017). However, if the prior
information is incorrectly specified, the smaller the variance of the prior distri-
bution, the less accurate the estimation results; only with large sample sizes can
the problems caused by incorrect prior information be remedied (Fang et al.,
2019; Lee et al., 2007). In actual research, prior information can be set based
on previous studies or meta-analyses. If there is little confidence in these param-
eter values, lower precision can be set for the prior distribution, such as variance
greater than 1 (Fang et al., 2019; Miocevié et al., 2017). When prior information
is difficult to obtain, other methods such as the product indicator approach or
LMS can first be used to estimate the latent interaction effect model, and prior
distributions can then be set based on the obtained estimates.

Some studies in other contexts have found that Bayesian methods are robust un-
der non-normal conditions (including correlation among exogenous latent vari-
ables) (Gelman et al., 2014; Kelava et al., 2008; Kelava & Nagengast, 2012).
However, our results show that Bayesian methods do not demonstrate advan-
tages under non-normal conditions (especially with high correlation among ex-
ogenous latent variables). When exogenous latent variables are normal but
highly correlated, although Bayesian methods perform better than the product
indicator approach, they show no advantage over LMS; when exogenous latent
variables are non-normally distributed, both Bayesian methods and LMS have
high estimation bias for interaction effects, while the product indicator approach
performs robustly. Other researchers have also found that Bayesian methods
are not robust when estimating structural equation models under non-normal
conditions (Jia, 2016; Lee & Song, 2004).

5.3 Recommendations for Applied Researchers

When variables are normally distributed, LMS is recommended for estimating la-
tent interaction effects, as it provides the most accurate estimates of interaction
effects and their standard errors with medium and large samples, and performs
well even with small samples or high correlation among latent variables, though
caution is needed regarding Type I error rates and effect sizes should be con-
sidered in inference. If accurate prior information can be obtained, Bayesian
methods are preferable, especially in small-sample conditions, with small esti-
mation bias, high statistical power, and acceptable Type I error rates, though
standard errors are often overestimated and should be avoided for direct use.
Non-informative Bayesian methods show no superiority over LMS. The prod-
uct indicator approach is acceptable for estimating interaction effects and their
standard errors with large samples, but has lower statistical power, requiring
caution when interpreting non-significant results.
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When variables are non-normally distributed, the unconstrained product indi-
cator approach is recommended, but requires a large sample size, preferably
no less than 500 (at which point estimation bias and standard error bias for
interaction effects are acceptable, and statistical power and Type I error rates
are acceptable). If the correlation between exogenous latent variables is low
(which can be estimated and tested through confirmatory factor analysis), non-
informative Bayesian methods can be considered for small samples, with all
evaluation indicators being acceptable.

Notably, when using LMS and Bayesian methods, Mplus 8.2 or above will di-
rectly output appropriate standardized estimates for interaction effects when
standardized solutions are requested; however, when using the unconstrained
product indicator approach, either raw and conventional standardized solutions
must first be obtained and then calculated using formula (5), or the program in
Appendix 1 must be used (readers can easily adapt or modify it).

5.4 Limitations and Future Directions

First, in our study, each factor had an equal number of indicators, and all
indicators had moderate loadings. Marsh et al. (2004)’ s research indicates that
loading magnitude has minimal impact on method comparison results. With
unequal numbers of indicators, Wu et al. (2013) studied the performance of
product indicator approach and LMS for latent interaction effect estimation,
with results similar to this study, but the performance of Bayesian methods for
appropriate standardized estimation and their comparison with LMS require
further research.

Second, in some cases, Bayesian estimation bias first increases then decreases
with increasing sample size. This phenomenon has been found in other Bayesian
structural equation model estimations (Holtmann et al., 2016; Lee et al., 2007;
van Erp et al., 2018; Yuan & MacKinnon, 2009). For informative prior cases,
this may result from antagonistic effects of prior information and sample size
on posterior distributions: with very small samples, accurate prior information
can help estimate posterior distributions, while with large samples, sample in-
formation dominates (Lee et al., 2007). As sample size increases from small
to moderate, the role of prior information weakens while sample information is
not yet accurate enough, potentially making parameter estimates worse than
with small or large samples. Non-informative Bayesian methods show similar
phenomena, possibly indicating limited stability of Bayesian methods with mod-
erate sample sizes, which requires deeper investigation.

In recent years, researchers have proposed new methods to address different
problems in latent interaction effect models. Within the mixture model frame-
work, some researchers have used Bayesian estimation (Kelava & Nagengast,
2012) or maximum likelihood estimation (Kelava et al., 2014) to analyze non-
linear latent variable models, with results showing these methods have smaller
bias under non-normal conditions but are more complex than LMS (Asparouhov
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& Muthén, 2020) and face the problem of appropriately selecting the number
of latent classes (Kelava & Nagengast, 2012). Brandt et al. (2018) proposed
a Bayesian Lasso method for estimating models with multiple interaction and
quadratic effects, and Aytiirk et al. (2020) used LMS to analyze latent interac-
tion effect models with ordinal indicators. These new methods should consider
appropriate standardized models and standardized estimation when establishing
standardized models.
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Appendix 1: Mplus Program for Unconstrained Product
Indicator Approach to Latent Interaction Effects

TITLE: Unconstrained PI Approach

DATA: FILE is ex.dat;

VARIABLE: NAMES ARE yl1-y3 x1-x6;
USEVARIABLES ARE x1-x6 yl-y3 x1x4 x2x5 x3x6;

DEFINE: x1x4 = x1x*x4; x2xb = x2*xb5; x3x6 = x3*x6; ! Define product indicators

ANALYSIS: ESTIMATOR = MLM; ! MLM command uses SB method to correct standard errors

MODEL: ! Specify measurement model
eta by yl y2 y3;
ksil by x1 x2 x3;
ksi2 by x4 x5 x6;
! Measurement model for latent product term
ksi3 by x1x4 x2x5 x3x6;
! Specify structural model and label path coefficients

eta on ksil (gl) ksi2 (g2) ksi3 (g3); ! gl-g3 represent coefficients for ksil-ksi3 in st:
! Label variances, covariances, and residuals
ksil (v1); ksi2 (v2); ksi3 (v3); ! v1-v3 represent variances of ksil-ksi3
ksil with ksi2 (c12); ! Covariance between ksil and ksi2
ksil with ksi3 (c13); ! Covariance between ksil and ksi3
ksi2 with ksi3 (c23); ! Covariance between ksi2 and ksi3
eta (v4); ! Residual variance of eta

MODEL CONSTRAINT:
new(hl-h4); ! Generate new parameters
hd = (gl*x2)*xvl+(g2**2)*v2+(g3*x2) xv3+2*gl*kg2*xc12+2xglkg3*c13+2xg2xg3*c23+v4; ! Variance «
h1l = gix((v1/h4)**(1/2)); ! Appropriate standardized estimate for main effect (coefficie:
h2 = g2x((v2/h4)**(1/2)); ! Appropriate standardized estimate for main effect (coefficie:
h3 = g3*((vixv2/h4)**(1/2)); ! Appropriate standardized estimate for interaction effect

Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv —Machine translation. Verify with original.
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