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1. Introduction
Let (𝑋, 𝑑𝑋) be a metric space. For 𝑢 ∈ 𝐹(𝑋), let [𝑢]𝛼 denote the 𝛼-cut of 𝑢,
i.e. [𝑢]𝛼 = (𝑐𝑖𝑑 ∶ 40){𝑥 ∈ 𝑋 ∶ 𝑢(𝑥) ≥ 𝛼}, supp 𝑢 = {𝑢 > 0}, 𝛼 ∈ (0, 1], 𝛼 = 0,
where 𝑆 denotes the closure of 𝑆 in (𝑋, 𝑑).
The set of upper semi-continuous fuzzy sets in (𝑋, 𝑑𝑋) is denoted by 𝐹𝑈𝑆𝐶(𝑋),
i.e.

𝐹𝑈𝑆𝐶(𝑋) = {𝑢 ∈ 𝐹(𝑋) ∶ [𝑢]𝛼 is closed in (𝑋, 𝑑𝑋) for 𝛼 ∈ (0, 1]}.

𝑈𝑆𝐶(𝑋) is the set of normal fuzzy sets in 𝐹𝑈𝑆𝐶(𝑋), i.e.

𝑈𝑆𝐶(𝑋) = {𝑢 ∈ 𝐹(𝑋) ∶ [𝑢]𝛼 ∈ 𝐶(𝑋) for 𝛼 ∈ (0, 1]},
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where 𝐶(𝑋) is the set of nonempty closed sets of (𝑋, 𝑑𝑋).

𝑈𝑆𝐶𝐺(𝑋) = {𝑢 ∈ 𝐹(𝑋) ∶ [𝑢]𝛼 ∈ 𝐾(𝑋) for 𝛼 ∈ (0, 1]},

where 𝐾(𝑋) is the set of nonempty compact sets of (𝑋, 𝑑𝑋).
Let (𝑋, 𝑑𝑋) be a metric space. We use 𝐻 to denote the Hausdorff metric on
𝐶(𝑋) induced by 𝑑𝑋, i.e., 𝐻(𝑈, 𝑉 ) = max{𝐻∗(𝑈, 𝑉 ), 𝐻∗(𝑉 , 𝑈)} for arbitrary
𝑈, 𝑉 ∈ 𝐶(𝑋), where 𝐻∗(𝑈, 𝑉 ) = sup𝑢∈𝑈 𝑑𝑋(𝑢, 𝑉 ) = sup𝑢∈𝑈 inf𝑣∈𝑉 𝑑𝑋(𝑢, 𝑣).
Remark 1.1. 𝜌 is said to be an extended metric on 𝑌 if 𝜌 is a function from
𝑌 × 𝑌 into ℝ ∪ {+∞} satisfying positivity, symmetry and triangle inequality.

The Hausdorff metric 𝐻 on 𝐶(𝑋) induced by 𝑑𝑋 on 𝑋 an extended metric,
but probably not a metric, because 𝐻(𝐴, 𝐵) could be equal to +∞ for some
𝐴, 𝐵 ∈ 𝐶(𝑋).
The following inequality should be a known result:

𝐻∗(𝑈, 𝑊) ≤ 𝐻∗(𝑈, 𝑉 ) + 𝐻∗(𝑉 , 𝑊) for 𝑈, 𝑉 , 𝑊 ∈ 𝐶(𝑋).

Let ℝ𝑚 be the 𝑚-dimensional Euclidean space. See [?] for the symbols in this
paper.

In this paper, we uniformly use 𝐻 to denote the Hausdorff metric on 𝐶(𝑋)
induced by 𝑑𝑋, where (𝑋, 𝑑𝑋) is a certain metric space. The meaning of 𝐻 can
be judged according to the context.

We have obtained the following statements on the measurability of the function
𝐻([𝑢]𝛼, [𝑣]𝛼) (See [?], which was submitted on 2019.07.06):

• For 𝑢 ∈ 𝐹 1
𝑈𝑆𝐶(𝑋) and 𝑥0 ∈ 𝑋, 𝐻([𝑢]𝛼, {𝑥0}) is a measurable function of

𝛼 on [0, 1].
• For 𝑢, 𝑣 ∈ 𝐹 1

𝑈𝑆𝐶(ℝ𝑚), 𝐻([𝑢]𝛼, [𝑣]𝛼) is a measurable function of 𝛼 on [0, 1].
• For 𝑢, 𝑣 ∈ 𝐹 1

𝑈𝑆𝐶𝐺(𝑋), 𝐻([𝑢]𝛼, [𝑣]𝛼) is a measurable function of 𝛼 on [0, 1].
• There exists a metric space 𝑋 and 𝑢, 𝑣 ∈ 𝐹 1

𝑈𝑆𝐶(𝑋) such that 𝐻([𝑢]𝛼, [𝑣]𝛼)
is a non-measurable function of 𝛼 on [0, 1].

In [?], we submitted the proofs of the first three statements. The proofs of
the first three statements and the example given in chi-naXiv:202108.00116v1
which shows the last statement were recorded in a handwritten material before
2019.07.06. In this version, a very small change is made to the example.

2. Properties of 𝐻([𝑢]𝛼, [𝑣]𝛼)
In this section, we give the proofs of the first three statements and the example
to show the last statement.
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Proposition 2.1. For 𝑢 ∈ 𝐹 1
𝑈𝑆𝐶(𝑋) and 𝑥0 ∈ 𝑋, 𝐻([𝑢]𝛼, {𝑥0}) is a measurable

function of 𝛼 on [0, 1].
Proof. We can see that for 0 ≤ 𝛼 ≤ 𝛽 ≤ 1,

𝐻([𝑢]𝛼, {𝑥0}) = sup
𝑥∈[𝑢]𝛼

𝑑(𝑥, 𝑥0) ≥ sup
𝑥∈[𝑢]𝛽

𝑑(𝑥, 𝑥0) = 𝐻([𝑢]𝛽, {𝑥0}).

So the desired result follows from the fact that 𝐻([𝑢]𝛼, {𝑥0}) is a monotone
function of 𝛼 on [0, 1].
For 𝑢, 𝑣 ∈ 𝐹 1

𝑈𝑆𝐶(𝑋) and 𝑟 ∈ ℝ, we use the symbol {𝐻(𝑢, 𝑣) > 𝑟} to denote the
set {𝛼 ∈ [0, 1] ∶ 𝐻([𝑢]𝛼, [𝑣]𝛼) > 𝑟}.

Proposition 2.2. For 𝑢, 𝑣 ∈ 𝐹 1
𝑈𝑆𝐶(ℝ𝑚), 𝐻([𝑢]𝛼, [𝑣]𝛼) is a measurable function

of 𝛼 on [0, 1].
Proof. We only need to show that for each 𝑟 ∈ ℝ, the set {𝐻(𝑢, 𝑣) > 𝑟} is a
measurable set.

Step (i) For each 𝑟 ∈ ℝ, if 𝛼 > 0 and 𝛼 ∈ {𝐻(𝑢, 𝑣) > 𝑟}, then there exists
𝛿(𝛼) > 0 such that [𝛼 − 𝛿(𝛼), 𝛼] ⊆ {𝐻(𝑢, 𝑣) > 𝑟}.

We proceed by contradiction. If for each 𝛿 > 0, [𝛼−𝛿, 𝛼](𝑐𝑖𝑑 ∶ 42){𝐻(𝑢, 𝑣) > 𝑟},
then there exists an increasing sequence {𝛾𝑛} such that 𝛾𝑛 → 𝛼 and
𝐻([𝑢]𝛾𝑛

, [𝑣]𝛾𝑛
) ≤ 𝑟.

Given 𝑥 ∈ [𝑢]𝛼, then 𝑑(𝑥, [𝑣]𝛾𝑛
) ≤ 𝐻([𝑢]𝛾𝑛

, [𝑣]𝛾𝑛
) ≤ 𝑟. Therefore there exist

𝑦𝑛 ∈ [𝑣]𝛾𝑛
such that 𝑑(𝑥, 𝑦𝑛) = 𝑑(𝑥, [𝑣]𝛾𝑛

) ≤ 𝑟. Hence there is a subsequence
{𝑦𝑛𝑖

} of {𝑦𝑛} such that {𝑦𝑛𝑖
} converges to 𝑦 ∈ ℝ𝑚. Note that 𝑑(𝑥, 𝑦) ≤ 𝑟 and

𝑦 ∈ ∩[𝑣]𝛾𝑛𝑖
= [𝑣]𝛼, so we have 𝑑(𝑥, [𝑣]𝛼) ≤ 𝑟.

From the arbitrariness of 𝑥, 𝐻∗([𝑢]𝛼, [𝑣]𝛼) ≤ 𝑟. Similarly, we can deduce that
𝐻∗([𝑣]𝛼, [𝑢]𝛼) ≤ 𝑟. Thus 𝐻([𝑢]𝛼, [𝑣]𝛼) ≤ 𝑟, which is a contradiction.

Step (ii) For each 𝑟 ∈ ℝ, if {𝐻(𝑢, 𝑣) > 𝑟} ∖ {0}(𝑐𝑖𝑑 ∶ 54) = ∅, then {𝐻(𝑢, 𝑣) >
𝑟} ∖ {0} is a union of disjoint positive length intervals.

Suppose that {𝐻(𝑢, 𝑣) > 𝑟} ∖ {0}(𝑐𝑖𝑑 ∶ 54) = ∅. For 𝑥 ∈ {𝐻(𝑢, 𝑣) > 𝑟} ∖ {0},
let (𝑐𝑖𝑑 ∶ 122)(𝑐𝑖𝑑 ∶ 125)(𝑐𝑖𝑑 ∶ 124)(𝑐𝑖𝑑 ∶ 123)𝑥 = (𝑐𝑖𝑑 ∶ 83){[𝑎, 𝑏] ∶ 𝑥 ∈ [𝑎, 𝑏] ⊆
{𝐻(𝑢, 𝑣) > 𝑟} ∖ {0}}, i.e. (𝑐𝑖𝑑 ∶ 122)(𝑐𝑖𝑑 ∶ 125)(𝑐𝑖𝑑 ∶ 124)(𝑐𝑖𝑑 ∶ 123)𝑥 is the
largest interval in {𝐻(𝑢, 𝑣) > 𝑟} ∖ {0} which contains 𝑥. Then by step (i), (𝑐𝑖𝑑 ∶
122)(𝑐𝑖𝑑 ∶ 125)(𝑐𝑖𝑑 ∶ 124)(𝑐𝑖𝑑 ∶ 123)𝑥 is a positive length interval. Note that for
𝑥, 𝑦 ∈ {𝐻(𝑢, 𝑣) > 𝑟} ∖ {0}, if (𝑐𝑖𝑑 ∶ 122)(𝑐𝑖𝑑 ∶ 125)(𝑐𝑖𝑑 ∶ 124)(𝑐𝑖𝑑 ∶ 123)𝑥 ∩ (𝑐𝑖𝑑 ∶
122)(𝑐𝑖𝑑 ∶ 125)(𝑐𝑖𝑑 ∶ 124)(𝑐𝑖𝑑 ∶ 123)𝑦(𝑐𝑖𝑑 ∶ 54) = ∅, then (𝑐𝑖𝑑 ∶ 122)(𝑐𝑖𝑑 ∶
125)(𝑐𝑖𝑑 ∶ 124)(𝑐𝑖𝑑 ∶ 123)𝑥 = (𝑐𝑖𝑑 ∶ 122)(𝑐𝑖𝑑 ∶ 125)(𝑐𝑖𝑑 ∶ 124)(𝑐𝑖𝑑 ∶ 123)𝑦. Thus
{𝐻(𝑢, 𝑣) > 𝑟} ∖ {0} is a union of disjoint positive length intervals.

Step (iii) For each 𝑟 ∈ ℝ, {𝐻(𝑢, 𝑣) > 𝑟} is a measurable set.
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Clearly, if positive length intervals are disjoint, then these positive length in-
tervals are at most countable. Thus, from step (ii), {𝐻(𝑢, 𝑣) > 𝑟} ∖ {0} is a
measurable set. So {𝐻(𝑢, 𝑣) > 𝑟} is a measurable set.

Remark 2.3. Let 𝑢, 𝑣 ∈ 𝐹 1
𝑈𝑆𝐶(𝑋). For each 𝑟 ∈ ℝ, if 0 ∈ {𝐻(𝑢, 𝑣) > 𝑟}, then

there exists 𝛿 > 0 such that [0, 𝛿] ⊆ {𝐻(𝑢, 𝑣) > 𝑟}.

The above fact is equivalent to the following fact: Let 𝑢, 𝑣 ∈ 𝐹 1
𝑈𝑆𝐶(𝑋). Then

𝐻([𝑢]0, [𝑣]0) ≤ lim inf𝛼→0+ 𝐻([𝑢]𝛼, [𝑣]𝛼), where lim inf𝛼→0+ 𝐻([𝑢]𝛼, [𝑣]𝛼) = +∞
is possible.

Combined this fact with the proof of Proposition 2.2, we have the following
conclusion: Let 𝑢, 𝑣 ∈ 𝐹 1

𝑈𝑆𝐶(ℝ𝑚) and let 𝑟 ∈ ℝ. If {𝐻(𝑢, 𝑣) > 𝑟}(𝑐𝑖𝑑 ∶ 54) = ∅,
then {𝐻(𝑢, 𝑣) > 𝑟} is a union of disjoint positive length intervals (Obviously,
{𝐻(𝑢, 𝑣) > 𝑟} could be an interval. It is easy to see that for fixed 𝑟 ≥ 0, the
possible forms of the maximal intervals in {𝐻(𝑢, 𝑣) > 𝑟} are as follows: [0, 𝛼),
[0, 𝛼], (𝛽, 𝛼) and (𝛽, 𝛼], where 𝛼 ∈ (0, 1] and 𝛽 ∈ [0, 1]).
Remark 2.4. Let 𝑢, 𝑣 ∈ 𝐹 1

𝑈𝑆𝐶(𝑋) and let 𝛼 > 0. The following two state-
ments are equivalent: (i) For each 𝑟 ∈ ℝ, if 𝛼 ∈ {𝐻(𝑢, 𝑣) > 𝑟}, then there
exists 𝛿(𝛼) > 0 such that [𝛼 − 𝛿(𝛼), 𝛼] ⊆ {𝐻(𝑢, 𝑣) > 𝑟}. (ii) 𝐻([𝑢]𝛼, [𝑣]𝛼) ≤
lim inf𝛾→𝛼− 𝐻([𝑢]𝛾, [𝑣]𝛾) (where lim inf𝛾→𝛼− 𝐻([𝑢]𝛾, [𝑣]𝛾) = +∞ is possible).

So the statement “𝐻([𝑢]𝛼, [𝑣]𝛼) ≤ lim inf𝛾→𝛼− 𝐻([𝑢]𝛾, [𝑣]𝛾) for all 𝛼 ∈ (0, 1]”is
equivalent to the statement proved by step (i) of the proof of Proposition 2.2,
which is listed below: - For each 𝑟 ∈ ℝ, if 𝛼 > 0 and 𝛼 ∈ {𝐻(𝑢, 𝑣) > 𝑟}, then
there exists 𝛿(𝛼) > 0 such that [𝛼 − 𝛿(𝛼), 𝛼] ⊆ {𝐻(𝑢, 𝑣) > 𝑟}.

Remark 2.5. From the proof of Proposition 2.2 and Remark 2.4, we know that
for 𝑢, 𝑣 ∈ 𝐹 1

𝑈𝑆𝐶(𝑋), if 𝐻([𝑢]𝛼, [𝑣]𝛼) ≤ lim inf𝛾→𝛼− 𝐻([𝑢]𝛾, [𝑣]𝛾) for all 𝛼 ∈ (0, 1],
then 𝐻([𝑢]𝛼, [𝑣]𝛼) is a measurable function of 𝛼 on [0, 1].
The following Proposition 2.6 is Lemma 4.4 in [?].

Proposition 2.6. Let 𝑈𝑛 ∈ 𝐾(𝑋) for 𝑛 = 1, 2, …. If 𝑈1 ⊇ 𝑈2 ⊇ … ⊇ 𝑈𝑛 ⊇ …
and 𝑈 = ⋂+∞

𝑛=1 𝑈𝑛 ∈ 𝐾(𝑋), then 𝐻(𝑈𝑛, 𝑈) → 0 as 𝑛 → +∞. If 𝑈1 ⊆ 𝑈2 ⊆ … ⊆
𝑈𝑛 ⊆ … and 𝑉 = ⋃+∞

𝑛=1 𝑈𝑛 ∈ 𝐾(𝑋), then 𝐻(𝑈𝑛, 𝑉 ) → 0 as 𝑛 → +∞.

Proof. (i) is easy to show. We only prove (ii). Suppose that 𝐻(𝑈𝑛, 𝑈)↛0. Then
there is an 𝜀0 > 0 such that 𝐻(𝑈𝑛, 𝑈) > 𝜀0. Hence there exists 𝑥𝑛 ∈ 𝑈 such
that 𝑑(𝑥𝑛, 𝑈𝑛) > 𝜀0.

Since 𝑈 is compact, there is a subsequence {𝑥𝑛𝑖
} of {𝑥𝑛} such that 𝑥𝑛𝑖

converges
to 𝑥 ∈ 𝑈 . Note that there exists {𝑦𝑛} such that 𝑦𝑛 ∈ 𝑈𝑛 and 𝑦𝑛 → 𝑥. Thus
𝑑(𝑥, 𝑈𝑛) → 0, which contradicts (3).

Proposition 2.7. For 𝑢, 𝑣 ∈ 𝐹 1
𝑈𝑆𝐶𝐺(𝑋), 𝐻([𝑢]𝛼, [𝑣]𝛼) is a measurable function

of 𝛼 on [0, 1].
Proof. Note that 𝐻([𝑢]𝛼, [𝑣]𝛼) is finite at 𝛼 ∈ (0, 1] and for 𝛼, 𝛽 ∈ (0, 1],
|𝐻([𝑢]𝛼, [𝑣]𝛼) − 𝐻([𝑢]𝛽, [𝑣]𝛽)| ≤ 𝐻([𝑢]𝛼, [𝑢]𝛽) + 𝐻([𝑣]𝛼, [𝑣]𝛽). Then by Propo-
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sition 2.6 (i), 𝐻([𝑢]𝛽, [𝑣]𝛽) = 𝐻([𝑢]𝛼, [𝑣]𝛼), i.e. 𝐻([𝑢]𝛼, [𝑣]𝛼) is left-continuous at
𝛼 ∈ (0, 1].
Thus from Remark 2.5, 𝐻([𝑢]𝛼, [𝑣]𝛼) is a measurable function of 𝛼 on [0, 1].
Remark 2.8. From Proposition 2.6, we know that for 𝑢, 𝑣 ∈ 𝐹 1

𝑈𝑆𝐶𝐺(𝑋),
𝐻([𝑢]𝛼, [𝑣]𝛼) is left-continuous at 𝛼 ∈ (0, 1], and that for 𝑢, 𝑣 ∈ 𝐹 1

𝑈𝑆𝐶𝐵(𝑋),
𝐻([𝑢]𝛼, [𝑣]𝛼) is right-continuous at 𝛼 = 0.

To give the example which shows the last statement presented in Section 1, we
need some conclusions at first.

The following representation theorem should be a known conclusion.

Theorem 2.9. Let 𝑋 be a set. Given 𝑢 ∈ 𝐹(𝑋), then for all 𝛼 ∈ (0, 1],
[𝑢]𝛼 = ∩𝛽<𝛼[𝑢]𝛽.

Conversely, suppose that {𝑢(𝛼) ∶ 𝛼 ∈ (0, 1]} is a family of sets in 𝑋 satisfying
𝑢(𝛼) = ∩𝛽<𝛼𝑢(𝛽) for all 𝛼 ∈ (0, 1]. Define 𝑣 ∈ 𝐹(𝑋) by 𝑣(𝑥) ∶= sup{𝛼 ∶ 𝑥 ∈
𝑢(𝛼)} (sup ∅ = 0). Then [𝑣]𝛼 = 𝑢(𝛼) for all 𝛼 ∈ (0, 1].
𝜌 is said to be a metric on 𝑌 if 𝜌 is a function from 𝑌 × 𝑌 into ℝ satisfying
positivity, symmetry and triangle inequality. At this time, (𝑌 , 𝜌) is said to be
a metric space. 𝜌 is said to be an extended metric on 𝑌 if 𝜌 is a function from
𝑌 × 𝑌 into ℝ ∪ {+∞} satisfying positivity, symmetry and triangle inequality.
At this time, (𝑌 , 𝜌) is said to be an extended metric space.

Let (𝑌 , 𝜌) be an extended metric space. For 𝑦 ∈ 𝑌 and 𝜀 > 0, let 𝐵(𝑦, 𝜀) denote
the set {𝑧 ∈ 𝑌 ∶ 𝜌(𝑦, 𝑧) < 𝜀}. {𝐵(𝑦, 𝜀) ∶ 𝑦 ∈ 𝑌 , 𝜀 > 0} is a basis for the topology
induced by 𝜌 on 𝑌 . The closure of a set 𝐴 in (𝑌 , 𝜌), denoted by 𝐴, refers to the
closure of 𝐴 in 𝑌 according to the topology induced by 𝜌 on 𝑌 . Then 𝑥 ∈ 𝐴 if
and only if there is a sequence {𝑥𝑛} in 𝑌 such that 𝜌(𝑥𝑛, 𝑥) → 0. So 𝑥 ∈ 𝐴 if
and only if 𝜌(𝑥, 𝐴) = 0.

Here we mention that if (𝑌 , 𝜌) is an extended metric space, then the Hausdorff
distance 𝐻 on 𝐶(𝑌 ) induced by 𝜌 using (1) is an extended metric on 𝐶(𝑌 ),
where 𝐶(𝑌 ) denotes the set of nonempty closed sets in (𝑌 , 𝜌). It can be seen
that 𝐻 satisfies positivity and symmetry. To show that 𝐻 satisfies the triangle
inequality, we only need to show that 𝐻∗(𝑈, 𝑊) ≤ 𝐻∗(𝑈, 𝑉 ) + 𝐻∗(𝑉 , 𝑊) for
𝑈, 𝑉 , 𝑊 ∈ 𝐶(𝑌 ). To do this, let 𝑥 ∈ 𝑈 . Then

𝜌(𝑥, 𝑊) ≤ inf
𝑦∈𝑉 ,𝑧∈𝑊

{𝜌(𝑥, 𝑦)+𝜌(𝑦, 𝑧)} ≤ inf
𝑦∈𝑉

{𝜌(𝑥, 𝑦)+𝜌(𝑦, 𝑊)} ≤ inf
𝑦∈𝑉

𝜌(𝑥, 𝑦)+𝐻∗(𝑉 , 𝑊) = 𝜌(𝑥, 𝑉 )+𝐻∗(𝑉 , 𝑊) ≤ 𝐻∗(𝑈, 𝑉 )+𝐻∗(𝑉 , 𝑊).

From the arbitrariness of 𝑥 in 𝑈 , we obtain (4). So the Hausdorff distance 𝐻
on 𝐶(𝑌 ) is the Hausdorff extended metric.

For simplicity, we refer to both the Hausdorff extended metric and the Hausdorff
metric as the Hausdorff metric in this paper.
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For an extended metric space (𝑌 , 𝜌), we define

𝐹𝑈𝑆𝐶(𝑌 ) = {𝑢 ∈ 𝐹(𝑌 ) ∶ [𝑢]𝛼 is closed in (𝑌 , 𝜌) for 𝛼 ∈ (0, 1]}.

Let Γ be a set, and for each 𝛾 ∈ Γ, let (𝑋𝛾, 𝑑𝛾) be a metric space. Define an
extended metric 𝑑 on ∏𝛾∈Γ 𝑋𝛾 as

𝑑(𝑥, 𝑦) ∶= sup{𝑑𝛾(𝑥𝛾, 𝑦𝛾) ∶ 𝛾 ∈ Γ} for 𝑥 = (𝑥𝛾)𝛾∈Γ and 𝑦 = (𝑦𝛾)𝛾∈Γ.

We use the symbol ∏𝛾∈Γ(𝑋𝛾, 𝑑𝛾) to denote the extended metric space
(∏𝛾∈Γ 𝑋𝛾, 𝑑). If not mentioned specially, we suppose by default that the
extended metric on ∏𝛾∈Γ 𝑋𝛾 is the 𝑑 given by (5).

Let 𝑢𝛾 ∈ 𝐹(𝑋𝛾), 𝛾 ∈ Γ. Define 𝑢 ∈ 𝐹(∏𝛾∈Γ 𝑋𝛾) as

[𝑢]𝛼 = ∏
𝛾∈Γ

[𝑢𝛾]𝛼 for each 𝛼 ∈ (0, 1].

We use ⨂𝛾∈Γ 𝑢𝛾 to denote the fuzzy set 𝑢 given by (6).

From Theorem 2.9, 𝑢 is well-defined because for each 𝛼 ∈ (0, 1],

[𝑢]𝛼 = ∏
𝛾∈Γ

[𝑢𝛾]𝛼 = ⋂
𝛽<𝛼

∏
𝛾∈Γ

[𝑢𝛾]𝛽 = ⋂
𝛽<𝛼

[𝑢]𝛽.

In this paper, if not mentioned specially, we use 𝑆 to denote the closure of 𝑆 in
a certain extended metric space (𝑋, 𝑑𝑋). For a set 𝑆 ⊆ 𝑋𝛾, 𝛾 ∈ Γ, we use 𝑆 to
denote the closure of 𝑆 in (𝑋𝛾, 𝑑𝛾). For a set 𝑆 ⊆ ∏𝛾∈Γ 𝑋𝛾, we also use 𝑆 to
denote the closure of 𝑆 in (∏𝛾∈Γ 𝑋𝛾, 𝑑). The readers can judge the meaning of
𝑆 according to the context.

Lemma 2.10. Let Γ be a set, and for each 𝛾 ∈ Γ, let (𝑋𝛾, 𝑑𝛾) be a metric
space. If 𝐴𝛾 ⊆ 𝑋𝛾 for 𝛾 ∈ Γ, then

∏
𝛾∈Γ

𝐴𝛾 = ∏
𝛾∈Γ

𝐴𝛾.

Proof. Clearly ∏𝛾∈Γ 𝐴𝛾 ⊆ ∏𝛾∈Γ 𝐴𝛾. Conversely, if 𝑥 = (𝑥𝛾)𝛾∈Γ ∈ ∏𝛾∈Γ 𝐴𝛾,
then for each 𝜀 > 0, there exists 𝑦 = (𝑦𝛾)𝛾∈Γ ∈ ∏𝛾∈Γ 𝐴𝛾 such that 𝑑𝛾(𝑥𝛾, 𝑦𝛾) ≤ 𝜀
for all 𝛾 ∈ Γ. So 𝑑(𝑥, 𝑦) ≤ 𝜀. From the arbitrariness of 𝜀 > 0, we have
𝑥 ∈ ∏𝛾∈Γ 𝐴𝛾. Thus ∏𝛾∈Γ 𝐴𝛾 ⊆ ∏𝛾∈Γ 𝐴𝛾. In summary, ∏𝛾∈Γ 𝐴𝛾 = ∏𝛾∈Γ 𝐴𝛾.
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Theorem 2.11. Let Γ be a set, and for each 𝛾 ∈ Γ, let (𝑋𝛾, 𝑑𝛾) be a metric
space. If 𝑢𝛾 ∈ 𝐹𝑈𝑆𝐶(𝑋𝛾) for each 𝛾 ∈ Γ, then 𝑢 = ⨂𝛾∈Γ 𝑢𝛾 is a fuzzy set in
𝐹𝑈𝑆𝐶(∏𝛾∈Γ 𝑋𝛾).
Proof. By (6) and Lemma 2.10, for each 𝛼 ∈ (0, 1], [𝑢]𝛼 = ∏𝛾∈Γ[𝑢𝛾]𝛼 =
∏𝛾∈Γ [𝑢𝛾]𝛼 = [𝑢]𝛼, thus 𝑢 ∈ 𝐹𝑈𝑆𝐶(∏𝛾∈Γ 𝑋𝛾).
In the following theorem, we use 𝐻 to denote the Hausdorff metric on 𝐶(𝑋𝛾)
induced by 𝑑𝛾. We also use 𝐻 to denote the Hausdorff metric on 𝐶(∏𝛾∈Γ 𝑋𝛾)
induced by 𝑑.

Theorem 2.12. Let Γ be a set, and for each 𝛾 ∈ Γ, let (𝑋𝛾, 𝑑𝛾) be a metric
space. If 𝐴𝛾 and 𝐵𝛾 are elements in 𝐶(𝑋𝛾) for 𝛾 ∈ Γ, then

𝐻 (∏
𝛾∈Γ

𝐴𝛾, ∏
𝛾∈Γ

𝐵𝛾) = sup
𝛾∈Γ

𝐻(𝐴𝛾, 𝐵𝛾).

Proof. From Lemma 2.10, ∏𝛾∈Γ 𝐴𝛾 and ∏𝛾∈Γ 𝐵𝛾 are elements in 𝐶(∏𝛾∈Γ 𝑋𝛾).
Note that 𝑑(𝑥, ∏𝛾∈Γ 𝐵𝛾) = sup𝛾∈Γ 𝑑𝛾(𝑥𝛾, 𝐵𝛾) for each 𝑥 = (𝑥𝛾)𝛾∈Γ ∈ ∏𝛾∈Γ 𝑋𝛾.
Thus

𝐻∗ (∏
𝛾∈Γ

𝐴𝛾, ∏
𝛾∈Γ

𝐵𝛾) = sup
𝑥∈∏𝛾∈Γ 𝐴𝛾

𝑑 (𝑥, ∏
𝛾∈Γ

𝐵𝛾) = sup
𝑥∈∏𝛾∈Γ 𝐴𝛾

sup
𝛾∈Γ

𝑑𝛾(𝑥𝛾, 𝐵𝛾) = sup
𝛾∈Γ

sup
𝑥𝛾∈𝐴𝛾

𝑑𝛾(𝑥𝛾, 𝐵𝛾) = sup
𝛾∈Γ

𝐻∗(𝐴𝛾, 𝐵𝛾).

Now, we give an example to show that there exists a metric space 𝑋 and 𝑢, 𝑣 ∈
𝐹 1

𝑈𝑆𝐶(𝑋) such that 𝐻([𝑢]𝛼, [𝑣]𝛼) is a non-measurable function of 𝛼 on [0, 1].
Example 2.13. We see [0, 100] ∖ {10} as a metric subspace of ℝ. Let 𝑧 ∈ (0, 1].
Define 𝑢𝑧 ∈ 𝐹 1

𝑈𝑆𝐶([0, 100] ∖ {10}) as

[𝑢𝑧]𝛼 = {{3}, 𝛼 ∈ [𝑧, 1],
{3} ∪ (10, 10 + 𝜀], 𝛼 = 𝑧(1 − 𝜀), 0 < 𝜀 ≤ 1.

Let 𝑧 ∈ (0, 1]. Define 𝑣𝑧 ∈ 𝐹 1
𝑈𝑆𝐶([0, 100] ∖ {10}) as

[𝑣𝑧]𝛼 = {{73}, 𝛼 ∈ (𝑧, 1],
[71, 81], 𝛼 ∈ [0, 𝑧].

Then for 𝑧 ∈ (0, 1],
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𝐻([𝑢𝑧]𝛼, [𝑣𝑧]𝛼) =
⎧{
⎨{⎩

71 − 𝜀, 𝛼 = 𝑧(1 − 𝜀), 0 < 𝜀 ≤ 1,
78, 𝛼 ∈ (𝑧, 1],
70, 𝛼 = 𝑧,

where 𝐻 is the Hausdorff metric on 𝐶([0, 100] ∖ {10}) induced by the metric on
[0, 100] ∖ {10}.

We see [0, 9] as a metric subspace of ℝ. Define 𝑤 ∈ 𝐹([0, 9]) as 𝑤(𝑡) = 1 for all
𝑡 ∈ [0, 9].
Let 𝐴 be a non-measurable set in (0, 1]. Let 𝑢 ∶= ⨂𝑧∈[0,1] 𝑢𝑧 and let 𝑣 ∶=
⨂𝑧∈[0,1] 𝑣𝑧, where

𝑋𝑧 = {[0, 100] ∖ {10}, 𝑧 ∈ 𝐴,
[0, 9], 𝑧 ∈ [0, 1] ∖ 𝐴.

Then by Theorem 2.11, 𝑢 and 𝑣 are fuzzy sets in 𝐹 1
𝑈𝑆𝐶(∏𝑧∈[0,1] 𝑋𝑧), where

𝑋𝑧 = {[0, 100] ∖ {10}, 𝑧 ∈ 𝐴,
[0, 9], 𝑧 ∈ [0, 1] ∖ 𝐴.

Here we mention that (∏𝑧∈[0,1] 𝑋𝑧, 𝑑) is a metric space with 𝑑 given by (5). By
Theorem 2.12,

𝐻([𝑢]𝛼, [𝑣]𝛼) = sup
𝑧∈𝐴

𝐻([𝑢𝑧]𝛼, [𝑣𝑧]𝛼)∨ sup
𝑧∈[0,1]∖𝐴

𝐻([0, 9], [0, 9]) = sup
𝑧∈𝐴

𝐻([𝑢𝑧]𝛼, [𝑣𝑧]𝛼) = {78, 𝛼 ∈ 𝐴,
≤ 71, 𝛼 ∈ [0, 1] ∖ 𝐴.

So {𝛼 ∈ [0, 1] ∶ 𝐻([𝑢]𝛼, [𝑣]𝛼) > 73} = 𝐴, and thus 𝐻([𝑢]𝛼, [𝑣]𝛼) is a non-
measurable function of 𝛼 on [0, 1].

3. Some Discussions
In [?] (Lemma 6.3) and [?] (Lemma 6.5), we pointed out that for 𝑢 ∈ 𝑈𝑆𝐶𝐺(𝑋),
the cut-function [𝑢](𝛼) = [𝑢]𝛼 from [0, 1] to (𝐶(𝑋), 𝐻) is left-continuous on
(0, 1]. Then it follows immediately that for 𝑢, 𝑣 ∈ 𝐹 1

𝑈𝑆𝐶𝐺(𝑋), 𝐻([𝑢]𝛼, [𝑣]𝛼) is
left-continuous at 𝛼 ∈ (0, 1] (see Proposition 2.7). From this fact, it’s natural
to realize that for 𝑢, 𝑣 ∈ 𝐹 1

𝑈𝑆𝐶𝐺(𝑋), 𝐻([𝑢]𝛼, [𝑣]𝛼) is a measurable function of 𝛼
on [0, 1].
Let (𝑋, 𝑑𝑋) be a metric space. We say that 𝑆 ⊆ 𝐹 1

𝑈𝑆𝐶(𝑋) satisfies condition
(𝑋, 𝑑𝑋)-I if [𝑢]𝛼 ∩ 𝐵(𝑥, 𝑟) is compact in (𝑋, 𝑑𝑋) for all 𝑢 ∈ 𝑆, 𝛼 ∈ (0, 1], 𝑥 ∈ 𝑋
and 𝑟 ∈ ℝ+, where 𝐵(𝑥, 𝑟) ∶= {𝑦 ∈ 𝑋 ∶ 𝑑𝑋(𝑥, 𝑦) ≤ 𝑟}.
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Clearly, 𝑆 = 𝐹 1
𝑈𝑆𝐶(ℝ𝑚) satisfies condition ℝ𝑚-I and 𝑆 = 𝐹 1

𝑈𝑆𝐶𝐺(𝑋) satisfies
condition (𝑋, 𝑑𝑋)-I.
If 𝑆 ⊆ 𝐹 1

𝑈𝑆𝐶(𝑋) satisfies condition (𝑋, 𝑑𝑋)-I, then proceeding sim-
ilarly as in step (i) of the proof of Proposition 2.2, we have that
𝐻([𝑢]𝛼, [𝑣]𝛼) ≤ lim inf𝛾→𝛼− 𝐻([𝑢]𝛾, [𝑣]𝛾) for all 𝑢, 𝑣 ∈ 𝑆 and 𝛼 ∈ (0, 1].
Thus as mentioned in Remark 2.5, for all 𝑢, 𝑣 ∈ 𝑆, 𝐻([𝑢]𝛼, [𝑣]𝛼) is a measurable
function of 𝛼 on [0, 1].
There exists a metric space (𝑋, 𝑑𝑋) and 𝑆 ⊆ 𝐹 1

𝑈𝑆𝐶(𝑋) which satisfies a condition
weaker than condition (𝑋, 𝑑𝑋)-I. By using this weaker condition, we can proceed
similarly as in step (i) of the proof of Proposition 2.2 to show that 𝐻([𝑢]𝛼, [𝑣]𝛼) ≤
lim inf𝛾→𝛼− 𝐻([𝑢]𝛾, [𝑣]𝛾) for all 𝑢, 𝑣 ∈ 𝑆 and 𝛼 ∈ (0, 1].

4. Improvements
In this section, we give some improvements of Propositions 2.1, 2.2 and 2.7,
which are the statements on measurability of 𝐻([𝑢]𝛼, [𝑣]𝛼) presented in [?]. We
first prove Theorem 4.1 which is an improvement of Propositions 2.1 and 2.7.
Then we show Theorem 4.3 and use it to improve Theorem 4.1 and Proposition
2.2.

Let 𝑣 ∈ 𝐹 1
𝑈𝑆𝐶(𝑋) and let 0 ≤ 𝛼 < 𝛽 ≤ 1. The“variation”𝑤𝑣(𝛼, 𝛽) is defined as

𝑤𝑣(𝛼, 𝛽) ∶= sup{𝐻([𝑣]𝜉, [𝑣]𝜂) ∶ 𝜉, 𝜂 ∈ (𝛼, 𝛽]}.

Theorem 4.1. Let 𝑢 ∈ 𝐹 1
𝑈𝑆𝐶(𝑋) and let 𝑣 ∈ 𝐹 1

𝑈𝑆𝐶𝐺(𝑋). Then 𝐻([𝑢]𝛼, [𝑣]𝛼) is
a measurable function of 𝛼 on [0, 1].
Proof. The proof is divided into three steps.

Step (I) 𝐻∗([𝑢]𝛼, [𝑣]𝛼) is a measurable function of 𝛼 on [0, 1].
Let 𝜉 ∈ ℝ and let 𝑛 ∈ ℕ. Define 𝑆𝜉 ∶= {𝛼 ∈ [0, 1] ∶ 𝐻∗([𝑢]𝛼, [𝑣]𝛼) ≥ 𝜉},
𝑆𝜉,𝑛 ∶= 𝑆𝜉 ∩ ( 1

𝑛 , 1].
To show that 𝐻∗([𝑢]𝛼, [𝑣]𝛼) is a measurable function of 𝛼 on [0, 1], it suffices to
show that for each 𝜉 ∈ ℝ and 𝑛 ∈ ℕ, 𝑆𝜉,𝑛 is a measurable set.

Since 𝑣 ∈ 𝐹 1
𝑈𝑆𝐶𝐺(𝑋), from Lemma 6.5 in [?] for each 𝑘 = 1, 2, …, there exist 0 =

𝛼(𝑘)
0 < 𝛼(𝑘)

1 < ⋯ < 𝛼(𝑘)
𝑙𝑘

= 1 such that 𝑤𝑣(𝛼(𝑘)
𝑖 , 𝛼(𝑘)

𝑖+1) ≤ 1
𝑘 for all 𝑖 = 0, 1, … , 𝑙𝑘 −1.

Let 𝑇𝑘,𝑖 ∶= {𝑥 ∶ there exists 𝑠 ∈ 𝑆𝜉 such that 𝛼(𝑘)
𝑖 < 𝑥 ≤ 𝑠 ≤ 𝛼(𝑘)

𝑖+1}. Put
𝑇𝑘 ∶= ∪𝑙𝑘−1

𝑖=0 𝑇𝑘,𝑖. We affirm that (i) 𝑇𝑘 is a measurable set, (ii) 𝑇𝑘 ⊇ 𝑆𝜉,𝑛, and
(iii) 𝑇𝑘 ⊆ 𝑆𝜉− 1

𝑘 ,𝑛.

If 𝑇𝑘,𝑖 ≠ ∅, then 𝑇𝑘,𝑖 is an interval. Thus (i) is true. (ii) follows from the
definition of 𝑇𝑘.
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For each 𝑖 = 1, … , 𝑙𝑘 − 1 and each 𝑥 ∈ 𝑇𝑘,𝑖, there exists an 𝑠 ∈ 𝑆𝜉 such that
𝛼(𝑘)

𝑖 < 𝑥 ≤ 𝑠 ≤ 𝛼(𝑘)
𝑖+1, and thus

𝐻∗([𝑢]𝑥, [𝑣]𝑥) ≥ 𝐻∗([𝑢]𝑠, [𝑣]𝑥) ≥ 𝐻∗([𝑢]𝑠, [𝑣]𝑠) − 𝐻∗([𝑣]𝑥, [𝑣]𝑠) ≥ 𝜉 − 1
𝑘 .

Clearly, 𝑇𝑘 ⊆ ( 1
𝑛 , 1]. So (iii) is proved. Hence 𝑇𝑘 ⊆ 𝑆𝜉− 1

𝑘 ,𝑛.

By affirmations (ii) and (iii), we have

𝑆𝜉,𝑛 ⊆
∞
⋂
𝑘=1

𝑇𝑘 ⊆
∞
⋂
𝑘=1

𝑆𝜉− 1
𝑘 ,𝑛 = 𝑆𝜉,𝑛.

From affirmation (i), ⋃∞
𝑘=1 𝑇𝑘 is measurable, and thus by (8), 𝑆𝜉,𝑛 = ⋃∞

𝑘=1 𝑇𝑘 is
measurable.

Step (II) 𝐻∗([𝑣]𝛼, [𝑢]𝛼) is a measurable function of 𝛼 on [0, 1].
The proof of Step (II) is similar to that of Step (I).

Let 𝜉 ∈ ℝ and let 𝑛 ∈ ℕ. Define 𝑆𝜉 ∶= {𝛼 ∈ [0, 1] ∶ 𝐻∗([𝑣]𝛼, [𝑢]𝛼) ≥ 𝜉},
𝑆𝜉,𝑛 ∶= 𝑆𝜉 ∩ ( 1

𝑛 , 1].
To show that 𝐻∗([𝑣]𝛼, [𝑢]𝛼) is a measurable function of 𝛼 on [0, 1], it suffices to
show that for each 𝜉 ∈ ℝ and 𝑛 ∈ ℕ, 𝑆𝜉,𝑛 is a measurable set.

Let 𝑇 ′
𝑘,𝑖 ∶= {𝑥 ∶ there exists 𝑠 ∈ 𝑆𝜉 such that 𝛼(𝑘)

𝑖 < 𝑠 ≤ 𝑥 ≤ 𝛼(𝑘)
𝑖+1}. Put

𝑇 ′
𝑘 ∶= ∪𝑙𝑘−1

𝑖=0 𝑇 ′
𝑘,𝑖. We affirm that (i’) 𝑇 ′

𝑘 is a measurable set, (ii’) 𝑇 ′
𝑘 ⊇ 𝑆𝜉,𝑛,

and (iii’) 𝑇 ′
𝑘 ⊆ 𝑆𝜉− 1

𝑘 ,𝑛.

(i’) is true because if 𝑇 ′
𝑘,𝑖 ≠ ∅, then 𝑇 ′

𝑘,𝑖 is a point or an interval. (ii’) follows
from the definition of 𝑇 ′

𝑘.

For each 𝑖 = 1, … , 𝑙𝑘 − 1 and each 𝑥 ∈ 𝑇 ′
𝑘,𝑖, there exists an 𝑠 ∈ 𝑆𝜉 such that

𝛼(𝑘)
𝑖 < 𝑠 ≤ 𝑥 ≤ 𝛼(𝑘)

𝑖+1, and thus

𝐻∗([𝑣]𝑥, [𝑢]𝑥) ≥ 𝐻∗([𝑣]𝑥, [𝑢]𝑠) ≥ 𝐻∗([𝑣]𝑠, [𝑢]𝑠) − 𝐻∗([𝑣]𝑠, [𝑣]𝑥) ≥ 𝜉 − 1
𝑘 .

Hence 𝑇 ′
𝑘 ⊆ 𝑆𝜉− 1

𝑘
. Clearly, 𝑇 ′

𝑘 ⊆ ( 1
𝑛 , 1]. So (iii’) is proved.

From affirmations (ii’) and (iii’), we have

𝑆𝜉,𝑛 ⊆
∞
⋂
𝑘=1

𝑇 ′
𝑘 ⊆

∞
⋂
𝑘=1

𝑆𝜉− 1
𝑘 ,𝑛 = 𝑆𝜉,𝑛.
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So by affirmation (i’) and (9), 𝑆𝜉,𝑛 = ⋃∞
𝑘=1 𝑇 ′

𝑘 is measurable.

Step (III) 𝐻([𝑢]𝛼, [𝑣]𝛼) is a measurable function of 𝛼 on [0, 1].
Since 𝐻([𝑢]𝛼, [𝑣]𝛼) = max{𝐻∗([𝑢]𝛼, [𝑣]𝛼), 𝐻∗([𝑣]𝛼, [𝑢]𝛼)}, then the desired result
follows immediately from the fact that both 𝐻∗([𝑢]𝛼, [𝑣]𝛼) and 𝐻∗([𝑣]𝛼, [𝑢]𝛼) are
measurable functions of 𝛼 on [0, 1], which is proved in steps (I) and (II).

Remark 4.2. Theorem 4.1 is an improvement of Proposition 2.7. Since a
singleton set is a compact set, Theorem 4.1 is also an improvement of Proposition
2.1.

Obviously, if 𝜉 ≤ 0, then 𝑆𝜉 = 𝑆𝜉 = [0, 1] and 𝑆𝜉,𝑛 = 𝑆𝜉,𝑛 = [ 1
𝑛 , 1].

Let (𝑋, 𝑑𝑋) be a metric subspace of (𝑌 , 𝑑𝑌 ). To distinguish from the closure of
𝑆 in (𝑋, 𝑑𝑋), we use 𝑆𝑌

to denote the closure of 𝑆 in (𝑌 , 𝑑𝑌 ).
For 𝑢 ∈ 𝐹 1

𝑈𝑆𝐶(𝑋), define 𝑢𝑌 ∈ 𝐹 1
𝑈𝑆𝐶(𝑌 ) as [𝑢𝑌 ]𝛼 = ∩𝛽<𝛼[𝑢]𝛽 for 𝛼 ∈ (0, 1].

Note that [𝑢𝑌 ]𝛼 = ∩𝛽<𝛼[𝑢𝑌 ]𝛽 for all 𝛼 ∈ (0, 1], then by Theorem 2.9, 𝑢𝑌 is
well-defined.

For each 𝑢 ∈ 𝐹 1
𝑈𝑆𝐶(𝑋), define Γ(𝑢)𝑌 ∶= {𝛼 ∈ (0, 1] ∶ [𝑢𝑌 ]𝛼(𝑐𝑖𝑑 ∶ 37)[𝑢]𝛼}. If

there is no confusion, we will write Γ(𝑢)𝑌 as Γ(𝑢) for simplicity.

We use 𝐻 to denote the Hausdorff metric on 𝐶(𝑋) induced by 𝑑𝑋, and we also
use 𝐻 to denote the Hausdorff metric on 𝐶(𝑌 ) induced by 𝑑𝑌 .

We will use the following Theorem 4.3 to improve Theorem 4.1 and Proposition
2.2.

Theorem 4.3. Let (𝑋, 𝑑𝑋) be a metric subspace of (𝑌 , 𝑑𝑌 ) and let 𝑢, 𝑣 ∈
𝐹 1

𝑈𝑆𝐶(𝑋). Then

(i) [𝑢𝑌 ]𝛼 ⊇ [𝑢]𝛼 for all 𝛼 ∈ (0, 1], and [𝑢𝑌 ]0 = [𝑢]0.

(ii) For each 𝛼 ∈ [0, 1] ∖ (Γ(𝑢) ∪ Γ(𝑣)), 𝐻([𝑢𝑌 ]𝛼, [𝑣𝑌 ]𝛼) = 𝐻([𝑢]𝛼, [𝑣]𝛼).
(iii) The cardinality of Γ(𝑢) is less than the cardinality of 𝑌 ∖ 𝑋.

Proof. (i) follows from the definition of 𝑢𝑌 . From (i) and the definition of
Γ(𝑢), for each 𝛼 ∈ [0, 1] ∖ (Γ(𝑢) ∪ Γ(𝑣)), 𝐻([𝑢𝑌 ]𝛼, [𝑣𝑌 ]𝛼) = 𝐻([𝑢]𝛼

𝑌 , [𝑣]𝛼
𝑌 ) =

𝐻([𝑢]𝛼, [𝑣]𝛼), and thus (ii) is proved.

To show that (iii) is true, it suffices to construct an injection 𝑗 ∶ Γ(𝑢) → 𝑌 ∖ 𝑋.

Let 𝛾 ∈ Γ(𝑢). Then there is an 𝑥𝛾 ∈ 𝑌 such that 𝑥𝛾 ∈ [𝑢𝑌 ]𝛾 ∖ [𝑢]𝛾. Define
𝑗(𝛾) = 𝑥𝛾 for each 𝛾 ∈ Γ(𝑢). Since 𝑥𝛾 ∉ [𝑢]𝛾 = ∩𝛽<𝛾[𝑢]𝛽, there is a 𝛽 < 𝛾 such
that 𝑥𝛾 ∉ [𝑢]𝛽. On the other hand, since 𝑥𝛾 ∈ [𝑢𝑌 ]𝛾, we have 𝑥𝛾 ∈ [𝑢]𝛽

𝑌
. Thus

𝑥𝛾 ∈ 𝑌 ∖ 𝑋. Hence 𝑗 is a function from Γ(𝑢) to 𝑌 ∖ 𝑋.

Let 𝜉, 𝜂 ∈ Γ(𝑢) with 𝜉 < 𝜂. Since 𝑥𝜉 ∉ [𝑢]𝜉, then 𝑥𝜉 ∉ [𝑢𝑌 ]𝜆 when 𝜆 > 𝜉.
Hence 𝑥𝜉 ∉ [𝑢𝑌 ]𝜂. Notice that 𝑥𝜂 ∈ [𝑢𝑌 ]𝜂, and therefore 𝑥𝜉 ≠ 𝑥𝜂. Thus 𝑗 is an
injection. So (iii) is proved.
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Corollary 4.4. Let (𝑋, 𝑑𝑋) be a metric subspace of (𝑌 , 𝑑𝑌 ) and 𝑌 ∖ 𝑋 an at
most countable set. Then for 𝑢, 𝑣 ∈ 𝐹 1

𝑈𝑆𝐶(𝑋), 𝐻([𝑢𝑌 ]𝛼, [𝑣𝑌 ]𝛼) is a measurable
function of 𝛼 on [0, 1] is equivalent to 𝐻([𝑢]𝛼, [𝑣]𝛼) is a measurable function of
𝛼 on [0, 1].
Proof. By (ii), (iii) of Theorem 4.3, we have that 𝐻([𝑢𝑌 ]𝛼, [𝑣𝑌 ]𝛼) = 𝐻([𝑢]𝛼, [𝑣]𝛼)
on [0, 1] except at most countable 𝛼 ∈ [0, 1]. Thus we obtain the desired result.

Let 𝑆 ⊆ ℝ𝑚. We see ℝ𝑚 ∖ 𝑆 as a metric subspace of ℝ𝑚.

Corollary 4.5. Let 𝑆 be an at most countable subset of ℝ𝑚. For 𝑢, 𝑣 ∈
𝐹 1

𝑈𝑆𝐶(ℝ𝑚 ∖ 𝑆), 𝐻([𝑢]𝛼, [𝑣]𝛼) is a measurable function of 𝛼 on [0, 1].
Proof. The desired result follows from Proposition 2.2 and Corollary 4.4.

Corollary 4.6. Let (𝑋, 𝑑𝑋) be a metric subspace of (𝑌 , 𝑑𝑌 ) and 𝑌 ∖ 𝑋 an at
most countable set. Let 𝑢, 𝑣 ∈ 𝐹 1

𝑈𝑆𝐶(𝑋). If 𝑢𝑌 ∈ 𝐹 1
𝑈𝑆𝐶𝐺(𝑌 ), then 𝐻([𝑢]𝛼, [𝑣]𝛼)

is a measurable function of 𝛼 on [0, 1].
Proof. The desired result follows from Theorem 4.1 and Corollary 4.4.

Remark 4.7. Clearly, if 𝑢 ∈ 𝐹 1
𝑈𝑆𝐶𝐺(𝑋), then [𝑢]𝛼 = [𝑢𝑌 ]𝛼 for 𝛼 ∈ (0, 1]

and thus 𝑢𝑌 ∈ 𝐹 1
𝑈𝑆𝐶𝐺(𝑌 ). So Corollary 4.6 is an improvement of Theorem

4.1. Corollary 4.5 is an improvement of Proposition 2.2. Theorem 4.1 is the
special case of Corollary 4.6 when 𝑌 = 𝑋. Proposition 2.2 is the special case of
Corollary 4.5 when 𝑆 = ∅.

In essence, contents including Theorem 4.3, Corollaries 4.4 and 4.5 have already
been proved in chinaXiv:202108.00116v1, which is a previous version of this
paper.
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