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Abstract

Starting from the problem of finding approximate values of functions, this work
introduces a measure of approximation degree between two numerical values,
proposes the concepts of ‘strict approximation’and ‘strict approximation region’,
derives corresponding one-dimensional interpolation methods and formulas, and
presents a calculation model called the ‘sum-times-difference formula’ for high-
dimensional interpolation, thereby developing a novel interpolation approach—
ADB interpolation. ADB interpolation has been applied to real-world function
interpolation with satisfactory results. From both theoretical and practical per-
spectives, this interpolation approach offers novel concepts and possesses several
advantages, including computational simplicity, stable accuracy, facilitation of
parallel processing, suitability for high-dimensional interpolation, and easy ex-
tensibility to vector-valued function interpolation. By applying this approach to
instance-based learning, a novel instance-based learning method—learning using
ADB interpolation—is obtained. This learning method features unique tech-
niques and offers advantages such as a solid mathematical foundation, implicit
distance weighting, misclassification avoidance, high efficiency, broad applicabil-
ity, and interpretability. In principle, this method represents a form of learning
by analogy, which can complement deep learning—a paradigm belonging to in-
ductive learning. For certain problems, the two approaches can even achieve
an effect of ‘different paths leading to the same result’ within big data and
cloud computing environments. Thus, learning using ADB interpolation can be
regarded as a form of ‘wide learning’ that serves as a dual to deep learning.
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A New Interpolation Approach and Corresponding Instance-Based
Learning
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Abstract. Starting from the problem of finding approximate values of func-
tions, this paper introduces a measure of approximation-degree between two nu-
merical values and proposes the concepts of “strict approximation” and “strict
approximation region.” It then derives corresponding one-dimensional interpola-
tion methods and formulas, and presents a calculation model called the “sum-
times-difference formula” for high-dimensional interpolation, thereby developing
a new interpolation approach—ADB interpolation. ADB interpolation is applied
to actual function interpolation with satisfactory results. From both principle
and effect perspectives, this interpolation approach features novel ideas and
offers advantages including simple computation, stable accuracy, facilitation
of parallel processing, suitability for high-dimensional interpolation, and easy
extension to vector-valued function interpolation. Applying this approach to
instance-based learning yields a new instance-based learning method—learning
using ADB interpolation. This learning method employs unique techniques
and possesses advantages such as a definite mathematical basis, implicit dis-
tance weights, avoidance of misclassification, high efficiency, wide applicability,
and interpretability. In principle, this method represents a form of learning by
analogy, which can complement deep learning (which belongs to inductive learn-
ing), and for some problems, the two can even achieve an effect of “different
approaches but equal results” in big data and cloud computing environments.
Thus, learning using ADB interpolation can also be regarded as a kind of “wide
learning” that is dual to deep learning.

Keywords: Approximation-Degree - Interpolation - Strict Approximation -
Sum-Times-Difference Formula - Instance-Based Learning « Wide Learning

1 Introduction

Instance-based learning [1,2] is also called the nonparametric approach [3,4]. In-
stead of establishing a global model of sample data, this approach uses sample
data to perform direct interpolation to achieve objective function approximation.
Examples serve as experience and specific manifestations of general rules. From
a cognitive perspective, instance-based learning is closer to human learning,
making it meaningful to endow machines with this learning capability. Instance-
based learning has been studied for a long time, yielding many achievements
(such as the k-nearest neighbor algorithm, distance-weighted nearest neighbor
algorithm, and locally weighted regression algorithm), but problems and short-
comings remain (such as high-dimensional interpolation and misclassification
issues). Therefore, instance-based learning and its corresponding interpolation
techniques still require continued research and development. On the other hand,
current big data and cloud computing environments undoubtedly provide strong
support for instance-based learning while also opening new avenues for demon-
strating its prowess.
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Inspired by the approximate evaluation methods for flexible linguistic functions
[5,6] in reference [7], this paper introduces a measure of approximation-degree
between numerical values to study the approximate evaluation of numerical func-
tions, and then explores new interpolation approaches based on approximation-
degree and corresponding instance-based learning methods.

2 Approximation-Degree, Strict Approximation and Strict
Approximation Region

Definition 2.1. Let R be the real number field, z, € [a,b] C R, and [ayg, 5] C
[a, b] be a neighborhood of z,,, which is called the approximation region of x,.
For Vz € [a, b], we say x is approximate to z if and only if = € [, 5y]-

Definition 2.2. Let R™ be the n-dimensional real vector space, U = [aq,b;] X

[ag,by] X - X [a,,b,] C R", and x, = (219, Tgg,-.-,Tpg) C U. For ¥Vx =
(1, g, ...,x,) C U, we say x is strictly approximate to x,, if and only if compo-
nents z, T, ..., x,, of X are approximate to components z,, s, ... , o of X, re-

spectively, i.e., z; € [o;, B;] C [a;,b;] (where [«;, 5;] is the approximation region
of z,), 1 =1,2,...,n; and the “square’region oy, 1] X [y, Bo] XX [at,,, B,] C U
is called the strict approximation region of x;.

In contrast to the strict approximation region in Definition 2.2, we refer to the
“circular” region centered on point x, as the ordinary approximation region of
Xy C U. The relation between the strict approximation region and the ordinary
approximation region of the same (2D) point x, is shown in Fig. 2 [Figure 2:
see original paper].1. The illustration also shows the relationship between strict
approximation and ordinary approximation. In fact, reference [8] has stated:
the geometric meaning of “close to point (x4, zq,...,x,,)” is different from that
of “close to x; and close to z,, -+, and close to z,” .

Fig. 2.1. An illustration of the relation between strict approximation region and
ordinary approximation region. Where the square region is the strict approxi-
mation region of point x,, and the circular region is its ordinary approximation
region.

Definition 2.3. Let R be the real number field, z, € [a,b] C R, and [ay, 8] C
[a, b] be the approximation region of z,. Set

1—Joem = =20 1 € [ag, )
Axo(x) = {1 B Iwoig)U B 7;07630’ )

(2.1)
Bo—to  ToBo’ ¥ < [xmﬁ()]

to be called the degree of approximation, shortened as approximation-degree,
of x to ;. We call the function relation defined by Equation (2.1) the
approximation-degree function of x.

chinarxiv.org/items/chinaxiv-202108.00103 Machine Translation


https://chinarxiv.org/items/chinaxiv-202108.00103

ChinaRxiv [$X]

3 Approximate Evaluation of Functions Based on
Approximation-Degree

3.1 Finding Approximate Value of a Univariate Function Based on
Approximation-Degree

Let R be the real number field, U = [a,0] C R, V = [¢,d] C R, and y = f(x)
be a continuous function relation from U to V. Under the condition that a pair
(g, yo) of corresponding values of function y = f(z) and 2’ approximate to x,
are known, find the approximate value of f(z’).

Let the approximation region of x, be [ay,b;] C [a,b]. According to the def-
inition of the approximation-degree function above, the approximation-degree
function of z; is

zay e g,
Ay (@) = § T z € [ay, ) (3.1)
wb TE [z, b1]

And let the approximation region of y, be [¢;,d;] C [e,d], the approximation-
degree function of yj is

y—c
L1y € e, o)
Ay (y) =19 o (3.2)
Yo ;):217 Y S [y07 dl}

It can be seen that the range of approximation-degree function A, (z) is [0, 1]
and which is also reversible. In fact, it’ s easy to obtain that

d —c)+c¢q, d,e]0,1
Ayo(y)71 _ y(Wo—¢1) + ¢ y € [0, 1] (3.3)
dy(yo_d1)+dla dy

where d, is the approximation-degree of y to y,.

Now we find the approximation-degree A, (z'), and then set A, (y') = A, (')
(that is, transmitting the approximation-degree of z’ (to z,) to ¥’ (to yg)).
Further, we derive the required approximate value of ¥’ from approximation-
degree A, (y') and inverse function 4, (y)~! of approximation-degree function
of A, (y).

It can be seen that the inverse function 4, (y)~!of A, (y) is a piecewise function,
which has two parallel expressions. Thus, substituting approximation-degree
A, (y')=dinto A (y)~!, we can get two y values (y; and y,). Then, which y
should be chosen as the desired approximate value of the function?

Obviously, the desired y is related to the position of 2’ relative to x, and the
trend (i.e., being increasing, decreasing, or constant) of f(z) near x,. Thus, we
have the following ideas and techniques:
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(1) Consider the derivative f’(z,) of the function f(z) at point z,. If the
derivative f’(z,) is known, we can estimate the trend of f(z) near x, ac-
cording to whether f’(z) is positive, negative, or zero, and then determine
the choice of 3 s value.

(2) Consider whether there is a point z* on the z” side near the point z, (which
does not exceed the approximation region of z,), whose corresponding
function value f(z*) = y* is known. If there is such a point a*, we can
estimate the trend of f(x) between z, and x* by utilizing the size relation
between the corresponding y* and y,, and then determine the choice of y’
s value. For instance, when z* < 2’ < z,, if y* < y,, this shows that the
general trend of function f(z) is increasing on the subinterval (z*, z,), thus
y; (the value less than y,) should be chosen; while if y* > y,, this shows
that the general trend of function f(z) is decreasing on the subinterval
(z*, ), thus y, (the value larger than y,) should be chosen.

(3) If the derivative f’(x,) is unknown and there is no such reference point z*,
take the average (y; + y5)/2 or take y, directly as the approximate value

of f(a’).

Due to space limitations, in the following, we only discuss the second method
further, and use the third method for classification problems. As for the first
method, it will be introduced in another article.

3.2 Finding Approximate Value of a Multivariate Function Based on
Approximation-Degree

Let’ s take a function of two variables as an example to discuss this problem.

Let z = f(z,y) be a function (relation) from [aq, b;] X [ay, by] to [c, d]. Suppose
a pair of corresponding values ((z(,yq), 7o) of function z = f(z,y) and point
(2',y") approximate to point (z,,%,) are known. In the case that the expres-
sion of function f(x,y) is unknown or not used, find the approximate value of
f&@ ).

By the definition of strict approximation, (2’,y") approximate to (zy,yy) is
equivalent to " approximate to x, and y’ approximate to y,. Thus, we can find
the approximate values z, and z, of functions f(z,y,) and f(zy,y) at points
z’ and 3, respectively. It can be seen that these are actually two approximate
evaluation problems of univariate functions. Thus, we further imagine that if
there are respectively adjacent points (z*, y,) and (z, y*) in the z-direction and
y-direction of point (z,¥,), as shown in Fig. 3 [Figure 3: see original paper].1,
whose corresponding function values f(z*,y,) and f(zy,y*) are known, then
the approximate value z, of f(z’,y,) can be obtained by utilizing f(z*,y,), and
the approximate value z, of f(xq,y") can be obtained by utilizing f(z,y*),
just like in the previous univariate function case. Thus, we first get separately
the approximation-degrees A, (2’) and A, (y'), then set A, (2) = A, (2) and
A, (2) = A, (v'); and then, substitute them separately into inverse function
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ZO(Z)’1 of A, (z) and get two pairs of candidate approximations, then taking
separately f(z*,y,) and f(z,,y*) as references, choose z, and z, from respective
candidate values (as shown in Fig. 3.1).

Having obtained the approximate values z, and z,, how can we further get the
approximate value z we need?

Let z; = (2, + 2,)/2 be the average of z, and z,. It can be seen from Fig.
3.2 that z; can actually be viewed as an approximate value of f(z,y) at the
midpoint (denoted by (x;,y;)) between (z’,y,) and (z4,y"). We can see from
the figure that z; < zy, i.e., the varying trend of function values from z; to z;
is decreasing. Set zy; — z; = ¢; (c; is the length of segment BC in Fig. 3.3(a)),
then z; = z; —¢;. According to the varying trend of function values from z, to
z; (i.e., the slope of segment AB in Fig. 3.3(a)), and also taking into account
that point (zy,y;) is just the midpoint of the segment joining points (z’,y")
and (zq,yy), that is, (2',y") — (zg,¥y) = 2(z1,y1) — (29, Yy), we infer that the
approximate value of the function at point (z’,y") can be z, —2¢; (as shown in
Fig. 3.3(a)). Thus, it follows that

z =z — 20 = 29— 2(20 — 21) = 2 — 2[20 — (2, + 2,) /2] = 2, + 2, — %

Fig. 3.1. Utilizing the values of the function at points (z*,y,) and (zy,y*) to
determine the approzimate values of f(z’,y,) and f(xq,y’), respectively

Of course, z; may also be greater than z, or equal to z,. If z; > 2, then the
varying trend of function values from z; to z; is increasing (as shown in Fig.
3.3(b)). Set zy — z; = ¢y (cy is the length of segment BC in Fig. 3.3(b)), then
z; = %y — Co. Then, according to the varying trend of function values from z,
to z; (i-e., the slope of segment AB in Fig. 3.3(b)), we infer that the value of
the function at point (z’,y’) can be z; — 2¢,. Thus,

z:z0+202:zo+2(z1—zo)=z0+2[(zw+zy)/2—zo]:zgﬂ—&—zy—zo

The third case: z; = 2. This indicates that the values of the function remain
unchanged from z, to z;. Thus, we can take z = z;. And by 25 = 2z =
(2, + 2,)/2, it follows that 2z, = 2, + z,. Thus,

Z=2z20— 2y =2, +2,— %

In summary, we see that, no matter what relationship may exist between the
average of z, and z, and z(, or how the value of the function varies from 2, to
21, the approximate value of the function at point (x’,y") can always be taken
as
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Z2=2z, 2, — % (3.4)

Fig. 3.2. Illustration-1 of synthesizing z, and z, into $z
Fig. 8.3. Illustration-2 of synthesizing z, and z, into $z

This equation is also the calculation model of the approximate value of a function
of two variables, z = f(z,y).

It can be seen that this approach actually splits the approximate evaluation of
a function of two variables into the approximate evaluation of two functions of
one variable, then synthesizes the two obtained approximate values into a value
as an approximate value of the original function of two variables. Extending this
technique of “first splitting then synthesizing” to the approximate evaluation of
a function of three variables, u = f(z,y, z), we obtain the formula synthesizing
the approximate value of the function as

U= U, +u, +u, — 2ug (3.5)

And then, for a function of n variables, y = f(x,, o, ..., z,,), the corresponding
formula synthesizing the approximate value of the function is

Y=o F Uyttt —(n—=Dyg= y,, —(n—=1)y,  (3.6)

For convenience of narration, we may refer to Equations (3.4), (3.5) and (3.6)
as the sum-times-difference formula.

4 Interpolation Based on Approximation-Degree

Let y = f(x) be a function (relation) from [a,b] to [c,d]. A set of pairs of cor-
responding values of function y = f(z), (z1,91), (9, Ys), -, (T, Yy,), s known,
where 2, <z, < - < x,.

Now the question is: in the case that the expression of function f(z) is unknown
or not used, construct an interpolating function g(x) such that g(x;) = f(x,)
(1t =1,2,...,n), and for other z € [a,b], g(x) ~ f(x). This is the usual inter-
polation problem. We now use the approach for finding approximate values of
functions described above to solve the interpolation problem.

Let a =z, x,, = b, then x,,x,, ..., x,, constitute a group of interpolation base
points (or nodes). We define the approximation region of z; as [x;,z,], the
approximation region of x; as [z;_,x; 4] (i = 2,3,...,n — 1), and the approxi-

mation region of z,, as [z,,_1,,], and then define separately the approximation-
degree functions of base points z, z;, and z,, as

r—Xx
Ay (z) = ﬁ7 T € [z, )] (4.1)
1 2
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LTy . .
Aw. (.’L') — :1;1:51:11 , X S [-’I:zfl7 xz] (42)
' e wE [, wi]
A, (@)= —=L wefr, ., (4.3)
Ty —Tp-1

Note that it is not hard to see from the above expressions of approximation-
degree functions that when x € [z, (z + x5)/2], [(x;_; + x;)/2, (x; + ;1) /2],
or [(z,_1+,)/2,7,], the corresponding approximation-degrees 4, (z), 4, (),
and A, (z) are always > 0.5. This means that z is closer to the corresponding
base point z;, z;, or z,,.

We then define the approximation-degree functions of y; (i = 1,2,...,n) accord-
ing to the same principle and method.

A, (y) = % (4.4)
Ay (y) = 5:117__5 (4.5)
Ay, (y) = ﬁ (4.6)
Ay (y) = 5:7‘1;111 (4.7)

Obviously, in the four expressions above, (4.4) = (4.5) and (4.6) = (4.7). Thus,
the 4 functional expressions can be reduced to two expressions:

Y—Yi1 Y—Yi11
A = L2V ana 4, () = LY
Yi Yi —Yi1 Yi Yi — Yit1

And then, we get the inverse expressions of these two functional expressions:

Ay () =dy(y; — i) Ty (4.8)

i

A, () =d, (Y — 1) +Yin (4.9)

Here d, = A, (y) € [0,1] is the approximation-degree of y to y;.

Now, set d, = d, = A, (z). Also, considering that on the subinterval
[I‘%HL, x;], the interpolated function y = f(z) may be increasing, decreasing,
or constant; while when y = f(x) is increasing, certainly vy, ; < y;, so the
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y;]; when y = f(x) is decreasing, certainly y; < y;_1,

Yitt¥i ] and when y = f(z) is constant, y; = y;_,

Yi1tY;
2 b)

so the corresponding y € [y;,

corresponding y € |

so the corresponding y =y, € [%ﬂl,xl], the corresponding y; and y, ; are
adjacent, and here A, (v) = ;C:””T*l, thus Expression (4.8), the expression of

the corresponding inverse function A, (y)~!, becomes

- T— T Yi — Yi1 TiYi1 — Ti 1Y
A 1 2 =l o + . = 2 2 x +
v (Y) P Wi = i) ¥ 5, a——
namely
y= YTV, | T T Teali o [xi—l + xiwi] (4.10)
Ty —Tiq Ty —Tiq 2
Similarly, Expression (4.9) of the inverse function A, (y)~! becomes
y= YTV Tl T Tl o [5’32‘, T; + ‘Ti+1:| (4.11)
Ty — Ty Ty =Ty 2

Thus, with the two expressions, we can obtain directly the corresponding y €
(Ut ] or y € [y;, Y54 from ¢ € [T=M% x], and obtain directly the
corresponding y € [%, y;] or y € [y;, %] from z € [z, %]

Actually, Equations (4.10) and (4.11) are two interpolation formulas. In this
way, we actually derive an interpolation approach by using the approximate
evaluation of functions based on approximation-degree. We call this approach
the approximation-degree-based interpolation, or ADB interpolation for short.

Specifically, the practice of ADB interpolation is: take base points
a = %q,%y,..,%, = b as points of view, according to base points and
their approximation regions to partition interval [a,b] = [zq,x,] into 2n — 2
subintervals as shown in Fig. 4 [Figure 4: see original paper].1: [z, (21 +25)/2],
[(xy + 29)/2,25], [29, (29 + 25)/2], -, [(z,_1 + x,)/2,2,], as interpolation
intervals; then, for evaluated point « € [(z;_; + x;)/2, ;] do interpolating with
Formula (4.10), and for evaluated point z € [z;, (x; + 2,,,)/2] do interpolating
with Formula (4.11). Since each specific interpolating formula implies the
trend of interpolated function y = f(x) on the corresponding subintervals,
therefore, there is not much error between the obtained approximate value and
the expected value, and there would not occur the case that two y-values are
obtained from an z.

Fig. 4.1. Illustration of interpolation intervals partitioned by base points and
their approximation regions in one-dimensional interpolation

Example 4.1. Use ADB interpolation to interpolate function y = sin x.

chinarxiv.org/items/chinaxiv-202108.00103 Machine Translation


https://chinarxiv.org/items/chinaxiv-202108.00103

ChinaRxiv [$X]

We take sampled data points of y = sinz, (z;,v;), as follows: z; : 0 x 7,0.1 X
7,02 x 7w, ...,1.9 x 7,2 x . y, : sinz;. And take interpolation points, x :
0xm0.02x 7,004 x7,0.06xm,..,1.98xm,2xT.

Using our ADB interpolation to perform interpolation, the corresponding y-
values obtained are as follows:

And the effect is shown in Fig. 4.2.
Fig. 4.2. The effect drawing of ADB interpolation for function y = sinx

From the interpolation method of univariate functions and the method of find-
ing approximate values of m-variable functions above, we obtain a general n-
dimensional ADB interpolation method, that is: split an n-dimensional inter-
polation into n one-dimensional interpolations, then use one-dimensional ADB
interpolation to find the corresponding approximate values, respectively, and
finally synthesize the n approximate values by using the sum-times-difference
formula into one value as the approximation value of the function of n variables.
The n pairs of one-dimensional interpolation formulas required for n-dimensional
ADB interpolation are as follows:

Yijs —Yi-1,j..s L1iYi-1,5..s — L1i-1Yij..s
= Ty +
Lyi — L1i—1 Lyi — L1i—1
_ Yijs — yi+1,j.4.sx n T1iYi+1,5..s — T1i+1Yij..s
= 1i
T — T4 L1 — T4
Yijs —Yi-1,j..s Loi¥i-1,5..s — L2i-1Yij..s
= To; +
Loj — Lgj—1 Loj — Lgi—1
_ Yijs — yi+1,j.4.sx n LoiYi+1,5..s — L2i+1Yij..s
= 2
Loj — Toiq1 Loj — Toiq1
Yijs — Yi-14..s TniYi-1,4..s ~ Tni-1Y5j...s
= Lni +
Tpi — Tpi—1 Tpi — Tpi—1
Y= Yij..s — yz‘+1,ju.sx TniYit1,5..s — Tni+1Yij...s
- ni
Lni = Tnit1 Lni = Tnit1
where y,;; , is the value of the function at base point ($1¢7$2j7~-~ L), 1€
yij...s - f(xlia ‘r2j7 7‘rns>'

And the final synthesis formula (i.e., sum-times-difference formula) of the ap-
proximate value of the function is
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n

i

<)
I

i=1

where Yy, I the approximate value of the function obtained by one-dimensional
ADB interpolation for z; (i =1,2,...,n).

Actually, it is not difficult to see that Equation (4.12) can also be said to be
the formula of multidimensional ADB interpolation, which is also a calculation
model of high-dimensional interpolation.

Example 4.2. Using ADB interpolation to interpolate function z = 72° — 797,
the effect is shown in Fig. 4.3.

Fig. 4.3. The effect drawing of ADB interpolation for function z = imz — iyz

Where the left is the functional graph before interpolating, and the right is the
functional graph after interpolating.

Example 4.3. Using ADB interpolation to interpolate a function of three
variables, u = ze~*°~¥"~*" the effect (slice chart) is shown in Fig. 4.4.

3

Fig. 4.4. The effect drawing of ADB interpolation for function ze 'Y’z

5 Instance-Based Learning Using ADB Interpolation

In the above sections, we developed a new interpolation approach, ADB interpo-
lation, from the problem of finding approximate values of functions. Since ADB
interpolation is a local interpolation, it can be used for instance-based machine
learning. In the following, we present two learning algorithms.

(1) A Learning Algorithm for Regression Problems

o Put samples in sample set X = {(x;, f(x;))}; (x = (24, g, ..., T,)) into
a corresponding data structure S in centralized or distributed manner (as
training examples);

o For the currently queried x" = (2], 25, ..., ), according to its coordinate
components x4, x5, ..., x,,, look up in S sequentially or in parallel to deter-
mine a x;, (k € {1,2,...,m}) to which the approximation-degree of x’ is
highest;

o Take x; as the center, and according to the position of x’ relative to
X, choose n corresponding nearest neighbors x;,x,,...,x, (the data
points here are renumbered) from S, then construct the corresponding
one-dimensional interpolation formulas y, = 9(x;lx7,, f(xg), x], f(x;))
(G = L2,..,m I € {1,2,..,n}) and then compute y, .y, ... ¥,

sequentially or in parallel;
n

e Return f(x’) = ijl Y, — (n—1)f(x)
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Example 5.1. Take the following pairs of corresponding values of function
z=—1® =%, ((z;,9;), 2;;), as example data:

x;: -20, -18, -16, -, -2, 0, 2, -, 16, 18, 20.

y;: -20, -18, -16, -+, -2, 0, 2, -, 16, 18, 20.

2t —z? — yj2

and take the following data points, (z,y), as query data:

z: -20, -20, 20, -19.5, -17.8, -18, -15.3, -12, -10.2, -10, -10, 0, 0, 10, 10, 5.6, 4.7,
3.4, -1.8, -2.3, -3.6, 1.2, -5.4, -15.6, -20, -20, -20, -18.3, 18.4, 17.5, 16.2, 14.5,
11.1, -5.4, -12.1, -8.5, -13.9, -7.5, -7.8, -9.8, -12.4, -13.5, -14.6, -17.5, -17.8.

y: -20, 20, -20, -19.5, -17.8, -5, -15.5, 2.5, -10.2, 10, -20, 0, -20, -20, -10, -15.3,
3.8, -13.4, -2.8, -1.9, -5.6, -10.2, -6.5, 5.6, 0, -10, 10, 10.4, -18.1, -16.3, -14.4,
-12.3, -6.3, -15.8, -8.2, -15.6, 0.9, 1.6, 3.2, 4.6, 6.6, 2.8, -0.9, 18.6, 13.2.

Using the above learning algorithm, the corresponding z-values obtained are as
follows:

The effect drawing is shown in Fig. 5 [Figure 5: see original paper].1.
Fig. 5.1. An effect drawing of learning using ADB interpolation

Where the grid curve is the graph formed by example data from function z =
—22 — 92, and the red circles indicate the points obtained by learning using
ADB interpolation.

Example 5.2. Fig. 5.2 below shows an effect drawing of learning using ADB
interpolation. The example data are taken from the peaks function in MATLAB,
and the query data is also designed according to this function. Limited by space,
these data are omitted.

Fig. 5.2. An illustration of the effect of learning using ADB interpolation

Where the left is the functional graph formed by example data and the right is
the functional graph obtained by learning using ADB interpolation.

As can be seen from the above, this instance-based learning using ADB inter-
polation has the following characteristics:

o The learning method takes data points (x;) of training examples (x;, f(x;))
as centers to set approximation regions and compute approximation-
degrees.

e ADB interpolation is a local interpolation; the training examples
involved in interpolation are related to the position of the currently
queried data point x’ relative to its nearest data point x;, and the
number of which is related to the dimension of the vector x. An
n-dimensional x only involves 1 4+ n training examples ((x, f(x;)) and
(%1, f(x1)), (Xq, f(X3)), v, (X,,, F(x,,))). But since the point x’ is only
approximate to the point x;, the corresponding Ye, (j =1,2,...,n) are

chinarxiv.org/items/chinaxiv-202108.00103 Machine Translation


https://chinarxiv.org/items/chinaxiv-202108.00103

ChinaRxiv [$X]

most affected by the example (x,, f(x;)), and the final synthesized value
f(x’) is also most affected by (X, f(x1))-

o If distributed storage and parallel processing (including parallel lookup
and parallel computation) are used, the time complexity of the correspond-
ing algorithm is independent of the dimension of vector x, and its efficiency
is almost equal to that of one-dimensional interpolation at all times.

e The interpolation formulas (including sum-times-difference formula) are
derived entirely by mathematical methods, so they have a definite math-
ematical basis.

e The sum-times-difference formula is actually a linear combination of co-
ordinate components of an interpolation point, and the denominators of
the coefficients before each coordinate component are separately the differ-
ence between the coordinate component and the corresponding coordinate
component of the corresponding base point, that is, the distance between
the two, so these coefficients happen to also have a function of weight
values. Thus, viewed from the form, the sum-times-difference formula
is a linear weighted regression formula. That is to say, the sum-times-
difference formula here coincides with the traditional local weighted linear
regression model. However, in local weighted linear regression, these co-
efficients are determined by searching, while in our ADB interpolation,
these coefficients are determined by looking up. The former is guided and
constrained by error function (e.g., £ = erxlcx(f(x) — f(x))?), and
the latter by approximation-degree function (e.g., E'= > A, (z)). In the

sense of approximation-degree, the approximate value f (x’) of the func-
tion obtained from the sum-times-difference formula is always the most
accurate. R

o The accuracy of the returned approximate value f(x’) of a function is
positively related to the approximation-degree of x’ to x.

e Comparing learning using ADB interpolation with deep learning, deep
learning approximates the objective function with the strategy of deepen-
ing vertically [9], yet learning using ADB interpolation can approximate
the objective function with the strategy of increasing density horizontally.
So, learning using ADB interpolation and deep learning can complement
each other, and can even have an effect of “different approaches but equal
results” in the case of sufficient samples.

(2) A Learning Algorithm for Classification Problems

o Put samples in sample set X = {(x,, f(x;,))}, (x = (21, Zq, ..., T,), f(X)
is a class label) into a corresponding data structure S in centralized or
distributed manner;

o For the currently queried x" = (2,5, ..., ), according to its coordinate

components z7, x5, ..., x,,, look up in S sequentially or in parallel to deter-
mine a x;, (k € {1,2,...,m}) to which the approximation-degree of x’ is
highest;
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« If such a x,, is found, return f(x') = f(x;);
o Else exit.

Example 5.3. Suppose that the data points of training examples of a classifi-
cation problem are shown as the black circles in Fig. 5.2, and the small boxes
surrounding them are their respective strict approximation regions; and the
white circles represent data points to be classified. Using the learning algorithm
that uses ADB interpolation to classify these data points, the classifying results
are shown in the figure. As you can see, two queried data points are respectively
classified to two classes to which the corresponding training example data points
belong, because they are located respectively in the strict approximation regions
of the corresponding data points, while the two queried data points outside the
small boxes are not classified.

Fig. 5.3. An illustration of applying learning using ADDB interpolation to clas-
sification

It can be seen that for classification problems, learning using ADB interpolation
has the following advantages:

e Although similar to the traditional 1-NN algorithm, the approximation
regions in the algorithm are aimed at the data points of training examples,
and which are strict approximation regions of square shape.

e Since the approximation and approximation regions involved in the al-
gorithm are strict approximation and strict approximation regions, for
classification problems, learning using ADB interpolation avoids, from
the source, the problem in traditional instance-based learning (e.g., k-NN
algorithm) that some datum objects with similar partial attributes are
classified into a class.

o The classifying result of learning using ADB interpolation is unique, and
there is no phenomenon like in the k-NN algorithm where the classifying
result may change with the change of k¥* s value.

6 Summary

In this paper, starting from the problem of finding approximate values of func-
tions, we introduced the measure of approximation-degree between numerical
values, proposed the concepts of “strict approximation”and “strict approximation
region,” then derived the corresponding one-dimensional interpolation methods
and formulas, and presented a calculation model called the “sum-times-difference
formula” for high-dimensional interpolation, thus developing a new interpola-
tion approach—approximation-degree-based interpolation, i.e., ADB interpola-
tion. ADB interpolation was applied to the interpolation of actual functions
with satisfactory results. Viewed from principles and examples, the approach
features novel ideas and has the advantages of simple calculations (they are all
arithmetic), stable accuracy (benefiting from local interpolation and that the
approximation-degrees are always not less than 0.5); especially, the approach
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facilitates parallel processing, is very suitable for high-dimensional interpolation,
and is easy to extend to the interpolation of vector-valued functions.

Applying ADB interpolation to instance-based learning, we obtained a new
instance-based learning method—learning using ADB interpolation, and we also
gave several examples of the learning. Viewed from principles and examples, the
learning method features unique techniques (e.g., taking data points of training
examples as centers to set approximation regions that are also strict approxi-
mation regions and compute approximation-degrees). Besides the advantages
of ADB interpolation, the learning method also has the advantages of defi-
nite mathematical basis, implicit distance weights, avoidance of misclassifica-
tion (guaranteed by strict approximation), high efficiency (benefiting from dis-
tributed storage and parallel processing), and wide range of applications (which
can be applied to regression or classification problems, and can be used for large
sample learning or small sample even single sample learning), as well as being
interpretable. In principle, this method is a kind of learning by analogy, which
and deep learning that belongs to inductive learning can complement each other,
and for some problems, the two can even have an effect of “different approaches
but equal results” in big data and cloud computing environments. Thus, learn-
ing using ADB interpolation can also be regarded as a kind of “wide learning”
that is dual to deep learning.
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