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Abstract
This paper proposes replacing the fast Fourier transform method with deep
neural networks for solving the potential energy in the PM-Tree method for
collisionless gravitational N-body numerical simulations, to enhance the effi-
ciency of the PM-Tree method and verify the feasibility of accelerating collision-
less gravitational N-body numerical simulations via deep learning approaches.
Collisionless gravitational N-body numerical simulations hold significant impor-
tance for studying the formation and evolution of galaxies, dark matter halos,
and large-scale cosmic structures. However, traditional methods for collisionless
gravitational N-body numerical simulations are computationally prohibitive for
large-scale problems, with the primary computational bottleneck of the com-
monly used PM-Tree method being the solution for potential energy (solving
the Poisson equation). This paper proposes employing deep neural networks to
replace traditional methods for accelerating the solution of the Poisson equation.
Following extensive architectural adjustments, training, and testing of deep neu-
ral network model structures, an overall Encoder-Decoder architecture supple-
mented with local residual network structures was ultimately adopted. The
computational time complexity of solving the Poisson equation with deep neu-
ral networks was verified to be ; when tested on the same data, it demonstrates
superior speed compared to solutions using the fast Fourier transform method
and the finite difference method; under the same sampling rate, it achieves
higher accuracy than the fast Fourier transform method; and it exhibits scal-
ability. Therefore, in collisionless gravitational N-body numerical simulations,
the employment of deep neural networks can enhance the speed of solving po-
tential energy in the PM-Tree method, thereby effectively improving the overall
simulation speed.
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Abstract

This paper proposes replacing the Fast Fourier Transform method with a deep
neural network to solve the potential energy in the PM-Tree method for col-
lisionless gravitational N-body numerical simulations, thereby improving the
efficiency of the PM-Tree method and verifying the feasibility of using deep
learning to accelerate collisionless gravitational N-body simulations. Collision-
less gravitational N-body numerical simulations are crucial for studying the
formation and evolution of galaxies, dark matter halos, and large-scale cosmic
structures. Traditional methods for such simulations are computationally expen-
sive for large-scale problems, with the PM-Tree method’s primary bottleneck
being the potential energy calculation (solving the Poisson equation). We pro-
pose using deep neural networks to accelerate Poisson equation solving, and after
extensive adjustments, training, and testing of various deep neural network ar-
chitectures, we ultimately selected an Encoder-Decoder structure supplemented
with residual network local structures. We verify that the deep neural network
achieves 𝑂(𝑁) computational time complexity for solving the Poisson equa-
tion. Tested on identical data, it is faster than both Fast Fourier Transform
and finite difference methods; at equivalent sampling rates, it achieves better
accuracy than the Fast Fourier Transform method; and it demonstrates scalabil-
ity. Therefore, in collisionless gravitational N-body numerical simulations, deep
neural networks can accelerate the potential energy solving step in the PM-Tree
method, effectively improving overall simulation speed.

Keywords: Poisson equation; gravitational N-body numerical simulation; deep
neural network

Gravitational N-body simulation is one of the primary methods for studying
the formation and evolution of astronomical systems such as galaxies, dark mat-
ter halos, and large-scale cosmic structures. Since gravity is a long-range force,
for gravitational systems at galactic or larger scales with numerous particles,
the motion of member stars (or dark matter particles) can be treated as occur-
ring under a collective gravitational potential without considering interactions
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between individual stars (or dark matter particles)—the so-called “collisions.”
This concept defines collisionless gravitational systems and represents a mean-
field approximation. For time-evolution N-body numerical simulations of such
systems, we can neglect pairwise gravitational interactions between “N-body”
particles and instead only need to compute the common gravitational field (i.e.,
solve the Poisson equation) and its effect on individual particles—this is colli-
sionless gravitational N-body numerical simulation [?]. In recent applications
(Gadget-3, Gadget-4), the PM-Tree method is one of the main approaches for
collisionless gravitational N-body simulations, and the most time-consuming
step in this method is solving for the potential energy (solving the Poisson
equation) [?]. Consequently, the speed of solving the Poisson equation is a ma-
jor factor affecting the computational cost of collisionless gravitational N-body
simulations.

In specific gravitational N-body simulations, the number of“N-body”particles
𝑁 does not necessarily correspond to the actual number of stars or dark mat-
ter particles; rather, 𝑁 is determined by simulation accuracy requirements and
computational capacity. Traditional collisionless gravitational N-body numeri-
cal simulation methods are currently suitable for simulating cosmic systems with
particle numbers ranging from 106 to 1013 [?]. Simulating larger-scale cosmic
systems requires faster methods. Deep neural networks have proven effective
for solving various equations and offer high speed, so we propose using deep
neural networks to replace the Fast Fourier Transform method for calculating
the time-consuming potential energy solving step (solving the Poisson equation)
in the traditional PM-Tree method. For a system with 1013 particles, the deep
neural network approach could theoretically be approximately 40 times faster
for a single potential energy solve, and the cumulative acceleration becomes
substantial when iterated throughout the simulation. We demonstrate the ef-
fectiveness of deep neural networks for accelerating Poisson equation solving
from multiple perspectives, laying the groundwork for future research on ac-
celerating collisionless gravitational N-body numerical simulations. Moreover,
due to the scalability of deep neural networks, our proposed model can also be
applied to other physical problems requiring Poisson equation solutions.

Gravitational N-Body Numerical Simulation Methods

First, the Particle-to-Particle (PP) method directly calculates Newtonian gravi-
tational forces between particles with computational time complexity of 𝑂(𝑁2)
[?]. Second, when the system contains many particles, Tree codes developed
since the 1980s can accelerate simulations [?, ?]. Tree codes use recursive subtree
calculations to eliminate redundant computations, reducing the computational
time complexity of gravitational N-body simulations to 𝑂(𝑁 log 𝑁), with appli-
cations including GASOLINE [?] and iVINE [?]. Third, the Particle Mesh (PM)
method: particle position information is first converted to uniform grid density
information using the Cloud-In-Cell (CIC) method, then the Poisson equation
based on these grids is solved using the Fast Fourier Transform (FFT) method.
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This method has computational time complexity of 𝑂(𝑁 log 𝑁), where 𝑁 repre-
sents the number of grid cells [?]. Fourth, to improve the accuracy of simulated
particles within PM method grids, Tree codes are used within grids to calculate
inter-particle interactions, known as the PM-Tree method [?]. Since Tree codes
run in parallel with each small step of the PM method, and each Tree code
computation takes less than or equal to half the time of a PM method substep
[?], the PM-Tree method’s computational time complexity is also 𝑂(𝑁 log 𝑁).
The PM-Tree method is currently one of the main methods for collisionless grav-
itational N-body simulations, with applications such as Gadget-2 [?]. Finally,
recent N-body programs (like Gadget-3, Gadget-4) [?] have also implemented
the Fast Multipole Method (FMM) [?], which can reduce computational time
complexity to 𝑂(𝑁) and outperform Tree methods at the same accuracy, though
FMM algorithms are more complex, particularly challenging to implement with
dynamic time steps, special boundary conditions, and efficient parallelization.

Traditional gravitational N-body numerical simulation methods are too slow
for ultra-large-scale particle numbers, necessitating faster approaches. Deep
neural networks have achieved remarkable results in many fields [?, ?] and are
frequently used for solving equations [?, ?]. Lagaris et al. demonstrated that
neural networks can solve ordinary and partial differential equations [?]. Gravi-
tational N-body numerical simulation problems involve massive computational
requirements for high-dimensional data, while convolutional neural networks
excel at extracting multi-scale features from high-dimensional inputs [?, ?], ef-
fectively addressing the curse of dimensionality in numerical PDE solutions [?].
Therefore, we propose using deep convolutional neural networks to replace the
Fast Fourier Transform method for faster potential energy solving (solving the
Poisson equation) in the PM-Tree method for collisionless gravitational N-body
numerical simulations.

1 Related Work
In recent years, several methods using deep neural networks to solve partial
differential equations have emerged. The Jeans equation, defined by velocity
moments of the collisionless Boltzmann equation, has the same form as the (in-
viscid) Navier-Stokes equations in fluid dynamics, so research conclusions from
solving Navier-Stokes equations in fluid dynamics also apply to gravitational
N-body numerical simulations [?]. The steady flow approximation is a Navier-
Stokes fluid problem that is difficult to compute and very time-consuming as
an iterative process; Guo implemented fast and accurate fitting using convolu-
tional neural networks [?]. Zhu et al. used convolutional neural networks for
random porous media flow problems, achieving excellent results with very little
data, outperforming Monte Carlo methods [?]. Saakaar et al. demonstrated the
effectiveness of convolutional neural networks for flow field prediction problems,
with speeds faster than Reynolds Averaged Navier-Stokes methods [?]. Khoo et
al. proved that neural networks can concisely solve partial differential equation
problems with uncertainties [?]. Adler et al. showed that using deep neural net-
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works for iterative solving of ill-posed inverse problems yields significant speed
improvements [?].

However, these deep neural network methods for solving partial differential equa-
tions parameterize the solution operator indirectly and lack robustness regard-
ing mesh size. For gravitational N-body numerical simulations, which involve
continuous iteration, simpler and more efficient solution methods are needed.
Recently, some methods for directly solving partial differential equations for
specific problems have emerged. Wei Tang et al. achieved excellent results solv-
ing two-dimensional Poisson equations in image form in the electromagnetic
domain [?]. Weinan et al. proposed the Deep Ritz method, using deep neural
networks to find solutions in the Ritz method for solving partial differential
equations, proving that deep neural networks outperform finite difference meth-
ods [?]. Kaushik et al. demonstrated the effectiveness and convergence of using
deep neural network parameterization to solve elliptic partial differential equa-
tion problems in infinite-dimensional spaces [?]. Smith et al. created EikoNet,
proving that deep neural network methods can stably solve Eikonal equations
with significant computational speed advantages and broad applicability [?].

2 Our Work and Contributions
Combining current deep learning characteristics—high speed, effective solution
of high-dimensional problems, and ability to solve partial differential equations
—we propose using deep neural networks to replace the Fast Fourier Transform
method for solving potential energy (solving the Poisson equation) in the PM-
Tree method for collisionless gravitational N-body numerical simulations. This
approach could theoretically complete large-scale collisionless gravitational N-
body numerical simulations faster and offers good scalability and ease of im-
plementation. Our deep neural network model and corresponding training and
testing code are open-sourced on GitHub at: https://github.com/hi76/Poisson-
slover-based-on-Encoder-Decoder-Neural-Network.

The earliest direct solution methods for N-body numerical simulations were
extremely time-consuming. The mean-field approximation transformed the in-
tractable N-body problem into an approximate statistical problem that was
easier to solve but still slow. Later optimization methods emerged, such as the
PM method, PM-Tree method, and FMM method. Among these, the PM-Tree
method offers advantages in speed and accuracy compared to most other N-
body numerical simulation methods, making it one of the current mainstream
approaches. The primary time-consuming step in the PM-Tree method is solv-
ing for potential energy (solving the Poisson equation). We propose using a deep
neural network model to replace the Fast Fourier Transform method for accel-
erating potential energy solving in the PM-Tree method, thereby verifying the
feasibility of deep learning methods for accelerating collisionless gravitational
N-body numerical simulations.
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3.1 N-Body Numerical Simulation

In physics and astronomy, dynamical simulation of a system composed of par-
ticles under certain physical forces is called N-body simulation. Gravitational
N-body simulation primarily seeks numerical solutions to the equations of grav-
itational interaction among N particles. It is a common tool in astrophysics,
applied to systems ranging from few-body systems to cosmic large-scale struc-
tures, such as the Earth-Moon-Sun system to the Milky Way. The equation for
gravitational interaction among N particles is [?]:

̈r𝑖 = −𝐺
𝑁

∑
𝑗=1,𝑗≠𝑖

𝑚𝑗(r𝑖 − r𝑗)
|r𝑖 − r𝑗|3

An N-particle gravitational interaction system defines a 6𝑁 + 1-dimensional
phase space, where at each moment each particle is determined by 𝑁 position
and velocity vectors. The solution to this equation is a trajectory in phase
space. Direct solution is extremely time-consuming, requiring simplified numer-
ical methods.

3.2 Mean-Field Method

The mean-field method is an early approach to N-body numerical sim-
ulation. When using statistical methods to describe gravitational N-
body problems, the system is described by the 𝑁 -particle distribution
function 𝑓 (𝑁)(x1, v1; … ; x𝑁 , v𝑁 ; 𝑡), which contains complete informa-
tion about the particles. When particle correlations are neglected, i.e.,
𝑓 (𝑁)(x1, v1; … ; x𝑁 , v𝑁 ; 𝑡) = ∏𝑁

𝑖=1 𝑓(x𝑖, v𝑖, 𝑡), this is the mean-field approxima-
tion—the collisionless N-body system. In the mean-field approximation, the
force on a particle depends on the distribution function rather than pairwise
gravitational interactions. We can use the single-particle distribution function
𝑓(x, v, 𝑡) to construct the system’s mean-field description, where 𝑓(x, v, 𝑡)𝑑x𝑑v
represents the probability of finding a particle in a 6-dimensional phase space
volume 𝑑x𝑑v at position x with velocity v. The evolution of this distribution
function is described by the collisionless Boltzmann equation [?]:

𝜕𝑓
𝜕𝑡 + v ⋅ ∇x𝑓 − ∇xΦ ⋅ ∇v𝑓 = 0

The total potential energy is the sum of external and internal potentials:

Φ(x, 𝑡) = Φ𝑒𝑥𝑡(x, 𝑡) + Φ𝑖𝑛𝑡(x, 𝑡)

where 𝐺 = 6.670 × 10−11 is the gravitational constant and Φ𝑒𝑥𝑡 is the external
potential. This internal potential is the common self-gravitational potential
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formed by all N-body particles’gravitational energy, obtained by solving the
Poisson equation based on all particles’density distribution 𝜌(x, 𝑡):

∇2Φ𝑖𝑛𝑡(x, 𝑡) = 4𝜋𝐺𝜌(x, 𝑡)

where 𝜌(x, 𝑡) = ∫ 𝑓(x, v, 𝑡)𝑑v is the density distribution corresponding to the
distribution function. The mean-field method transforms the intractable N-
body problem into an approximate statistical problem that is easier to solve,
though its direct computation remains time-consuming, leading to subsequent
optimization methods like the PM method [?].

3.3 PM-Tree Method

The PM-Tree method is another N-body numerical simulation approach that
adds Tree codes within PM method grids for finer simulation. Due to its rela-
tively high speed and accuracy, it is commonly used in recent N-body numerical
simulation applications [?]. The basic steps in each time step (depending on the
simulation time interval and accuracy requirements) can be summarized as [?]:

1. First, identify the grids where Tree codes are applied and their particles;
all other particles are simulated only by the PM method.

2. Run half of the PM method steps.
3. Calculate the external total potential energy for each Tree code application

grid—the sum of potentials from other grids.
4. Apply Tree codes to these grids simultaneously and add the results to the

running PM method steps.
5. Calculate the potential energy in the PM method and the corresponding

acceleration for each particle.
6. Integrate each Tree into the final steps of the PM method.
7. Update particle velocity and position information, then loop back to step

(1).

Since Tree codes run in parallel with PM method steps in the PM-Tree method,
and each Tree code computation takes no more than half the time of a PM
method substep [?], the PM-Tree method’s time consumption is primarily de-
termined by the PM method steps. In the PM method, solving for potential
energy is the main computational bottleneck, requiring solution of the Pois-
son equation. Therefore, the key to accelerating the PM-Tree method lies in
accelerating Poisson equation solving. The Fast Fourier Transform method is
commonly used to solve Poisson equations in PM-Tree method applications [?].
This paper proposes using deep neural networks to replace the Fast Fourier
Transform method for solving all Poisson equations in the PM-Tree method,
thereby accelerating the PM-Tree method and N-body numerical simulations.
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3.4 Numerical Solution of Poisson Equation

Traditional methods for solving Poisson equations include finite element, finite
difference, finite volume, and Fast Fourier Transform methods. Numerical solu-
tion using computers first requires converting the Poisson equation into algebraic
equations—difference equations.

The two-dimensional Poisson equation’s difference equation representation is:

𝜙𝑖+1,𝑗 + 𝜙𝑖−1,𝑗 + 𝜙𝑖,𝑗+1 + 𝜙𝑖,𝑗−1 − 4𝜙𝑖,𝑗 = 𝜌𝑖,𝑗

The left side is essentially a convolution of 𝜙 with a second-order difference op-
erator 𝐷. In computer operations, formula (5) can be simplified as generating
a simulated potential distribution matrix 𝜙 and a second-order difference oper-
ator 𝐷. The finite difference method solves the Poisson equation by expanding
formula (5) into a solvable linear system and solving it with various iterative
methods, with computational time complexity of 𝑂(𝑁2) [?].

The Fast Fourier Transform (FFT) method uses Fourier transforms to convert
convolution in the real domain to multiplication in the complex domain, trans-
forming formula (6) into an easily solvable equation in the complex domain.
After solving, an inverse Fourier transform yields the numerical solution of the
Poisson equation [?]. The FFT method has computational time complexity
of 𝑂(𝑁 log 𝑁) and, due to its speed, is the primary method for solving Pois-
son equations in recent gravitational N-body simulation applications (Gadget-3,
Gadget-4, etc.) [?].

The three-dimensional Poisson equation’s second-order difference operator dif-
fers from the two-dimensional case, with larger computational requirements.
Our goal is to train a deep neural network to achieve 𝑂(𝑁) computational time
complexity for solving the deconvolution process in formula (6), thereby veri-
fying the feasibility of replacing the Fast Fourier Transform method with deep
neural networks for solving Poisson equations and accelerating collisionless grav-
itational N-body simulations. Since our focus is verifying whether deep neural
networks can solve the deconvolution process in formula (6), we can validate
this using the less computationally intensive two-dimensional Poisson equation.

Current N-body numerical simulations primarily handle particle numbers be-
tween 106 and 1013. With increasing computational power, the simulatable
particle number scale grows at approximately double the rate annually, fol-
lowing Moore’s Law. In collisionless gravitational N-body numerical simula-
tions, the main factor affecting simulation speed is the Poisson equation solving
speed. The commonly used FFT method has computational time complexity of
𝑂(𝑁 log 𝑁). For a particle number scale of 1013, each Poisson equation solve
could theoretically be about 40 times faster with our deep neural network model,
which has computational time complexity of 𝑂(𝑁) [?]. In the PM-Tree method,
the Poisson equation solving step is executed many times in loops, so the cumu-
lative acceleration from an 𝑂(𝑁) method for collisionless gravitational N-body
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numerical simulations will be substantial. Moreover, as simulated particle num-
ber scales continue to increase in the future, the time savings from an 𝑂(𝑁)
method will become even more pronounced.

3.5 Deep Neural Network Model

Deep neural networks possess strong high-dimensional feature extraction
capabilities. Internally, they operate in a very high-dimensional feature
space, making complex deep neural network models robust to input data that
doesn’t change too drastically. The transition from two-dimensional to three-
dimensional data is not a huge change relative to the very high-dimensional
internal feature space of deep neural networks. Even when data complexity
changes significantly, as long as the feature principles remain unchanged,
deep neural networks can correspondingly increase model complexity while
maintaining effectiveness [?, ?]. Therefore, our main goal is to verify that deep
neural networks can implement the deconvolution process in formula (6).

We experimented with dozens of network structures for fast Poisson equation
solving and ultimately identified the best-performing architecture. Since end-to-
end neural network structures for semantic translation commonly use Encoder-
Decoder architectures [?], which share similarities with the 𝜙 → 𝜌 → 𝜙 transfor-
mation in formula (4), we adopted this overall architecture. Network building
blocks borrow from ResNet [?] structures: one type adds a convolutional layer’
s input to its output (residual convolution), while another adds a transposed
convolutional layer’s input to its output (residual deconvolution). To ensure
the input simulated distribution map 𝜌 and output predicted potential map 𝜙
have the same size, we used a fully symmetric network structure: the first half
applies one convolution and one residual convolution three times consecutively,
then performs channel-preserving convolution and deconvolution to extract high-
dimensional features. The latter half applies one residual deconvolution and
one convolution three times consecutively to express high-dimensional features
as the required potential distribution, as shown in [Figure 1: see original paper].
All convolutional or transposed convolutional layers have kernel size 3, stride 1,
and padding 1. Activation functions use ReLU functions wrapped in a linear
function.

Our training objective is to minimize the mean squared error between predicted
values and true potential values:

𝐿𝑀𝑆𝐸 = 1
𝑁

𝑁
∑
𝑖=1

(𝜙𝑝𝑟𝑒𝑑,𝑖 − 𝜙𝑡𝑟𝑢𝑒,𝑖)2

We use maximum absolute difference to evaluate error:

𝐿𝑚𝑎𝑥 = max |𝜙𝑝𝑟𝑒𝑑 − 𝜙𝑡𝑟𝑢𝑒|
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The computational time complexity of convolutional neural network models is
[?]:

𝑂(
𝑑

∑
𝑙=1

𝑛𝑙−1 ⋅ 𝑠2
𝑙 ⋅ 𝑛𝑙 ⋅ 𝑚2

𝑙 )

where 𝑙 is the convolutional layer index, 𝑑 is network depth, 𝑠𝑙 is kernel size, 𝑚𝑙
is output feature map size, and 𝑛𝑙 is the number of kernels in layer 𝑙. Since 𝑚𝑙
equals the output feature map size of the last layer 𝑚𝑑, and the neural network
model’s intermediate parameters are fixed, the computational time complex-
ity of this paper’s neural network model is 𝑂(𝑁). Our experiments further
demonstrate that the neural network model is a linear complexity function.

4 Training the Model
Our objective is to use deep neural networks to replace the Fast Fourier Trans-
form method for solving potential energy (solving the Poisson equation) in the
PM-Tree method, verifying the feasibility of deep learning for accelerating colli-
sionless gravitational N-body numerical simulations. The key task is verifying
whether deep neural networks can implement the deconvolution process in for-
mula (6), requiring training a deep neural network model to serve as a Poisson
equation solver. We use randomly generated matrices to simulate the potential
energy 𝜙 that needs to be predicted after gridding, which is the numerical solu-
tion of the Poisson equation. We obtain the simulated input distribution 𝜌 by
applying second-order differencing to the generated images. We build a deep
neural network model that uses multiple convolutional layers to extract features
and multiple transposed convolutional layers to express features and output pre-
dicted potential energy. We generate millions of data images and train the deep
neural network model using mean squared error. Finally, we test the trained
model for accuracy, evaluate it on simple isochrone potential problems, compare
its accuracy with the Fast Fourier Transform method, compare its computation
time with both Fast Fourier Transform and finite difference methods, and test
it with various gridding methods.

4.1 Dataset

The true values consist of randomly generated 64 × 64 grids. We assume the
solution region is sampled as a 64 × 64 matrix, with the surrounding 一圈值设置
为 0 as Dirichlet boundary conditions. Dirichlet boundary conditions are used
because in gravitational N-body numerical simulations, the large region around
the matter clump of interest is typically vacuum and can be approximated as
zero. To prevent network training from being overly influenced by the random
function itself (which produces almost all irregular jump values with few smooth
or identical cases), we also artificially added special patterns for data augmen-
tation: Gaussian smoothing of central regions, setting central region values to
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0, and setting corner region values to 0.99. These images simulate solutions
to the Poisson equation—the potential energy distribution 𝜙—and serve as the
prediction target for the deep neural network model, as shown in [Figure 2: see
original paper]-[Figure 5: see original paper].

The distribution 𝜌 to be solved can be obtained from the simulated potential 𝜙
through formula (6), as shown in [Figure 6: see original paper]-[Figure 9: see
original paper]. These images serve as input to the deep neural network model.
Since the data is randomly generated, there is an unlimited supply of training
data. We generate one million pairs of data for each training session.

4.2 Training Parameters

We implement the deep neural network model in PyTorch. Each training session
uses one million pairs of data with batch size set to 64. The optimizer is Adam
[?], with learning rate adjusted from 10−3 to 10−5 as needed. Each dataset is
trained for 10 epochs. The GPU used is Tesla P100.

5 Results
5.1 Training Results

Training results are shown in [Figure 10: see original paper]-[Figure 13: see
original paper]. Inputting the simulated distribution function 𝜌 into the neural
network model yields predicted images that are compared with simulated po-
tential 𝜙 true-value images, and their differences are calculated. The relative
error between prediction and simulation 𝜙 can be seen to be at most 10−4, with
accuracy meeting Poisson equation solving objectives.

5.2 Test Results

Using 10,000 newly generated data pairs for testing, the distribution of maxi-
mum errors is shown in [Figure 14: see original paper], and the accuracy rates
at different maximum error precisions are statistically presented in .

The test results for 10,000 sets of data show that the deep neural network model’s
predicted images are visually almost indistinguishable from simulated potential
𝜙 true-value images, with basically matching image features.

5.3 Testing with Different Gridding Data

To verify model universality, we test the neural network model trained on 64×64
data on images with progressively increasing gridding sizes (128×128, 256×256,
512 × 512), as shown in [Figure 15: see original paper]-[Figure 16: see original
paper].

The maximum error trend flattens and does not increase linearly with gridding
size. The mean squared error plot more clearly shows that as gridding size
increases, the averaged squared error actually decreases, stabilizing when the

chinarxiv.org/items/chinaxiv-202106.00096 Machine Translation

https://chinarxiv.org/items/chinaxiv-202106.00096


gridding size is sufficiently large. Two examples at 128 × 128 and 512 × 512 are
illustrated in [Figure 17: see original paper]-[Figure 24: see original paper].

The results show that a network trained on 64 × 64 data remains universal
at larger scales. Comparative analysis across various scales reveals that the
increase in maximum error is due to larger-sized data containing more local
special patterns—these are the points with larger errors observed during test set
evaluation. Overall, however, models trained on small-size data can be applied
to large-size data, meaning model training time costs can be very low.

5.4 Isochrone Potential Problem Test

We apply the trained model to a real physical problem—the isochrone potential
problem. We directly generate isochrone potential problem inputs 𝜌 according
to formulas (11-12) and feed them into the trained deep neural network model
for testing, obtaining predictions that are compared with simulated 𝜙 values, as
shown in [Figure 25: see original paper]-[Figure 28: see original paper].

The deep neural network model performs well even on actual physical problems.
Using the same data for Fast Fourier Transform method solving for accuracy
comparison, as shown in [Figure 29: see original paper]-[Figure 30: see original
paper], we observe that at the same sampling rate, the deep neural network
model achieves higher accuracy than the Fast Fourier Transform method, meet-
ing accuracy requirements.

5.5 Computation Time Comparison with Fast Fourier Transform and
Finite Difference Methods

We generate data with progressively increasing gridding sizes and compare com-
putation times among the trained deep neural network model, Fast Fourier
Transform method, and finite difference method. Test results are shown in
[Figure 31: see original paper]-[Figure 32: see original paper].

The experimental results demonstrate that the deep neural network method for
solving Poisson equations becomes faster than both Fast Fourier Transform and
finite difference methods as data gridding size increases. This is due to two fac-
tors: first, deep neural networks can utilize GPUs for fast computation; more
importantly, the experimental results show that deep neural network computa-
tion time grows linearly, while Fast Fourier Transform grows at 𝑂(𝑁 log 𝑁) and
finite difference methods grow even faster at 𝑂(𝑁2). This conclusion corrob-
orates the theoretical analysis of convolutional neural network computational
time complexity presented earlier.

5.6 Overview of Failed Neural Network Model Structures

We describe some network structures that produced poor experimental results,
using the same data generation method as above. The first is a pure convo-
lutional network structure with channel numbers: 64-128-256-512-256-128-64.

chinarxiv.org/items/chinaxiv-202106.00096 Machine Translation

https://chinarxiv.org/items/chinaxiv-202106.00096


The mean squared error could only converge to around 0.001. Inserting nor-
malization layers after each convolutional layer in this structure worsened per-
formance, with mean squared error converging only to around 0.01. Adding
a building block that convolves input once, adds the output to the input as
the next layer’s input, then convolves back to the original dimension performed
worse than pure convolution, with mean squared error converging only to around
0.01. Adding two fully connected layers at the end of the pure convolutional
network not only dramatically increased parameters but only achieved mean
squared error around 0.001. Adding fully connected layers to both front and
back achieved mean squared error of 0.0005, but with large parameter counts and
slow training, still underperforming simple pure convolution. Changing stride
to 2 in two middle layers of the pure convolutional network to extract more con-
cise features, then using transposed convolution for upsampling in subsequent
layers, reduced mean squared error to 0.0005—better than pure convolution but
still not meeting accuracy requirements. A network structure with alternating
single convolution and single transposed convolution iterations only achieved
mean squared error of 0.001. Based on these experiments, we designed our fi-
nal deep neural network model structure by synthesizing the advantages and
disadvantages of various architectures.

5.7 Interesting Experimental Phenomenon

All our data uses Dirichlet boundary conditions. We experimented with what
happens without boundary conditions. Training the neural network model on
64 × 64 data without set boundaries produced training processes and accuracy
similar to the bounded case, with relative error precision reaching 10−4 at the
same gridding size. However, when applying this trained model to larger grid-
ding size data, an interesting phenomenon occurred: it could only predict within
a 64 × 64 range from the edges, with the central portion nearly zero, as shown
in [Figure 33: see original paper]-[Figure 40: see original paper].

Analyzing this phenomenon in conjunction with the model’s universality across
different gridding data suggests it may occur because the trained neural network
model performs local iterative operations while solving the Poisson equation
from boundaries inward.

5.8 Experimental Summary

Comprehensive experimental results demonstrate that: deep neural network
models can rapidly solve potential energy (Poisson equation) in the PM-Tree
method; their accuracy is no lower than the Fast Fourier Transform method;
their speed surpasses both Fast Fourier Transform and finite difference meth-
ods, with the advantage becoming more pronounced as particle number scale
increases in collisionless gravitational N-body numerical simulations; they are
applicable to larger gridding size data without retraining, showing scalability.
Therefore, deep learning methods are feasible for accelerating collisionless grav-
itational N-body numerical simulations.
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6 Conclusion
Building on research of neural networks solving various equations and several
collisionless gravitational N-body numerical simulation methods, we propose an
Encoder-Decoder deep neural network model supplemented with residual local
structures to solve potential energy (Poisson equation) in the PM-Tree method,
replacing the commonly used FFT solver. We verify that deep neural network
models can quickly solve Poisson equations; theoretically, deep neural networks
have 𝑂(𝑁) computational time complexity; we verify that deep neural network
computation time is lower than Fast Fourier Transform and finite difference
methods; we verify that at the same discretization sampling rate, deep neural
network accuracy is no lower than Fast Fourier Transform methods; we ver-
ify that deep neural networks have scalability, with models trained on small
gridding datasets applicable to large gridding datasets. Moreover, deep neural
network models can better utilize GPU computational resources for parallel pro-
cessing, with speed advantages becoming more evident at larger particle number
scales. Based on these verification results, we propose that using deep neural
networks to replace FFT methods for solving potential energy (Poisson equa-
tion) in the PM-Tree method can accelerate the primary time-consuming step
in PM-Tree, thereby accelerating collisionless gravitational N-body numerical
simulations and verifying the feasibility of deep learning in this domain. This
lays the foundation for future practical applications in large-scale collisionless
gravitational N-body numerical simulations.

7 Future Work and Outlook
Future work focuses on three aspects. First, extending Poisson equation solving
from two-dimensional to three-dimensional (simply by changing 2D convolutions
to 3D convolutions in the current neural network model). Second, adding itera-
tive solving processes to enable time-dependent simulations. Third, embedding
the model into actual PM-Tree methods for collisionless gravitational N-body
numerical simulations.

We thank Liu Dongming and Zhai Shuncheng for their suggestions during this
work, and Gu Jianyu for corrections to portions of the manuscript.
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