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Abstract

Quantum theory is currently the most important research field. Before process-
ing information in a quantum system, we must first understand how to measure
quantum system uncertainty. Von Neumann entropy is a classical method for
measuring uncertainty in quantum systems. However, due to the unique charac-
teristics of quantum systems, measuring uncertainty is very difficult, resulting
in low measurement efficiency of classical von Neumann entropy in some cases.
Based on classical von Neumann entropy and belief entropy, this paper pro-
poses a new entropy model to measure quantum system uncertainty, which can
fully utilize the eigenvalues and eigenvectors of the quantum system’ s density
matrix to quantify uncertainty. Numerical examples are used to demonstrate
that the proposed entropy is more efficient and reliable for measuring quantum
systems than classical von Neumann entropy. Experimental results show that
the proposed entropy can measure quantum system uncertainty more efficiently
and reliably than classical von Neumann entropy.
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Abstract Quantum theory represents one of the most important frontiers in
contemporary research. Before processing information in a quantum system, we
must first understand how to measure its uncertainty. Von Neumann entropy
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provides a classic method for quantifying quantum system uncertainty. How-
ever, due to the unique characteristics of quantum systems, measuring their un-
certainty is exceptionally challenging, and the classical von Neumann entropy’ s
measurement efficiency proves inadequate in certain scenarios. This paper pro-
poses a novel entropy model, grounded in classical von Neumann entropy and
belief entropy, to measure quantum system uncertainty. The proposed approach
fully utilizes both the eigenvalues and eigenvectors of the density matrix, thereby
providing a comprehensive assessment of quantum system uncertainty. Numeri-
cal examples demonstrate that the proposed entropy measure offers greater effi-
ciency and reliability than classical von Neumann entropy for quantum system
analysis. Experimental results confirm that the proposed method outperforms
classical von Neumann entropy in measuring quantum system uncertainty.
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1 Introduction

Human beings inhabit an uncertain world [?, ?, ?]. To address these uncer-
tainties, numerous models and methods have been proposed [?, ?, ?], including
quantum theory [?, ?, ?], complex networks, Dempster-Shafer evidence theory
[?], Information Volume [?, ?], information entropy [?, ?, ?], belief entropy
[?, 7], game theory [?, ?], and von Neumann entropy [?, ?, ?]. Deng and Jiang
[?] applied maximum uncertainty allocation to improve the Dempster-Shafer
belief structure. Jaunzemis et al. [?] employed judicial evidential reasoning to
gather evidence information for hypothesis resolution. Pedrycz and Bargiela [?]
utilized fuzzy membership functions to enhance the fuzzy modeling method for
fuzzy fractal dimension. Khan and Anwar [?] applied weighted evidence and the
Dempster-Shafer combination rule to improve time-domain data fusion for ob-
ject classification. Among these theories and models, belief entropy [?], known
as Deng entropy, extends information entropy and can evaluate uncertainties
more flexibly than traditional information entropy [?, ?].
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Leveraging its advantages in representing uncertainty, belief entropy has been
widely studied by scholars [?, ?]. Zhu et al. [?] proposed the maximum value
dimension and power law for the belief distribution of maximum belief entropy.
Gao and Deng [?] introduced the Pseudo-Pascal Triangle form for maximum
belief entropy. Liu et al. [?] applied generalized belief entropy to identify conflict
evidence.

Quantum systems represent complex and fascinating systems [?, ?]. Due to phe-
nomena such as quantum entanglement, they are more complicated than general
systems [?, ?]. In other words, quantum systems exhibit significant uncertainty
arising from characteristics like the principle of state superposition and the
uncertainty principle [?, ?]. The principle of state superposition entangles mul-
tiple quantum states, making the system’ s state unpredictable before collapse
[?, 7, ?]. Entropy theory also serves to measure quantum system uncertainty
[?, ?]. Zozor et al. [?] proposed general entropy-like uncertainty relations under
finite dimensions. Vladimir Majernik [?] expressed uncertainty relations using
a new entropic function. Von Neumann [?] introduced von Neumann entropy
for measuring quantum system uncertainty. Specifically, measuring uncertainty
via von Neumann entropy requires first determining the density matrix [?], then
calculating its eigenvalues and eigenvectors [?, 7, ?]. Based on these eigenvalues,
the von Neumann entropy can be determined [?, ?].

However, our research reveals that von Neumann entropy is less effective than
expected for certain quantum systems. We believe this limitation stems from
its reliance solely on density matrix eigenvalues, while eigenvectors also contain
internal information about the matrix that the von Neumann entropy calcu-
lation neglects. Furthermore, since quantum states involve complex numbers,
measuring quantum system uncertainty proves more difficult than measuring
uncertainty in general systems.

This paper proposes a new entropy measure for quantum system uncertainty,
based on von Neumann entropy and belief entropy. The proposed method fully
utilizes both eigenvalues and eigenvectors of the density matrix, thereby extract-
ing complete information from the density matrix representation and efficiently
evaluating quantum system uncertainty. When the cardinalities of all eigenvec-
tors equal 1, the proposed entropy degenerates to classical von Neumann en-
tropy. Numerical examples verify the efficiency and reliability of the proposed
entropy, demonstrating its superior performance and reliability compared to
classical von Neumann entropy for measuring quantum system uncertainty.

The remainder of this paper is structured as follows. Section 2 introduces prelim-
inary concepts. Section 3 presents the new entropy measure for quantum system
uncertainty. Section 4 illustrates the flexibility and accuracy of the proposed
measure. Section 5 concludes the paper.
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2 Preliminaries

Quantum systems are inherently uncertain [?, ?, ?]. To address these uncertain-
ties, numerous models and methods have been proposed [?, 7, ?].

2.1 Density Matrix

The density matrix, p, of a quantum system in a pure state |¢) is defined as
follows:

Definition 1 (Density Matrix of Pure State) [?]

p=10)(¢|

The density matrix, p, of a quantum system in a mixed state is defined as
follows:

Definition 2 (Density Matrix of Mixed State) [?]

p= ZP1|¢1><¢1|
where {P,, |¢,)} represents the state and probability of the system.

2.2 Von Neumann Entropy

Von Neumann entropy serves as a classic method for evaluating quantum system
uncertainty [?, 7] and has attracted considerable scholarly attention [?]. Given
a density matrix p, the von Neumann entropy is defined as:

Definition 3 (Von Neumann Entropy) [?]

S(p) = =Tr[plnp]
This can be expressed as:

S(p) = _Z)‘iln/\i

where 0-In0 =0 and A, i € {1,2,...,m} are the eigenvalues of p.

2.3 Belief Entropy

Given a mass function m under frame of discernment Y, belief entropy is defined
as:

Definition 4 (Belief Entropy) [?]
B Z m(C)log, m(C)

C| _
& 21C — 1
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where |C] is the cardinality of C.

3 A New Entropy Measure of Quantum System Uncertainty

The world is inherently uncertain [?, ?]|, which creates numerous challenges
[?, 7, ?]. Quantum systems are flexible, necessitating more effective models
[?, 7, ?]. While von Neumann entropy can effectively evaluate quantum system
uncertainty based on the density matrix, the density matrix itself is difficult to
predict, limiting von Neumann entropy’ s applicability. Belief entropy, however,
demonstrates high performance in indicating uncertainty.

According to the principle of quantum state superposition, a quantum system’ s
state comprises a superposition of orthogonal basis states with complex weights
[?,?, ?]. Complex numbers inherently possess high uncertainty, making classical
von Neumann entropy inadequate for correctly measuring uncertainty in some
quantum systems [?, ?]. To address these limitations, this paper proposes a
new entropy measure for quantum system uncertainty based on belief entropy.
The proposed method can efficiently measure both quantum systems that are
measurable by classical von Neumann entropy and those that are not. Since
belief entropy effectively measures uncertainty in unknown systems, this section
adapts its principles to propose a quantum system uncertainty measure.

Definition 5 (New Entropy Measure of Quantum System Uncertainty)
Given a density matrix p of a quantum system, the new entropy measure is
defined as:

A In

where \; are the eigenvalues of p, and |\;| represents the cardinality—the number
of orthogonal basis states composing the eigenvector corresponding to A;.

Example 1
Assume the density matrix p has an eigenvector [¢)) = «|10) + 5|01) with eigen-
value A;, consisting of two orthogonal basis states |10) and |01) as follows:

(). m= ()

Then |);| = 2.

Theorem 1

When all eigenvectors of a quantum system’ s density matrix consist of only
one orthogonal basis state, the proposed entropy degenerates to classical von
Neumann entropy.
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Proof
From Eq. (6), we have:

Dip) =30 S PA

— oAl — 1
3

Since all eigenvectors consist of only one orthogonal basis state, |A;| = 1 for all
i €{1,2,...,m}. Therefore:

D(p) = —Z /\211111)\11 = _Z)‘i InA;

i

Thus, the proposed entropy degenerates to classical von Neumann entropy.

For a quantum system with four eigenvalues A, Ay, A3, A\, and corresponding
eigenvectors o, ay, g, ay, the calculation process of the proposed entropy is
illustrated in Fig. 1 [Figure 1: see original paper].

4 Numerical Examples

Numerical examples were designed to verify the proposed entropy’ s advantages
over classical von Neumann entropy in measuring uncertainty across various
quantum systems.

Example 2
Consider a pure-state quantum system:

¥) = al10) + 5]01)

where |10) = (é) and [01) = (i’)

The corresponding density matrix is:

_ _ (aat af”

The eigenvalues and eigenvectors of p are shown in Table 1 .

Using Eq. (4) and Eq. (6), we obtain:

S(p):—Z)\iln)\i:()

A In A,
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The comparison between the proposed entropy and von Neumann entropy is
presented in Table 2 .

The von Neumann entropy of p is 0, suggesting zero uncertainty—a problematic
result. Although this quantum system is in a pure state, it is not completely
certain; for instance, the phase angle of the complex number « remains uncertain.
This demonstrates that classical von Neumann entropy may be inaccurate for
certain quantum systems. In contrast, the proposed entropy yields In3 > 0,
effectively measuring the system’ s uncertainty.

Example 3
Consider a mixed-state quantum system:

v) = v0.64|10) + v/0.36/01)

where |10) = (é) and [01) = (i’)

The density matrix is:

p=towl= (5" o5%)

The eigenvalues and eigenvectors are shown in Table 3 .

Using Eq. (4) and Eq. (6):
S(p) =—>_ A;InA; = —0.641n0.64 — 0.361n.0.36 = 0.6534
i

A In ),

The comparison is shown in Table 4 .

Both entropies equal 0.6534, demonstrating that the proposed entropy degener-
ates to classical von Neumann entropy in certain cases, highlighting its flexibil-

ity.
Example 4
Consider another pure-state quantum system:

[¥) = [10) + 8|01)

where |10) = (é) and [01) = (?)
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The density matrix is:

p=1otol = (5o 5

The eigenvalues and eigenvectors are shown in Table 5 .

Using Eq. (4) and Eq. (6):

S(p) :72&111&:0

A In )\,

i
The comparison appears in Table 6 .

When the quantum system p still contains significant unknowns and uncer-
tainties, classical von Neumann entropy incorrectly calculates zero uncertainty,
while the proposed entropy measures it as In3, again demonstrating superior
reliability.

Example 5
Given the density matrix:

025 0 0 0
[ o o025 0 0
P=1 0o 0 02 0

0 0 0 025

This quantum system is in a fully mixed state. The eigenvalues and eigenvectors
are shown in Table 7 .

Using Eq. (4) and Eq. (6):

S(p) = 72&111& = —4x%0.25In0.25 = 21In2

A In )\,

i
The comparison is presented in Table 8 .

In this special case of a completely mixed state where classical von Neumann
entropy reaches its maximum, the proposed entropy equals the classical value,
confirming its effectiveness even in extreme quantum scenarios.

Example 6
Consider a quantum state:

n) = cos(i)]ay) + sin()]az) = cos() —e)[by) + sin(y) — £)[by)
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where 1) ranges between 0 and 27.

Based on this form, Portesi and Plastino [?] proposed a generalized entropic
uncertainty measure:

1 —[cos® ¢+ sin®? ][cos2(1h — ) 4 sin®! (¢p — ¢)]

U, (A, B;n) =

The MU-like [?] expression is:

1—(1/c)?0-9

where £ =
q—1

, ¢ =max{|cose|,|sinel}

A comparison of the three models is shown in Fig. 2 [Figure 2: see original
paper].

In the figure, € varies from 0 to 27 on the x-axis, while the y-axis shows un-
certainty measurements from the three models (with ¢» = 7/2 for computa-
tional convenience). The proposed entropy exceeds Portesi and Plastino’ s
model, indicating higher efficiency in measuring quantum system uncertainty
as it captures more information. The Maassen and Uffink model produces insuf-
ficiently smooth curves with sharp points, suggesting limited universality. The
proposed entropy is both larger and smoother, demonstrating superior efficiency
and adaptability.

5 Conclusion

This paper proposes a novel entropy model for measuring quantum system un-
certainty, combining classical von Neumann entropy with belief entropy. The
proposed method fully exploits both eigenvalues and eigenvectors of the density
matrix to quantify quantum system uncertainty. When all eigenvector cardi-
nalities equal 1, the proposed entropy degenerates to classical von Neumann en-
tropy. Numerical examples prove the proposed entropy’ s superior efficiency and
reliability compared to classical von Neumann entropy. Experimental results
demonstrate that the proposed method measures quantum system uncertainty
more effectively and reliably than classical von Neumann entropy.
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