ChinaRxiv [$X]

AT translation - View original & related papers at
chinarxiv.org/items/chinaxiv-202011.00118

A Necessary and Sufficient Condition of Posi-
tive Definiteness for 4th Order Symmetric Ten-
sors Defined in Particle Physics

Authors: Song Yisheng, Qi Liqun, Song Yisheng
Date: 2024-09-04T00:00:00+00:00

Abstract

In this paper, we mainly discuss analytical expressions of positive definiteness for
a special 4th order 3-dimensional symmetric tensor defined by the constructed
model for a physical phenomenon. Firstly, an analytically necessary and suffi-
cient conditions of 4th order 2-dimensional symmetric tensors are given to test
its positive definiteness. Furthermore, by means of such a result, a necessary
and sufficient condition of positive definiteness is obtained for a special 4th or-
der 3-dimensional symmetric tensor. Such an analytical conditions can be used
for verifying the vacuum stability of general scalar potentials of two real singlet
scalar fields and the Higgs boson. The positive semi-definiteness conclusions are
presented too.

Full Text

Preamble

Boundedness from below conditions for a general scalar potential of
two real scalar fields and the Higgs boson
Yisheng Song'f, Liqun Qi3

1 School of Mathematical Sciences, Chongqing Normal University, Chongqing,
P.R. China, 401331; Email: yisheng.song@cqnu.edu.cn

2 Department of Mathematics, School of Science, Hangzhou Dianzi University,
Hangzhou 310018, P. R. China;

3 Department of Applied Mathematics, The Hong Kong Polytechnic University,
Hung Hom, Kowloon, Hong Kong; Email: maqilg@polyu.edu.hk

chinarxiv.org/items/chinaxiv-202011.00118 Machine Translation


https://chinarxiv.org/items/chinaxiv-202011.00118
https://chinarxiv.org/items/chinaxiv-202011.00118

ChinaRxiv [$X]

Abstract

The most general scalar potential of two real scalar fields and a Higgs boson is
a quartic homogeneous polynomial in three variables, which defines a 4th-order
3-dimensional symmetric tensor. Hence, the boundedness from below of such
a scalar potential involves the positive (semi-)definiteness of the corresponding
tensor. In this paper, we mainly discuss analytic expressions of positive (semi-
)definiteness for such a special tensor. First, an analytically necessary and
sufficient condition is given to test the positive (semi-)definiteness of a 4th-
order 2-dimensional symmetric tensor. Furthermore, by means of such a result,
the analytic necessary and sufficient conditions of the boundedness from below
are obtained for a general scalar potential of two real scalar fields and the Higgs
boson.

Keywords: scalar potentials; boundedness from below; 4th order tensors; pos-
itive definiteness; homogeneous polynomial; analytical expression.

Introduction

The boundedness from below of a scalar potential makes physical sense, which
simply implies that such a scalar potential is positive (or non-negative). The
polynomial degree of the potential is 4 when one keeps the scalar interactions
renormalizable [?, ?]. Then the condition for the potential of n real scalar fields
¢, (i=1,2,---,n) to be bounded from below in the strong sense is equivalent to

the requirement that V(¢) = Z?]k 11 Yijki 9991 > 0.

Let V' = (v;j3;). Then V is a 4th-order symmetric tensor, and hence, the above
requirement is the positive definiteness of the tensor V. Qi [?, ?] first used and
introduced the positive definiteness and copositivity of tensors. An mth-order
n-dimensional real tensor V = (v ) is said to be (i) positive semi-definite
if Va™ = Zz7zln:1 Vj igei, iy Ty ;> 0 for all z € R™ and an even
number m; (ii) positive definite if V™ > 0 for all z € R” {0} and an even
number m; (iii) copositive if V™ > 0 for all x > 0; (iv) strictly copositive if
Va™ >0 for all x > 0 and = # 0.

11090y,

Kannike [?, ?, 7] presented the vacuum stability conditions of general scalar
potentials of two real scalar fields ¢; and ¢, and the Higgs boson H, and stud-
ied the boundedness from below condition for scalar potential of the Standard
Model (for short, SM) Higgs H;, an inert doublet H, and a complex singlet S.
In fact, such two problems were solved by Kannike [?], where the first problem
involves the positive definiteness of the corresponding symmetric tensor and
the second problem requires the copositivity of the corresponding symmetric
tensor. Chauhan [?] gave an analytical vacuum stability condition of the left-
right symmetric model for successful symmetry breaking. Ivanov [?] presented
the stability conditions in multi-Higgs potentials. Bahl et al. [?] provided the an-
alytically sufficient conditions of the vacuum stability for the two-Higgs-doublet
potential with CP conservation, and showed a vacuum stability condition for the
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two-Higgs-doublet potential with CP violation depends on the Lagrange multi-
plier ¢. Recently, Song [?] established the boundedness from below conditions of
scalar potential for the two-Higgs-doublet with explicit CP conservation. Song
[?] obtained the boundedness from below conditions of scalar potential for a
general two-Higgs-doublet, which includes necessary conditions and sufficient
conditions. Also see Faro-Ivanov [?], Belanger-Kannike-Pukhov-Raidal [?, 7],
Ivanov-Képke-Miihlleitner [?] for more details. In Refs. [?, ?], one can con-
struct only one quadratic term and five quartic terms for the Higgs potential
with the help of three Higgs doublets with equal electroweak quantum num-
bers, which is a quartic polynomial with real coefficients defined on complex
field. Toorop-Bazzocchi-Merlo-Paris [?, ?] and Degee-Ivanov-Keus [?] turned
such a polynomial from complex field to real field. In fact, they were trying to
look for the analytical condition of such a polynomial to be positive.

Recently, Song-Qi [?] and Liu-Song [?] gave a different sufficient condition of
copositivity for 4th-order 3-dimensional symmetric tensors to find the bound-
edness from below conditions of scalar potential of the SM Higgs H,, an inert
doublet H, and a complex singlet S. Very recently, Qi-Song-Zhang [?] presented
a necessary and sufficient condition of copositivity for such a tensor given by
the above particle physical model. Song-Li [?] provided an analytically neces-
sary and sufficient condition of the boundedness from below for such a scalar
potential model.

In the past decades, many numerical algorithms were established to find some
H-(Z-)eigenvalues of a tensor [?, ?], and were applied to test the positive defi-
niteness of such an even order tensor by means of the sign of the smallest H-(Z-
)eigenvalue. On the other hand, some classes of tensors with special structure
may be determined directly their positive definiteness such as Hilbert tensor [?],
diagonal dominant tensor [?], B-tensor [?] and others. However, the practical
matters such as the vacuum stability of general scalar potentials of a few fields
require analytical expressions. The most general scalar potential of two real
scalar fields ¢, and ¢, and the Higgs doublet H (Kannike [?, 7, ?7]) is

V{1, o, [H|) = M| H|*+X prog| H 2o+ X081+ X310 03+ A 11 | H 2 91 P4+ X proo | H [P 93+ A 13601 63+ X0404

Clearly, such a quartic homogeneous polynomial defines a 4th-order 3-
dimensional symmetric tensor V' = (v5), With vi11; = Ayg, Vaoan = Agy,
U3z3z = Ams Vir12 = V1133 = V1233 = Ag20s V1122 = A22, V2233 = Ago2s Agi1, and
;i = 0 for the others. Hence, the boundedness from below of such a scalar
potential is equivalent to the positive (semi-)definiteness of such a tensor V.
So this requires an analytic condition of positive (semi-)definiteness.

For a 4th-order 2-dimensional symmetric tensor, the analytical condition of the
positive definiteness traced back to ones of Refs. Gadem-Li [?], Ku [?] and Jury-
Mansour [?]. Wang-Qi [?] improved their proof and conclusions. However, the
above result depends on the discriminant of such a polynomial. Recently, Guo
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[?] showed a new necessary and sufficient condition without the discriminant.
Very recently, Qi-Song-Zhang [?] gave a new necessary and sufficient condition
other than the above results. Hasan-Hasan [?] claimed that a necessary and suf-
ficient condition of positive definiteness was proved without the discriminant.
However, there is a problem in their argumentations. In 1998, Fu [?] pointed
out that Hasan-Hasan’s results are sufficient only. Song [?] gave several analyti-
cally sufficient conditions of the positive definiteness of 4th-order 3-dimensional
symmetric tensor. Until now, people have not found an analytic necessary and
sufficient condition of positive (semi-)definiteness for a 4th-order 3-dimensional
symmetric tensor.

In this paper, we mainly concentrate on the analytic expressions of positive
(semi-)definiteness for a special 4th-order tensor given by the scalar potential.
More precisely, by means of Qi-Song-Zhang’s result, we first show an analytic
necessary and sufficient condition of positive (semi-)definiteness of 4th-order
2-dimensional symmetric tensors. Secondly, with the help of this conclusion,
we discuss the analytic expressions of positive (semi-)definiteness of a 4th-order
3-dimensional symmetric tensor defined by the potential. Then these analytic
conditions are the necessary and sufficient conditions of the boundedness from
below for a scalar potential of two real scalar fields ¢; and ¢, and the Higgs
doublet H.

3 Non-negativeness of Quadratic and Quartic Polynomials

Let P,(t) be a quadratic polynomial, P,(t) = at? + bt + ¢, with @ > 0. Then
the following results should be well-known, which was shown hundreds of years
ago: (1) Py(t) > 0 for all t > 0 if and only if b > 0 and ¢ > 0, or b < 0 and
4ac —b% > 0. (2) Py(t) >0 for all t > 0 if and only if b > 0 and ¢ > 0, or b < 0
and 4ac — b% > 0.

Let P,(t) be a quartic polynomial, P,(t) = at* + bt3 + ct? + dt + e, where a > 0
and e > 0. Then the positivity (non-negativeness) of P,(t) were proved by Qi-
Song-Zhang [?], recently: (3) P,(t) > 0 for all ¢ € R if and only if e — dy/a <
4/ace+2ae and A > 0, |by/e| < ¢ < 6y/ae and |by/c > 6e+dv/a| < 4/ace—2ae,
where A = 4(12ae — 3bd + ¢?)3 — (T2ace + 9bed — 2¢3 — 27ad? — 27b%e)?. (4)
P,(t) > 0 for all ¢ € R if and only if A =0, b\/e = d\/a, e—d\/a < 4\/ace + 2ae
and |by/a| < ¢ < 6+/ae, or A > 0, |by/a] < ¢ < 6y/ae and |by/c > 6y/ae+d/a| <
4./ace — 2ae.

4 Boundedness from Below of Scalar Potential of Two Real
Scalar Fields and a Higgs Boson

The most general scalar potential of two real scalar fields ¢, and ¢, and the
Higgs doublet H (Kannike [?, ?]) is

V(hy, by [HI) = Mg | H[* X prog | H? G +A g1 +A31 03+ A g1 [HI? 1 G0+ A oo H * 95+ 1301 93 +XA0404
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This scalar potential defines a 4th-order 3-dimensional symmetric tensor V' =
(vijre) With its entries viy; = Ago; Vagop = Aoss Vszsz = Ag, Vi = s
Vig9a = Amao, Uiz = A2y V2233 = Apo2s Ami1s V1133 = Viasz = Ao, and
;i1 = 0 for the others. In this section, we mainly discuss analytical expressions
of positive definiteness of the 4th-order tensor V' = (v, ;) given by the potential.
Furthermore, we present a necessary and sufficient condition of the boundedness
from below of scalar potential of two real scalar fields ¢; and ¢, and the Higgs
doublet H.

4.1 Positive Definiteness of 4th-Order 2-Dimensional Symmetric Ten-
sors

Let V' = (v;;);) be a 4th-order 2-dimensional symmetric tensor with vy;;; > 0

and vggqo > 0. For a vector z = (xq,2,)" such that |z| = /2? + 22 = 1, we
may assume z, # 0 without loss of generality. We have

2
4_ _ 4 3 2,2 3 4
V' = E V&38R = V111187 +H401 1102878 +601 1900725 +40 99981 T5 0099025
i kl=1
and hence,

4 3 2
x x o r
Vat = vy <:L';) +4v1110 (é) + 601122 (é) + 401299 (é) T V2299

Clearly, Vz* > 0 if and only if P(t) = at* + bt® + ct?> +dt +e > 0 for all t € R,
where @ = vyq11, b = 40,11y, ¢ = 60199, d = 4V 999, € = Vy999. The discriminant
is

A = 4(12ae — 3bd + ¢?)® — (T2ace + 9bed — 2¢3 — 27ad? — 27b%e)?

= 4(121’1111”2222*481’1112”1222+36U%122)3*(72X6”1111”1122”2222+72>< 12”1112”1122”1222*72X6U?122*72 X 60111

=4 x 123(1% — 27J?)

where

_ 2
I = 111109990 — 40111201290 + 307199
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_ 3 2 2
J = U1111V1122V2022 F 2V1112V1122V1222 — V1122 — V1111V1222 — V111202222

and hence, the sign of A is the same as that of (I* —27J2). So, it follows from
the conditions for quartic polynomials that, by simply calculating, V' is positive
definite, i.e., Va* > 0 for all z € R? if and only if

V1111 > 0,09999 >0

. 2 3
(1) v1111V9220 < 307199 and |U1112\/U2222 + U1222\/U1111| < \/61’1111”1122”2222 + 2y (V1111V9222)

. 2 3
(i) V111109990 > V1199 and [V1119/Va222 = V1g22v/V1111] < \/67)1111“1122”2222 — 21/ (v1111V2222)
3 2 p2 2 —
12 =277 = 0,011 + Vigp + 8V1111V1122 = 401111022 < 2401111 V1122V0200

or I3 —27J2>0

Similarly, it follows that V = (v,j,) is positive semi-definite, i.e., Va* > 0 for
all x € R? if and only if

V1171 > 0,09999 >0

. 2 3
(1) V111109220 < 3UT199 and [V11191/Va22 + Vizoy/Uni11| < \/6111111”1122”2222 + 21/ (V11110922

> 2 3
(ii) V111102002 > 3v719 and ‘”1112\/”2222 - ”1222\/'”1111| < \/67)1111”1122”2222 — 24/ (v1111V9222)
2—-27J%2>0

Next we give an analytically necessary and sufficient condition of the bounded-
ness from below of scalar potential of two real scalar fields ¢; and ¢,. The most
general scalar potential of two real scalar fields ¢, and ¢, may be written as
(Kannike [?, 7, ?])

V(g1 da) = Ao + Ag1 030 + AgpdT 03 + A 1301 63 + Ay

Let V' = (v;;,;) be the coupling tensor with its entries vi11; = Ay, Vag20 = Apss
V1112 = A1, U122 = Agg, V1999 = Ay3. In fact, the boundedness from below of
two real scalar fields ¢; and ¢, is equivalent to the positive definiteness of the
coupling tensor V' = (v, ;). Then we define

A" = 4(12X 495331 A13F235) 2= (72X 40 A 00 A4 +9X31 Aop Ag1 =235 —2T A 1o AT —2TA3 Aoy )?

From the conditions above, the following results are easy to obtain. Let Ay, > 0,
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A" =0,03; + 8Xy0han = 4As0A90 < 24X 49 A90 M0y
or A" >0

(1) Ago > 6/ Ag0N0q and g1/ Ao + A/ Agol < 4\/)\40)\22>\04 + 22 40A 041/ Aa0 04
(i) Aga < 64/ AgoAoq and [Agq4/ Aoy — A3/ Aol < 4\/)\40>\22>\04 — 24004/ A10A04

Similarly, V(¢y, ¢5) > 0 if and only if

A >0
(1) Aag > 64/ AgpAgs and [Az1/Ags + Ajzy/Agol < 4\//\4())\22)\04 + 2X40 04 v/ Ad0M0a
(ii) Agg < 64/AgoAgs and [Ag;y/Ags — A3/ Agol < 4\/)‘40)‘22)\04 — 2X40A04 v/ A10A04

In fact, the analytical condition above gives the boundedness from below in the
stronger sense for the scalar potential of two real scalar fields ¢, and ¢,.

4.2 Boundedness from Below of Two Real Scalar Fields and a Higgs
Boson

The most general scalar potential of two real scalar fields ¢, and ¢, and the
Higgs doublet H (Kannike [?, ?]) is

V(py, by [HI) = Mg | H[* X prog | HI? G +A g0 01 +A31 03+ A g1 [HI? 1 G0+ A oo H [* 95+ 1301 93 +X0404

which can be rewritten as

V(¢17¢27 ‘H|) = )‘H|H|4 + M(¢17¢2>|H|2 + ‘7(¢1,¢2)

where

M(¢1,¢2) = Apoo®t + Ag110102 + A proads

Vg, dy) = V(dy,¢9,0) = Aot + A1 @Dy + Aga 103 + A3y 3 + o194

Recently, Kannike [?, ?] studied the boundedness from below of V (¢, ¢o, |H|),
and gave an analytical condition for V' (¢y, ¢, |H|) > 0.

chinarxiv.org/items/chinaxiv-202011.00118 Machine Translation


https://chinarxiv.org/items/chinaxiv-202011.00118

ChinaRxiv [$X]

In this subsection, we will present the analytic conditions of positive (semi-
)definiteness for this special 4th-order 3-dimensional symmetric tensor, and
moreover, show the analytic necessary and sufficient conditions for the bound-
edness from below of scalar potential of two real scalar fields ¢; and ¢, and the
Higgs doublet H.

Let @ = (@1, ¢q, [H|)". Then V(¢y, ¢o,|H|) = V!, where V = (v,;,) is a 4th-
order 3-dimensional symmetric tensor given by the potential. Clearly, the tensor
corresponding to V(¢y, ¢,) is a 4th-order 2-dimensional principal sub-tensor of
V.

Let Ay > 0. It follows from the equation above that

Vat = Ag|H[* + M (¢, ¢)[H|* + V(¢y, bo)

which may be regarded as a quadratic polynomial with respect to t = |H|?:

Py(t) =at> + bt +c

where a = \gy, b = M(¢py, ds), ¢ = V(dy, dy).

From the quadratic polynomial conditions, it yields the following conclusion:
V(py, ¢, |H|) = Vat > 0 for all ¢, d,, H if and only if for all ¢, ¢,

M (¢, ¢5) > 0 and V(¢y,dp) > 0
or M(¢y,¢5) <0 and 4NV (hy, dy) — (M (41, 6))* > 0

Similarly, V(¢y, ¢o, |H|) = Vot > 0 for all ¢, ¢, H if and only if for all ¢y, ¢,

M(¢1»¢2) >0 and V(¢1v¢g) >0
or M(¢y,dy) <0 and 4XgV (1, ¢5) — (M(dy,¢5))* >0

It is obvious that M (¢, ds) = Agoo®? + Ag11P1 P2 + Apgad3 is a quadratic form
with respect to two variables ¢, ¢y, and hence, the inequality M (¢q,dy) >

0 is equivalent to positive semi-definiteness of its coefficient matrix, which is
equivalent to

Moo =0, Ao =0, A\ pogApos — Ay =0

Similarly, the inequality M (¢;, ¢5) < 0 is equivalent to negative definiteness of

. . . . A A . - o

its coefficient matrix, i.e., the matrix — | 7 720 HH) is positive definite if and
H11  AHo2

only if
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Moo <0, Agoo <0, 4XpooAgog — Ay >0
At the same time, the inequality \Z(qbl, ¢4) > 0 can be obtained by the condi-

tion for positive definiteness, and V(¢;, ¢5) > 0 can be obtained by the condi-
tion for positive semi-definiteness. Next we only need to show 4\, V (¢, ¢5) —

(M(¢y,¢5))* > 0 (or > 0) for all ¢y, ¢,.

In order to prove this inequality, we define transformed coefficients:

)\Zxo =4X Ay — )‘%1207 )‘64 = ANy Ay — )\%102
)‘él = 4/\H/\31 - 2/\H20/\H117 /\/13 = 4>‘H>‘13 - 2/\H02>‘H11

)\/22 = Ay Ao — 2A oo A o2 — )‘%{11

and

A = A(12X0 X, BNy Ay AR (T2X50 NapNoaHONG gy Ny — 205~ 27N M —27A3 Ay )2

Let V/(¢y,b5) = 45V (¢y, dg) — (M (1, ¢5))%. We may expand the polynomial
V¢, ¢5) as follows:

V/(¢1, ¢2) = 4)‘H‘7(¢1a ¢’2) - (M(¢17 ¢2))2

= (AN oA g —AF120)O1+H (AN g A3 —2X oo A 11 ) B3 Do+ (4N g Ago =2 oo A proa— 311 ) 97 03

+(AA g A 15 — 2X 00 A m11) 0105 + (AXoaA i — AFr02) 93

= /\:10¢’411 + )‘:/31¢§¢2 + )‘/22&(15% + )‘/13¢1¢:23 + )‘,04%1

So this defines a 4th-order 2-dimensional symmetric tensor V = (v,;,) with its
: —_\/ _\/ —\/ o\ o/
entries vy11; = Njos Vo202 = Apas Vin12 = Az1, Vinze = Agas Vizaz = Az

Let A}y > 0, A\jy > 0. From the conditions for 2D tensors, we easily obtain
the following conclusions: V' (¢y, ¢g) = 4\ gV (d1, o) — (M (b1, ¢5))? > 0 if and
only if
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A" = 0,5 + 8NjgAsy = dNjg Ay < 24NjA55 A0,
or A” >0

() Agy > 64/ AjoAgy and A3/ Ajy + A3/ Aol < 4\//\210>‘/22)‘64 + 220204V Ado o
(ii) Agp < 64/ ANjgAgs and [A3, vV Aos — Alg vV Aol < 4\/)‘:LO)‘/22>‘64 - 2)‘210)‘64\/ AjoAoa

If \jp > 0 and A, > 0, then from the semi-definiteness condition we easily
yield: V(61 ds) = ANy V(¢1, ¢3) — (M(dy, ¢2))* 2 0 if and only if

A// 2 O
(1) Agg > 6/ ANoAos and A3y vV Aog + A1z vV Aol < 4\//\210)‘/22)"04 + 2)‘210)‘64\/ Ao Ao4
(if) Ay < 61/ NjoAp, and R VA4 — )‘/13\/ Aol < 4\/)‘210/\52)‘64 — 2X}0A04 vV AhoAo4

If Njg = 0, then V' (¢, dy) = 65 (5163 +X5507 6y + X361 03 +X)463), and hence,
V'(¢1,¢5) > 0for all ¢;, ¢, > 0is equivalent to V" (¢y, ¢g) = Ay ¢ +Nyp 070, +
N 30103+ Ay ¢35 > 0. So an application of Schmidt-HeB [?, ?] or Liu-Song [?, 7]
yields V7 (¢, ¢5) > 0 for all ¢, ¢, > 0 if and only if

A5y > 0, A5 A3 + 405, > 0 and Aju A5 +27A5% > 0,A5,073 > 0
or Aoy — 18A5 N {gAp — ABAE >0

Similarly, if A{, = 0, then V’(¢;, ¢5) > 0 for all ¢;, ¢, > 0 if and only if

Als = 0, MgA5] + 4Njg = 0, A5y + 27AFAE > 0, Njg — 18A5; N j3A55 > 0
or Ny — BN > 0

However, for all ¢,,¢, € R, both V'(¢;,¢,) > 0 and V" (¢, ¢,) > 0 may not

hold.

Altogether, combining the conditions for V', M, V', and the inequalities relat-
ing them, the analytical necessary and sufficient condition is established for
the boundedness from below in the stronger sense of scalar potential of two real
scalar fields ¢, and ¢, and the Higgs doublet H, which also gives the analytic ex-
pressions of positive definiteness of a 4th-order 3-dimensional symmetric tensor
V' defined by the potential.

Let Ay > 0, A\yy > 0 and Ay, > 0. Then V(dq, ¢o, |H|) > 0 for all ¢q, ¢y, H if
and only if
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Ago > 0,004 >0
A" =0, A3 +8Xgoan = 4hgoan < 24X 4000 N0y
or A" >0

(i) Aoz > 64/ AgoA0s and [Agy /Aoy + Mg/ Agol < 4\//\40)‘22)‘04 + 2X40004v/ A0 A04

Ao A o2 — Agpip 2 0

Nip > 0,A(, >0

A7 =0, M2 + 8Njg Ay = 4N A5y < 24N o A50M04
or A” >0

(i) Aga < 64/AgoAoq and [Ag14/Agq — A3/ A0l < 4\/)‘40)\22>\04 — 2X40A04 v/ A10A04

(1) Agp > 6/ Ajp Aoy and g1/ NGy + A/ Aol < 4\/>‘§10>‘/22)‘64 + 2Xj0A04 v/ AhoAoa

Combining the conditions for semi-definiteness, the analytical necessary and
sufficient condition is built for the boundedness from below of such a scalar
potential, which also gives the analytic condition of positive semi-definiteness
of a 4th-order 3-dimensional symmetric tensor V' defined by the potential.

Let Ay > 0, A\yg > 0 and Xy, > 0. Then V(¢dq, do, |H|) > 0 for all ¢q, ¢y, H if
and only if

A">0

(i) Agy < 61/ NjgApy and |Azy\/Agy — Aizy/ Al < 4\/ A10A22204 = 2N 2041/ Ao Ao

(1) Agg > 64/ AgoAgs and [Az1/Ags + Mg/ Agol < 4\//\4())\22)\04 + 2X40 04 v/ Ad0M0a

AN 20 A mo2 — A1 = 0

(1) Ay > 0,A4 > 0,A” >0, and the corresponding conditions for Ay, A5, Als
(ii) A5 =0, X} = A3 = 0,5, > 0 and A\j; —4X5, >0
(iii) Njg = 0, M)y = Ny = 0, A3y > 0 and Ny — 4\, > 0
(iv) A5; —4X55 > 0 and Ay, —4X55 >0

5 Conclusions

In this paper, for a scalar potential of two real scalar fields ¢; and ¢, and
the Higgs doublet H, the analytically necessary and sufficient conditions of the
boundedness from below are achieved with the help of the analytical expressions
of positive definiteness for 4th-order 2-dimensional symmetric tensors. More
precisely:

e For a 4th-order 2-dimensional symmetric tensor, the condition for positive
definiteness is an analytically necessary and sufficient condition, and the
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condition for positive semi-definiteness is an analytically necessary and
sufficient condition.

o For a scalar potential of two real scalar fields ¢; and ¢,, the condition for
boundedness from below in the stronger sense is an analytically necessary
and sufficient condition, and the condition for boundedness from below is
an analytically necessary and sufficient condition.

o For a scalar potential of two real scalar fields ¢; and ¢, and the Higgs
doublet H, the condition for boundedness from below is an analytically
necessary and sufficient condition, and the condition for boundedness from
below in the stronger sense is an analytically necessary and sufficient con-
dition.

Conflict of Interest: The authors of this work declare that they have no
conflicts of interest.

References

[1] Ivanov, I. P.; Kopke, M.; Muhlleitner, M. Algorithmic boundedness-from-
below conditions for generic scalar potentials. Eur. Phys. J. C. 2018, 78.

[2] Kannike, K. Vacuum stability conditions from copositivity criteria. Eur.
Phys. J. C 2012, 72, 2093.

[3] Qi, L. Eigenvalues of a real supersymmetric tensor. J. Symbolic Comput.
2005, 40, 1302-1324.

[4] Qi, L. Symmetric Nonnegative Tensors and Copositive Tensors. Linear Al-
gebra Appl. 2013, 439, 228-238.

[6] Kannike, K. Vacuum stability of a general scalar potential of a few fields.
Eur. Phys. J. C 2016, 76, 324.

[6] Kannike, K. Erratum to: Vacuum stability of a general scalar potential of a
few fields. Eur. Phys. J. C 2018, 78, 355.

[7] Chauhan, G. Vacuum stability and symmetry breaking in left-right symmet-
ric model. J. High Energ. Phys. 2019, 137.

[8] Ivanov, Igor. P.; Francisco V. Yet another lesson on the stability conditions
in multi-Higgs potentials. J. High Energ. Phys., 2020, 104.

[9] Bahl, H.; Carena, M.; Coyle, N. M.; Ireland, A.; Wagner, C. E.M. New Tools
for Dissecting the General 2HDM. J. High Energ. Phys. 2023, 165.

[10] Song, Y. Co-positivity of tensors and boundedness-from-below conditions of
CP conserving two-Higgs-doublets potential. Inter. J. Modern Phys. A. 2023,
38, 2350164.

[11] Song, Y. Vacuum stability conditions of the general two-Higgs-doublet po-
tential. Modern Phys. Lett. A. 2023, 38(28n29), 2350130.

chinarxiv.org/items/chinaxiv-202011.00118 Machine Translation


https://chinarxiv.org/items/chinaxiv-202011.00118

ChinaRxiv [$X]

[12] Faro, F.S.; Ivanov, I.P. Boundedness from below in the U(1) x U(1) three-
Higgs-doublet model. Phys. Rev. D. 2019, 100, 035-038.

[13] Belanger, G.; Kannike, K.; Pukhov, A.; Raidal, M. Impact of semi-
annihilations on dark matter phenomenology: An example of ZN symmetric
scalar dark matter. J. Cosmol. Astropart. Phys. 2012, 1204, 010.

[14] Belanger, G.; Kannike, K.; Pukhov, A.; Raidal, M. Minimal semi-
annihilating ZN scalar dark matter. J. Cosmol. Astropart. Phys. 2014,
1406.

[15] Ishimori, H.; Kobayashi, T.; Ohki, H.; Shimizu, Y.; Okada, H.; Tanimoto,
M. Non-Abelian Discrete Symmetries in Particle Physics. Prog. Theor. Phys.
Suppl. 2010, 183, 1-163.

[16] Ivanov, I. P.; Vdovin, E. Discrete symmetries in the three-Higgs-doublet
model. Phys. Rev. D 2012, 86, 095030.

[17] Ivanov, 1. P.; Vdovin, E. Classification of finite reparametrization symmetry
groups in the three-Higgs-doublet mode. Eur. Phys. J. C 2013, 73(2).

[18] Ma, E.; Rajasekaran, G. Softly broken A4 symmetry for nearly degenerate
neutrino masses. Phys. Rev. D 2001, 64, 113012.

[19] De Adelhart Toorop, R.; Bazzocchi, F.; Merlo, L.; Paris, A. Constraining
flavour symmetries at the EW scale I: the A4 Higgs potential. J. High Energ.
Phys. 2011, 1103, 035.

[20] De Adelhart Toorop, R.; Bazzocchi, F.; Merlo, L.; Paris, A. Erratum:
constraining flavour symmetries at the EW scale I: the A4 Higgs potential. J.
High Energ. Phys. 2013, 1301, 98.

[21] Degee, A.; Ivanov, I. P.; Keus, V. Geometric minimization of highly sym-
metric potentials. J. High Energ. Phys. 2013, 1302, 125.

[22] Song, Y.; Qi, L. Analytical expressions of copositivity for 4th order sym-
metric tensors and applications. Analy. Appl. 2021, 19(5), 779-800.

[23] Liu, J.; Song, Y. Copositivity for 3rd order symmetric tensors and applica-
tions. Bull. Malays. Math. Sci. Soc. 2022, 45(1), 133-152.

[24] Qi, L.; Song, Y.; Zhang, X. Copositivity of Three-Dimensional Symmetric
Tensors. Asia-Pacific J. Opera. Research 2023, 40(2), 2250032.

[25] Song, L.; Li, X. Copositivity for a class of fourth order symmetric tensors
given by scalar dark matter. J. Optim. Theory Appl. 2022, 195, 334-346.

[26] Chen, H.; Wang, Y. High-order copositive tensors and its applications. J.
Appl. Anal. Compu. 2018, 8(6), 1863-1885.

[27] Chen, L.; Han, L.; Zhou, L. Computing tensor eigenvalues via homotopy
methods. STAM J. Matrix Anal. Appl., 2016, 37(1), 290-319.

chinarxiv.org/items/chinaxiv-202011.00118 Machine Translation


https://chinarxiv.org/items/chinaxiv-202011.00118

ChinaRxiv [$X]

[28] Cui, C.; Dai, Y.; Nie, J. All real eigenvalues of symmetric tensors. STAM J
Matrix Anal Appl, 2014, 35, 1582-1601.

[29] Han, L. An unconstrained optimization approach for finding real eigenvalues
of even order symmetric tensors. Numer Algebra Control Optim 2013, 3, 583-
599.

[30] Hao, C.; Cui, C.; Dai, Y. A sequential subspace projection method for
extreme Z-eigenvalues of supersymmetric tensors. Numer Linear Algebra Appl.
2015, 22, 283-298.

[31] Hao, C.; Cui, C.; Dai, Y. A feasible trust-region method for calculating
extreme Z-eigenvalues of symmetric tensors. Pac. J Optim 2015, 11, 291-307.

[32] Hu, S.; Li, G.; Qi, L.; Song, Y. Finding the maximum eigenvalue of essen-
tially nonnegative symmetric tensors via sum of squares programming. J Optim
Theory Appl. 2013, 158, 717-738.

[33] Nie, J.; Zhang, X. Real eigenvalues of nonsymmetric tensors. Comput
Optim Appl. 2018, 70, 1-32.

[34] Ng, M.; Qi, L.; Zhou, G. Finding the largest eigenvalue of a non-negative
tensor. STAM J Matrix Anal Appl. 2009, 31, 1090-1099.

[35] Ni, Q.; Qi, L.; Wang, F. An eigenvalue method for testing the positive
definiteness of a multivariate form. IEEE Trans. Auto. Control, 2008, 53.

[36] Qi, L.; Chen, H.; Chen, Y. Tensor Eigenvalues and Their Applications.
Springer Singapore, 2018.

[37] Qi, L.; Luo, Z. Tensor Analysis: Spectral Theory and Special Tensors.
SIAM, Philadelpia, 2017.

[38] Zhang, L.; Qi, L.; Luo, Z.; Xu, Y. The dominant eigenvalue of an essentially
nonnegative tensor. Numer Linear Algebra Appl. 2013, 20, 929-941.

[39] Song, Y.; Qi, L. Infinite and finite dimensional Hilbert tensors. Linear
Algebra Appl. 2014, 451, 1-14.

[40] Qi, L.; Song, Y. An even order symmetric B tensor is positive definite.
Linear Algebra Appl. 2014, 457, 303-312.

[41] Li, C.; Qi, L.; Li, Y. MB-tensors and MBO-tensors. Linear Algebra Appl.
2015, 484, 141-153.

[42] Song, Y.; Qi, L. Properties of some classes of structured tensors. J. Optim.
Theory Appl. 2015, 165(3), 854-873.

[43] Gadem, R.N.; Li, C.C. On positive definiteness of quartic forms of two
variables. IEEE Trans. Aurom. Control. 1964, AC-9, 187-188.

[44] Ku, W.H. Explicit criterion for the positive definiteness of a general quartic
form. IEEE Tram. Autom. Control. 1965, AC-10(3), 372-373.

chinarxiv.org/items/chinaxiv-202011.00118 Machine Translation


https://chinarxiv.org/items/chinaxiv-202011.00118

ChinaRxiv [$X]

[45] Jury, E.I.; Mansour, M. Positivity and nonnegativity of a quartic equation
and related problems. IEEE Trans. Autom. Control. 1981, AC-26(2), 444-451.

[46] Wang, F.; Qi, L. Comments on “Explicit criterion for the positive definite-
ness of a general quartic form”. IEEE Trans. Autom. Control, 2005, 50(3),
416-418.

[47] Guo, Y. A necessary and sufficient condition for the positive definite prob-
lem of a binary quartic form. J. Math. 2021, 2021, 2339746.

[48] Qi, L.; Song, Y.; Zhang, X. Positivity Conditions for Cubic, Quartic and
Quintic Polynomials. J. Nonlinear Convex Anal. 2022, 23(2), 191-213.

[49] Hasan, M. A.; Hasan, A. A. A procedure for the positive definiteness of
forms of even order. IEEE Trans. Autom. Control. 1996, 41(4), 615-617.

[50] Fu, M. Comments on “A procedure for the positive definiteness of forms of
even order”. IEEE Trans. Autom. Control. 1998, 43(10), 1430.

[61] Song, Y. Positive definiteness for 4th order symmetric tensors and applica-
tions. Anal. Math. Phys. 2021, 11, 10.

[52] Schmidt, J.W., Hef, W. Positivity of cubic polynomials on intervals and
positive spline interpolation. BIT Numerical Mathematics, 1988, 28(2).

Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv — Machine translation. Verify with original.

chinarxiv.org/items/chinaxiv-202011.00118 Machine Translation


https://chinarxiv.org/items/chinaxiv-202011.00118

	A Necessary and Sufficient Condition of Positive Definiteness for 4th Order Symmetric Tensors Defined in Particle Physics
	Abstract
	Full Text
	Preamble
	Abstract
	Introduction
	3 Non-negativeness of Quadratic and Quartic Polynomials
	4 Boundedness from Below of Scalar Potential of Two Real Scalar Fields and a Higgs Boson
	4.1 Positive Definiteness of 4th-Order 2-Dimensional Symmetric Tensors
	4.2 Boundedness from Below of Two Real Scalar Fields and a Higgs Boson

	5 Conclusions
	References


