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Abstract

Convergence is a critical metric for evaluating the performance of message pass-
ing algorithms. When solving satisfiability problems, the structural characteris-
tics of propositional formulas influence algorithmic convergence. Message pass-
ing algorithms do not always converge for formulas with complex structures. To
systematically provide a theoretical explanation for this phenomenon, we em-
ploy structural entropy methods and techniques to propose a structural entropy
model for propositional formulas along with its measurement methodology, and
compute the structural entropy of random satisfiability instances. The Warning
Propagation (WP) algorithm serves as a fundamental model of message passing
algorithms; analyzing its convergence is of significant importance for studying
the convergence of other such algorithms. We analyze the relationship between
WP algorithm convergence and structural entropy, and provide decision condi-
tions for WP algorithm convergence. Experimental analysis demonstrates that
the proposed method is effective and feasible.
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Abstract: Convergence is a critical metric for evaluating the performance of
information propagation algorithms. When solving satisfiability problems, the
structural characteristics of propositional formulas significantly influence algo-
rithmic convergence. For formulas with complex structures, information prop-
agation algorithms do not always converge, yet systematic theoretical explana-
tions for this phenomenon remain scarce. Leveraging methods and techniques
from structural entropy theory, this paper proposes a structural entropy model
for propositional formulas along with its measurement methodology, enabling
the computation of structural entropy for random satisfiability instances. As a
fundamental model of information propagation algorithms, the Warning Prop-
agation (WP) algorithm serves as an important reference for studying the con-
vergence of other such algorithms. We analyze the relationship between WP
algorithm convergence and structural entropy, presenting convergence determi-
nation conditions for the WP algorithm. Experimental analysis demonstrates
the effectiveness and feasibility of our approach.

Keywords: satisfiability problem; propositional formula; structural entropy;
warning propagation algorithm; convergence

0 Introduction

Constraint satisfaction problems are ubiquitous in the real world and have gar-
nered widespread attention in artificial intelligence research [?, 7, ?]. As a major
subclass, the Boolean satisfiability problem (SAT) was the first problem proven
to be NP-complete [?], meaning no algorithm can find exact solutions in poly-
nomial time. Nevertheless, many real-world problems can be reduced to SAT
problems [?, 7, 7], making SAT a focal point of ongoing research in computer
science and mathematical logic. The problem seeks to determine whether there
exists an assignment of Boolean variables to a given propositional formula that
satisfies it (i.e., makes the formula true). Since any propositional logic formula
can be converted to an equivalent conjunctive normal form (CNF) [?], this paper
focuses exclusively on CNF formulas.

In the 1980s, physicists proposed an information propagation algorithm based
on factor graphs. This algorithm’ s performance heavily depends on the factor
graph structure: when the factor graph is singly connected (with only one path
between any two nodes), the algorithm generally converges correctly. While
information propagation algorithms often exhibit good performance when solv-
ing SAT problems, convergence becomes problematic as factor graph structures
grow complex, particularly when cycles emerge. Information may circulate in-
finitely within these cycles, preventing it from converging to a fixed point and
causing algorithmic failure—a phenomenon known as non-convergence [?]. The
Warning Propagation (WP) algorithm, as the most fundamental information
propagation algorithm, provides important insights for studying other such algo-
rithms. WP is a message-passing iterative algorithm operating on factor graphs
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that transmits information (called warning messages) along edges. These warn-
ings indicate whether a variable’ s assignment can fully determine clause satisfia-
bility. The algorithm employs an iterative strategy to update warning messages
until convergence or until reaching a maximum iteration count, at which point
iteration is forcibly terminated. Consequently, convergence represents the core
property of the WP algorithm.

Previous research has yielded several results on WP algorithm convergence. Ref-
erence [?] proved that the algorithm converges effectively when only one cycle
exists in the factor graph, yielding valid approximations of variable marginal
distributions. Reference [?] provided necessary and sufficient conditions for
convergence based on a Gaussian model, though limited to cases where two
variables cannot belong to the same clause. Reference [?] analyzed convergence
using message matrices, presenting another necessary and sufficient condition
restricted to positive semidefinite message matrices. References [?, ?] exam-
ined convergence in Gaussian models but required semidefinite programming
for verification, which is inefficient and computationally difficult. Reference [?]
analyzed convergence for mean-solving algorithms, requiring estimation of spec-
tral radii for finite-scale matrices, which lacks practical feasibility. Reference
[?] analyzed algorithmic convergence and provided a probabilistic condition for
information propagation algorithm convergence, but this was primarily limited
to planted-assignment random satisfiability instance generation models requir-
ing sufficiently large probability p, essentially ensuring at most one assignment
satisfies the instance with high probability.

Evidently, existing convergence analyses of warning propagation algorithms are
based on specific models, suffer from narrow applicability, or involve complex
verification conditions. Therefore, convergence analysis remains incomplete, par-
ticularly for general factor graph structures beyond simple tree models.

Since WP algorithm convergence heavily depends on factor graph structure,
and as factor graph scale increases, the message-passing process among nodes
becomes extremely complex and exhibits random uncertainty. Shannon [?] pro-
posed information entropy as a measure of uncertainty—a static metric based
on probability distributions. In information theory, when nodes are selected
according to a probability distribution, entropy reflects the average information
required to identify a node’ s code. Thus, in communication, information en-
tropy only measures point-to-point information. Building upon this, reference
[?] first introduced structural entropy. Unlike information entropy, structural
entropy is a dynamic metric that captures network complexity. Structural en-
tropy compensates for information entropy’ s inability to reflect network struc-
tural complexity precisely, enabling measurement of node interaction complexity
and internal structural complexity. Introducing structural entropy allows us to
measure the complexity and uncertainty of WP algorithms on factor graphs
while reflecting the dynamic complexity of random walk processes within WP
algorithms.
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1 Basic Knowledge
1.1 Factor Graph

For a ONF formula FF = C; AN Cy A ... A C,,, let the variable set be X =
{z1,24,...,2,}. The formula can be represented as a bipartite graph G =
(V,E) called a factor graph, where V = X U C is the vertex set and C =
{C1,Cs,...,C,,} is the clause set. The factor graph contains two types of edges:
(C,z;) € E if clause C; contains positive literal z;, and (C;, ;) € E if clause
C, contains negative literal -z, as shown in Figure 1 [Figure 1: see original

paper].

VR

1.2 WP Algorithm

On each edge of the factor graph, the WP algorithm defines a message (called a
warning) as a Boolean value transmitted from clause node a to variable node .
The warning u,,_,; indicates whether variable z;’s assignment can fully determine
clause a’ s satisfiability: u,_,; = 1 means z;’ s assignment can determine clause a’
s satisfiability, while u,_,; = 0 means it cannot (i.e., other variables’ assignments
can also satisfy clause a). The WP message update iteration equation is:

= 1o ¥ )
N

jeV(a)\i beV(j)\a
where V' (a) is the cavity domain of clause a. If variable x,; appears only in clause
a, then V(a) \ i = 0.

This can be rewritten as:

t+1 t
L] (1— 10 <1—u;,:j>)
NE be

jeVia V(iN\a

The WP algorithm for solving CNF formula F' is as follows:
Algorithm 1: Warning Propagation Algorithm

Input: CNF formula F, factor graph G = (V, E), maximum iteration steps ¢,
Output: If WP does not converge after ¢ steps, output UN-CONVERGED;
otherwise, output all warning messages

max

1. At initial time t = 0, for each edge in factor graph G, randomly assign a
value from {0,1} with probability 1/2 to ugi

2. Fort=1tot
a. Update u

max-*

™) for each edge in G in some order (e.g., lexicographic)

a—1
using Equation (1).
b. If ufjli = uf;:? for all edges, output all warning messages and termi-
nate.
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3. Output UN-CONVERGED.

1.3 Structural Entropy

Structural entropy can measure the dynamic complexity of WP algorithms on
factor graphs. Message propagation on factor graphs is complex and random.
Since clause nodes and variable nodes connect directly via edges, while clause
nodes (and variable nodes) can only connect indirectly through other edges,
this special relationship creates a multi-level structure in factor graphs. There-
fore, we introduce structural entropy to measure such multi-level factor graph
structures.

For a given undirected connected graph G = (V, E), let T be a partition tree
of G. The structural entropy is defined as:

_ o Vol(a)
HIG) == > Vol(@) 82 Vol(a)

a€cT ,a#A

where g, is the number of edges connecting nodes inside set e to nodes outside
a, Vol(«) is the volume of set a (sum of degrees of all nodes in «), and o~ is the
parent node of « in the partition tree 7. For a weighted graph, g, represents
the sum of weights of all edges between nodes inside o and nodes outside «, and
Vol(«) is the sum of weights of all edges incident to nodes in a.

The K-dimensional structural entropy of a weighted undirected connected graph
G is:

HE(G) = rl}]in{}[T(G) | T is a partition tree of G with height K}

For a weighted undirected disconnected graph G, the K-dimensional structural
entropy is:

L Vol(G))
K(c — i) qrK (e
=
where G, Gy, ..., G, are all connected components of G.

2 Structural Entropy of Propositional Formulas

Based on WP algorithm convergence analysis, when factor graphs contain multi-
ple cycles rather than tree structures, convergence cannot be guaranteed. There-
fore, we employ high-dimensional structural entropy to measure factor graph
structural complexity, thereby analyzing WP algorithm convergence on general
factor graphs containing multiple cycles.
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2.1 Undirected Graph Conversion Technique

To compute the structural entropy of propositional formulas, we must convert
the factor graph model to a weighted undirected graph model. Factor graphs use
two node types to represent clauses and variables in CNF formulas, with dashed
and solid edges expressing node relationships. This structure most intuitively
captures the mapping between factor graphs and formulas and the WP algo-
rithm’ s computational process. We construct an adjacency matrix that maps
both node types in the factor graph to a single node type in the undirected
graph, using weights to represent node relationships.

Let variable nodes be a and b, and clause nodes be ¢ and j. Based on Equation
(1), when ZjeV(a)\i Jise = 1 and Zje‘/(b)\i Jip, = 1, we have J, ,; = 0 and
Jyp_; = 0. Two cases arise: (1) J, ,;, =1and J,_,, = —1,0r (2) J,_,; = —1 and
Jy_,; = 1. These cases indicate that variable j appears with opposite polarities
in clauses a and b. Due to clause distinctness, in case (1) we have J, ; = 1 and
Jy_; = —1, while in case (2) we have J, ,,=—1and J,,,=1or J, ,, =1 and
Jyoy =—1.

When J,_,; = 1and J,_,; = —1, the ratio of positive to negative literals in cycles
is0.5. If J,_,;, = —1 and J,_,; = 1, similar analysis shows two groups of scenarios,
each with ratios of 0.25, 0.25, and 0.5. When J, ,, = 1 and J,_,; = —1, two
groups of scenarios exist with ratios of 0.25 and 0.25 each. When J, ,; = —1
and J,_,;, = 1, since results are only affected by J,_,;, this case encompasses all

possibilities without affecting final outcomes, so we omit detailed analysis.

Clearly, in basic cycle models, the expected ratio of positive to negative literals is
0.5. We set this expectation as the weight for negative or positive literals. Since
structural entropy only concerns factor graph structural information, whether
dashed edges have weight 0.3 and solid edges 0.7 or the reverse assignment,
both produce symmetric structures that do not affect structural information.
For consistency, we assign weight 0.3 to dashed edges and 0.7 to solid edges.
Using this method, the factor graph in Figure 1 [Figure 1: see original paper]
converts to the weighted undirected graph shown in Figure 2 [Figure 2: see
original paper].

2.2 Structural Entropy Model and Measurement Method

Given a weighted undirected connected graph G = (V, E) with n nodes and
m edges, we compute structural entropy by constructing a partition tree using
community detection. The tree structure is built according to the following
specifications, where T is a partition of node set V' and A denotes the root
node:

a) Represent the root node as A, defining the node set V. The direct successor
nodes of A are X;, X,, ..., X, with nodes sorted left-to-right in increasing
order of A.
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b) For each node « € 7, a C V and o # A\. When nodes « and 3 satisfy
a C 3, we denote « as a left node of .

¢) For nodes a and 3, let N 3 represent the longest common prefix. When
anp =0, aand B represent a partition of V.

d) For each oo € T, h(«) denotes the height of o (root node height is 0, and
for each node «, h(a) = h(a™) 4+ 1).

e) For each @ € T, when a # A, « is the union of its children, thus o =
Us —a 8-
B =«

f) For each leaf node o € T, « is a singleton node containing a single node
from V.

After initializing the partition tree, we compute structural entropy by perform-
ing minimum-cut segmentation on the weighted undirected graph to obtain
two non-overlapping communities M; and M,. These communities become the
second-level tree nodes, with the root node A as their parent (containing all
nodes in the factor graph). If either community contains more than one node,
we continue applying minimum-cut segmentation to M; or M,, generating sub-
communities M, M, and M,,, M,, as third-level tree nodes. Here, M;; and
M, are direct successors of M, while My, and M,, are direct successors of M,,
with M, U M5 = M, and My, U My, = M,. If sub-communities still contain
multiple nodes, we repeat the segmentation process and construct the partition
tree until each community contains only a single node.

For disconnected weighted undirected factor graphs, we traverse nodes to iden-
tify each connected component and construct partition trees for each compo-
nent. The minimum-cut process for factor graphs and corresponding partition
tree construction are illustrated in Figures 3 [Figure 3: see original paper] and 4
[Figure 4: see original paper] (using dashed and solid lines to represent weights
for clarity).

After constructing the partition tree, we compute each node’ s entropy using
Equation (4), where node degrees correspond to degrees in the weighted undi-
rected graph. Summing all node entropies yields T (G). Equation (5) shows
that structural entropy seeks the minimum value, i.e., an optimal partition. Cur-
rent academic research on community detection continues, and since minimum-
cut algorithms produce communities with low inter-community edge density and
high intra-community edge density, they are widely applied [?]. Using the ex-
pected ratio of positive to negative literals as edge weights, the minimum-cut
based on these weights satisfies the community definition in structural entropy
while minimizing information loss during structural abstraction. Thus, the re-
sult H5(G) represents the structural information of the CNF formula.

Algorithm 2: CNF Formula Structural Information Acquisition

Input: CNF formula F
Output: Structural entropy H ¥ (G)
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1. Construct factor graph G = (V,E) from {C,,C,,...,C, } and

{21, @9, ..., 2, }.
2. Assign solid line weight F'L = 0.7 and dashed line weight DL = 0.3 to
construct weighted undirected graph G’.

3. Initialize partition tree 7 with T = ().

4. If G’ is connected: proceed to step 5 with flag = 1; else: traverse all
connected components and proceed to step 5 with flag = 0.

5. Segment graph using minimum-cut.

6. If subgraph contains a single node: proceed to step 7; else: repeat step 5.

7. Construct partition tree from minimum-cut results.

8. If flag = 1: compute H ¥ (G) using Equation (5); else: compute H X (G) =

L Vol(Gy)
Zj:l Vol(G) '%K(Ga‘)'

9. Return A5 (G).

As shown in Equation (4), structural entropy based on partition trees sums
the entropies of all tree nodes, effectively aggregating structural entropies of
different communities. Our factor graph structural entropy accounts for the
dynamic, random information propagation process of WP algorithms on factor
graphs. Based on the resulting community structure, Equation (5) effectively
measures dynamic information interactions both between and within commu-
nities. The recursive community segmentation process considers virtually all
possible community partitions, fundamentally analyzing factor graph structural
complexity. Structural entropy thus provides a comprehensive analysis of dy-
namic complexity and uncertainty for such graph structures. Using the expected
ratio of positive to negative literals as weights for minimum-cut effectively re-
moves noise while minimizing information loss during abstraction to structural
entropy. The algorithm computes the CNF formula’ s structural entropy, which
encapsulates structural complexity, uncertainty, and interaction properties, rep-
resenting a high-level abstraction of the formula’ s structural information.

Applying this algorithm to WP algorithm convergence analysis offers broad ap-
plicability without reliance on specific graph structures, provides simple verifica-
tion conditions, fills gaps in previous WP convergence analyses, and offers sys-
tematic theoretical support for studying WP algorithm convergence on complex
factor graphs, opening new research directions. We next present experimental
validation of WP algorithm convergence based on structural entropy.

3 Convergence Analysis of WP Algorithm

We analyze the relationship between structural entropy and WP algorithm con-
vergence experimentally. Taking the case where n = 10 as an example, the
experimental procedure is: let & = m/n, where the clause-to-variable ratio sig-
nificantly impacts factor graph structure and WP algorithm convergence. We
generate random instances using the model G(n,m, 3), where n represents the
number of variables, m the number of clauses, and each clause contains exactly
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3 variables. Two datasets are selected with variable counts n = 10 and n = 20,
with WP algorithm maximum iterations set to 100. By fixing n and controlling
« through the model, we generate random instances of different scales. For
accuracy, we generate 100 instances for each scale and segment each instance’
s factor graph as described above, finally computing the propositional formula’
s structural entropy using Algorithm 2. We then calculate the mean structural
entropy across 100 instances as the group structural entropy.

As « increases from 0 to 5, the structural entropy variation for randomly gen-
erated 3-SAT instances is shown in Figures 5 [Figure 5: see original paper| and
6 [Figure 6: see original paper], where each data point represents the mean
structural entropy across 100 random instances. Simultaneously, for each in-
stance group, we count the number of instances where WP algorithm converges
successfully to obtain the group’ s convergence probability. The relationship
between convergence probability and structural entropy is shown in Figures 7
[Figure 7: see original paper] and 8 [Figure 8: see original paper].

Experimental results show that as a increases, random instance structural en-
tropy increases while the increment decreases. Figure 5 indicates that when
n = 10, structural entropy grows rapidly, with moderate growth when a < 2,
and the increment approaching 0 as « nears 5. Figure 7 shows that when n = 10,
as « approaches 5, instance entropy values densely distribute between 3.5324
and 3.8941, with 74% of instances falling in this range, converging toward 3.9.
WP algorithm converges completely on all instances when entropy is below
3.7148, with convergence probability decreasing from 1 to 0.71 when entropy
exceeds 3.7148.

When n = 20, instance entropy values densely distribute between 3.8136 and
4.3494, converging toward 4.35. WP algorithm converges almost completely
when entropy is below 4.2795, with convergence probability dropping sharply
from 1 to 0.66 when entropy exceeds 4.2795.

These structural entropy variations indicate that with fixed variable scale, factor
graph dynamic complexity rises rapidly within a certain range as « increases,
but the growth rate significantly slows beyond a threshold. In simple factor
graph structures, any change—such as increased cycles, minor scale variations,
or diameter changes—substantially impacts structure. However, when factor
graph scale reaches a certain level, additional cycles and moderate scale increases
have diminished impact on dynamic complexity, indicating more stable graph
states. Convergence behavior shows that WP algorithm convergence probability
decreases as factor graph dynamic complexity increases when the graph state is
stable. However, when dynamic complexity remains below the threshold, WP
algorithm converges with high probability.

Factor graph structure determines WP performance. The experiments provide
sufficient conditions for WP algorithm convergence at different scales: when n =
10 and H K (G) < 3.7148, WP algorithm converges with high probability; when
n = 20 and HE(G) < 4.2795, WP algorithm converges with high probability.
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Convergence conditions for other factor graph scales can be obtained similarly.

4 Conclusion

This paper proposes a CNF formula structural information acquisition algorithm
expressed through structural entropy. Experiments reveal structural entropy
variations across different factor graph scales and WP algorithm convergence
properties within different entropy ranges, providing sufficient convergence con-
ditions for various scales. Future work will seek critical values or control pa-
rameters for propositional formula structural entropy to measure convergence
of other information propagation algorithms, with further theoretical analysis
and experimental validation of the relationship between structural entropy and
factor graph structural information.
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