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Abstract
In the field of operations research, numerous solution models exist for the emer-
gency service facility location problem. This paper selects the P-center model
for investigation. First, the mathematical properties of this problem are stud-
ied and proofs are provided. These mathematical properties can be utilized to
reduce the problem’s complexity and thereby decrease its scale. Subsequently,
based on these properties, a backtracking algorithm based on upper and lower
bounds is designed to solve the problem. Finally, through an example analysis,
the principle of the algorithm is further elaborated, and it is demonstrated that
the algorithm can obtain the optimal solution within a relatively short time
frame.
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A Reduction Backtracking Algorithm for the P-Center Location
Problem

Shang Chunjian, Ning Aibing, Peng Dajiang, Zhang Huizhen
(Business School, University of Shanghai for Science & Technology, Shanghai
200093, China)

Abstract: The emergency service facility location problem in operations re-
search has many solution models. This paper selects the P-center model for
study. First, we investigate the mathematical properties of this problem and
provide proofs. These properties can reduce the problem’s order and thereby
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shrink its scale. Based on this, we design a backtracking algorithm that employs
upper and lower bounds. Finally, through an example analysis, we further elab-
orate on the algorithm’s principles and demonstrate that it can obtain the
optimal solution in a relatively short time.

Keywords: facility location problem; p-center model; reduction algorithm; up-
per bound; lower bound; backtracking algorithm
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Backtracking algorithm with reduction for p-center location problem

Shang Chunjian, Ning Aibing, Peng Dajiang, Zhang Huizhen
(Business School, University of Shanghai for Science & Technology, Shanghai
200093, China)

Abstract: There are various solution models for the emergency service facility
location problem and this paper studies the P-center model. This paper pro-
posed a backtracking algorithm with upper and lower bound, and the algorithm
added a reduction algorithm by studying the mathematical properties. The
algorithm can decrease the scale and the degree of complexity of the problem,
so as to accelerate the execution speed. At the end of the paper, this paper
illustrated an instance to elaborate this algorithm further.

Key words: facility location problem; p-center model; reduction algorithm;
upper bound; lower bound; backtracking algorithm

0 Introduction
Various emergency incidents in daily life have caused tremendous impacts on
people’s safety and livelihood. When disasters occur, emergency service facilities
are the most basic and important infrastructure for providing rescue support
and ensuring public safety, playing a crucial role.

Most emergency facility location problems are NP-hard problems with multiple
models to address them. For the fairness requirement in emergency facility
location, this paper selects the P-center model [1] for study. This model is a
special type of discrete location model that involves selecting at most p facilities
from n candidate facilities, where each emergency point 𝑒𝑖 is served by the
nearest selected facility. The objective is to minimize the maximum service
distance between all emergency points and their serving facilities—that is, to
minimize the maximum distance between all emergency points and their service
facilities. In this model, facilities have no capacity constraints.

Many scholars have dedicated research to this location model. Some combine
graph theory knowledge to solve the problem model. For example, Hockbaum
[2] proposed a 2-opt algorithm with time complexity 𝑂(𝐸 log 𝐸) for the graph
vertex multi-center problem, while Dyer [3] proposed a 2-opt heuristic algorithm
with time complexity 𝑂(𝑛𝑝). Other scholars have applied fuzzy set theory to
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solve the P-center problem. For instance, Wen [4] considered fuzzy demands
when constructing facility location models to achieve complete coverage in emer-
gency facility location. Some scholars have used heuristic search methods. For
example, Domschke et al. [5] employed a binary search approach to solve the
r-covering problem with center value equal to p. Zhu et al. [6] combined the
analytic hierarchy process with a greedy drop heuristic algorithm to solve the
p-center model for aviation rescue services. Davidović et al. [7] used a bee colony
algorithm to solve the P-center problem. Xu et al. [8] combined an improved
K-Means algorithm with the center-of-gravity method to solve the P-median
problem. Huang et al. [9] proposed a method for solving the weighted distance
continuous K-center location problem. Other scholars have studied exact algo-
rithms for the P-center problem. For example, Sandoval et al. [10] proposed
an exact algorithm based on integer programming models, while Contardo et
al. [11] introduced a scalable relaxation-based iterative algorithm design for an
exact algorithm to solve the P-center problem.

The advantages of heuristic and approximation algorithms for this problem are
their ability to quickly obtain feasible solutions, but their drawback is the ten-
dency to fall into local optima [12, 13]. The advantage of exact algorithms is
their ability to obtain optimal solutions, but their disadvantage is that they are
not suitable for large-scale problems and have high time complexity [14]. To ad-
dress these shortcomings, this paper designs an exact algorithm. First, we study
the mathematical properties of the P-center model and provide corresponding
mathematical proofs. These properties can batch-determine certain facilities to
be opened or not opened, thereby reducing the problem scale. Finally, we de-
sign a backtracking algorithm based on upper and lower bounds that can obtain
the optimal solution while utilizing mathematical properties to accelerate the
solution process.

1 Problem Description
This paper uses a bipartite graph 𝐺 = (𝐸, 𝐹) to represent the problem. 𝐸 =
{𝑒𝑖 ∣ 𝑖 = 1, 2, ⋯ , 𝑚} denotes the set of all emergency points, where 𝑒𝑖 represents
the 𝑖-th emergency point and 𝑚 represents the total number of emergency points.
𝐹 = {𝑓𝑗 ∣ 𝑗 = 1, 2, ⋯ , 𝑛} denotes the set of facilities, where 𝑓𝑗 represents the
𝑗-th facility and 𝑛 represents the number of facilities.

We introduce an additional decision variable 𝑄 to represent the maximum dis-
tance between all emergency points and their corresponding serving facilities.
Given that at most 𝑝 facilities can be selected from the set of facilities, with
each facility’s location relationship to emergency points known and 𝑝 ≤ 𝑛,
𝑑𝑖,𝑗 denotes the distance from emergency point 𝑒𝑖 to facility 𝑓𝑗. The decision
variables are defined as:

𝑦𝑖,𝑗 = {1, if emergency point 𝑒𝑖 is served by facility 𝑓𝑗
0, otherwise
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𝑥𝑗 = {1, if facility 𝑓𝑗 is selected
0, otherwise

The specific P-center location problem model is as follows:

FF0: Facilities in 𝐹5 that are assumed not to be opened during case branching
in the backtracking algorithm are placed in set 𝐹𝐹0, which is a global variable.

FF1: Facilities in 𝐹5 that are assumed to be opened during case branching in
the backtracking algorithm are placed in set 𝐹𝐹1, which is a global variable.

FF5 = F5 / FF1 / FF0: Facilities in 𝐹5 that are temporarily unprocessed
during case branching in the backtracking algorithm are placed in set 𝐹𝐹5,
which is a global variable.

best_q: The best objective function value currently known by the backtracking
algorithm, which is a global variable.

Fbest: The set of opened facilities corresponding to the best objective function
value currently known by the algorithm, where |𝐹 𝑏𝑒𝑠𝑡| ≤ 𝑝, which is a global
variable.

u_q: The upper bound of the objective function value in a certain state, i.e.,
the upper bound when facilities in 𝐽1 and 𝐽𝐽1 are opened, which is a local
variable.

The objective function 𝑄 indicates the need to minimize the maximum distance
between each demand point and its service facility.

Constraint (1) ensures that exactly one 𝑦𝑖,𝑗 is non-zero, meaning exactly one
facility can serve an emergency point, guaranteeing that any emergency point
𝑒𝑖 can find a serving facility and satisfying the complete coverage requirement.

Constraint (2) ensures that when 𝑥𝑗 = 0, 𝑦𝑖,𝑗 = 0 must hold, meaning only
selected facilities can serve emergency points.

Constraint (3) ensures that at most 𝑝 facilities can be opened.

Constraint (4) ensures that 𝑄 must be greater than the distance between emer-
gency point 𝑖 and its serving facility. Since this constraint applies to each
emergency point, 𝑄 must be greater than the distance between any emergency
point and its serving facility.

Constraints (5) and (6) specify that variables take values of 0 or 1.

This problem is NP-Hard; unless 𝑃 = 𝑁𝑃 , no polynomial-time exact algorithm
exists [15].

chinarxiv.org/items/chinaxiv-202009.00091 Machine Translation

https://chinarxiv.org/items/chinaxiv-202009.00091


2.1 Mathematical Notation
For ease of description, this paper adopts the following mathematical notation:
𝑒𝑖, 𝑓𝑗 represent the 𝑖-th emergency point and 𝑗-th facility respectively; 𝑚, 𝑛
represent the number of emergency points and facilities respectively; 𝐸 = {𝑒𝑖 ∣
𝑖 = 1, 2, ⋯ , 𝑚} denotes the set of all emergency points; 𝐹 = {𝑓𝑗 ∣ 𝑗 = 1, 2, ⋯ , 𝑛}
denotes the set of facilities; 𝑝 represents the maximum number of facilities to
be selected (𝑝 ≤ 𝑛); 𝑑𝑖,𝑗 represents the distance from emergency point 𝑒𝑖 to
facility 𝑓𝑗; mini_d1(𝑖) represents the minimum distance from emergency point
𝑒𝑖 to all facilities; mini_n1(𝑖) represents the facility among all facilities that has
the minimum distance to emergency point 𝑒𝑖; mini_d2(𝑖) represents the second-
smallest distance from emergency point 𝑒𝑖 to all facilities; mini_n2(𝑖) represents
the facility among all facilities that has the second-smallest distance to emer-
gency point 𝑒𝑖; maxi_d1(𝑖) represents the maximum distance from emergency
point 𝑒𝑖 to all facilities; minj_d1(𝑗) represents the minimum distance from fa-
cility 𝑓𝑗 to all emergency points; maxj_d1(𝑗) represents the maximum distance
from facility 𝑓𝑗 to all emergency points; min_d1(𝑖, 𝑋) represents the minimum
distance from emergency point 𝑒𝑖 to all facilities in set 𝑋; min_n1(𝑖, 𝑋) repre-
sents the facility in set 𝑋 that has the minimum distance to emergency point 𝑒𝑖;
min_d2(𝑖, 𝑋) represents the second-smallest distance from emergency point 𝑒𝑖
to all facilities in set 𝑋; min_n2(𝑖, 𝑋) represents the facility in set 𝑋 that has
the second-smallest distance to emergency point 𝑒𝑖; 𝐹1 is the set of facilities
that must be opened—if any facility in 𝐹1 is not opened, the optimal solution
cannot be obtained—which is a global variable; 𝐹0 is the set of facilities that
must not be opened—if any facility in 𝐹0 is opened, the optimal solution cannot
be obtained—which is a global variable; cur_n is the current cumulative number
of opened facilities, which is a local variable; cur_i is the current search level of
the backtracking algorithm, which is a local variable; opt_flag indicates whether
the algorithm has obtained the optimal solution (opt_flag = 1) or cannot deter-
mine whether the current solution is optimal (opt_flag = 0), which is a global
variable.

2.2 Mathematical Properties
Property 1 If there exists a facility 𝑓𝑗 such that when 𝑓𝑗 is opened and the
upper bound 𝑢𝑞 is less than the current lower bound best_q, then facility 𝑓𝑗
must not be opened (where the upper and lower bound calculation algorithms
are described in the following two sections).

Proof: When the upper bound 𝑢𝑞 is less than the current lower bound best_q,
opening facility 𝑓𝑗 cannot lead to an optimal solution, so facility 𝑓𝑗 should be
closed.

Property 2 If there exists a facility 𝑓𝑗 such that when 𝑓𝑗 is not opened and
the upper bound 𝑢𝑞 is less than the current lower bound best_q, then facility
𝑓𝑗 must be opened.

Proof: When the upper bound 𝑢𝑞 is less than the current lower bound best_q,
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closing facility 𝑓𝑗 cannot lead to an optimal solution, so facility 𝑓𝑗 should be
opened.

Property 3 When 𝑝 = 1, the facility with the smallest maxj_d1(𝑗) should be
opened.

Proof: When 𝑝 = 1, only one facility needs to be selected. Choosing the facility
with the smallest maxj_d1(𝑗) minimizes the objective function.

Property 4 If there exist facilities 𝑓𝑗 and 𝑓ℎ such that for any emergency point
𝑒𝑖 ∈ 𝐸, 𝑑𝑖,𝑗 ≤ 𝑑𝑖,ℎ, then facility 𝑓ℎ must not be opened (i.e., facility 𝑓ℎ is placed
in set 𝐹0).

Proof: Since all emergency points connected to facility 𝑓ℎ can be connected to
facility 𝑓𝑗 with the same or better objective function value, facility 𝑓ℎ should
not be opened.

Property 5 If there exists a facility 𝑓𝑗 whose minj_d1(𝑗) is greater than or
equal to the maxj_d1(ℎ) of any other facility 𝑓ℎ, then facility 𝑓𝑗 must not be
opened (i.e., facility 𝑓𝑗 is placed in set 𝐹0).

Proof: Since all emergency points connected to facility 𝑓ℎ can be connected to
facility 𝑓𝑗 with the same or better objective function value, facility 𝑓𝑗 should
not be opened.

Property 6 If there exist two emergency points 𝑒𝑖 and 𝑒𝑘 such that for any
facility 𝑓𝑗 ∈ 𝐹 , 𝑑𝑖,𝑗 ≥ 𝑑𝑘,𝑗, then emergency point 𝑒𝑘 can be deleted first, and
connecting emergency point 𝑒𝑖 to any opened facility at the end of the algorithm
does not affect the objective function value.

Proof: Since for any facility 𝑓𝑗 ∈ 𝐹 , 𝑑𝑖,𝑗 ≥ 𝑑𝑘,𝑗, connecting emergency point 𝑒𝑖
to any opened facility does not affect the objective function value.

Property 7 If there exist two emergency points 𝑒𝑖 and 𝑒𝑘 such that
mini_d1(𝑖) ≥ maxi_d1(𝑘), then emergency point 𝑒𝑘 can be deleted first,
and connecting emergency point 𝑒𝑘 to any opened facility at the end of the
algorithm does not affect the objective function value.

Proof: Since emergency point 𝑒𝑖 must be served, the objective function must
be greater than or equal to mini_d1(𝑖). The maximum distance from emer-
gency point 𝑒𝑘 to all facilities is less than or equal to mini_d1(𝑖), meaning the
maximum distance from 𝑒𝑘 to all facilities is certainly less than or equal to
the objective function value. Therefore, connecting emergency point 𝑒𝑘 to any
opened facility does not affect the objective function value.

Property 8 If there exists a facility 𝑓𝑗 whose maxj_d1(𝑗) is less than or equal to
the minj_d1(ℎ) of any other facility 𝑓ℎ, then facility 𝑓𝑗 must be opened (placed
in set 𝐹1), and the optimal objective function value is maxj_d1(𝑗).
Proof: In this case, connecting all emergency points to facility 𝑓𝑗 yields the
optimal solution.
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Property 9 If the number of currently unserved emergency points is less than or
equal to 𝑝−|𝐹1|−|𝐹𝐹1|, then for each unserved emergency point 𝑒𝑖, connecting
𝑒𝑖 to facility min_n1(𝑖, 𝐹 − 𝐹0 − 𝐹𝐹0) is optimal.

Proof: This operation results in a total number of opened facilities less than
or equal to 𝑝, and all currently unserved emergency points are connected to
their nearest facilities. This is the optimal way to handle the current unserved
emergency points.

Property 10 If each emergency point 𝑖 is connected to its nearest facility and
the total number of opened facilities is less than or equal to 𝑝, then the optimal
solution is obtained.

Proof: This is obviously true.

Property 11 Sort emergency points by their mini_d1(𝑖) values in descending
order, then sequentially connect emergency point 𝑒𝑖 to facility mini_n1(𝑖) until
either 𝑝 facilities are opened or all emergency points are served. If there remain
unserved emergency points, connect them to the nearest opened facility among
the 𝑝 opened facilities. If all these connection distances are less than or equal
to max(mini_d1(𝑖)), then the optimal solution is obtained and opt_flag = 1.

Proof: In this case, the objective function value is the lower bound
max(mini_d1(𝑖)), so the property holds.

2.3 Lower Bound Sub-algorithm
The lower bound sub-algorithm designed in this paper proceeds as follows:

a) Initialization: For any 𝑒𝑖 ∈ 𝐸 and 𝑓𝑗 ∈ 𝐹 , let each emergency point be
served by its nearest facility among all facilities.

b) Judge the current number of opened facilities. If the current num-
ber of opened facilities is less than or equal to 𝑝, the optimal solution can
be obtained with objective function value 𝑄 = max(mini_d1(𝑖)) (𝑒𝑖 ∈ 𝐸).
Output the objective function value and terminate the algorithm. If the
number of opened facilities exceeds 𝑝, let max(mini_d1(𝑖)) = 𝑏0 and pro-
ceed to the next step.

c) Let 𝑇 be the set of all currently opened facilities, with |𝑇 | = count. For
each facility 𝑓𝑡 in 𝑇 , place all emergency points 𝑒𝑖𝑡 served by 𝑓𝑡 into the
corresponding set 𝑅𝑡.

d) For each facility 𝑓𝑡 in 𝑇 , perform the following operation: If any emergency
point 𝑒𝑖 in set 𝑅𝑡 satisfies min_d2(𝑖, 𝑇 ) ≤ 𝑏0, then add facility 𝑓𝑡 to set
𝑀 (meaning if any emergency point served by 𝑓𝑡 has a second-nearest
distance to facility set 𝑇 smaller than the current 𝑏0, add 𝑓𝑡 to 𝑀). If
some emergency point 𝑒𝑖 in set 𝑅𝑡 satisfies min_d2(𝑖, 𝑇 ) > 𝑏0, then add
facility 𝑓𝑡 to set 𝑁 (meaning if some emergency point served by 𝑓𝑡 has a
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second-nearest distance to facility set 𝑇 larger than the current 𝑏0, add 𝑓𝑡
to 𝑁).

e) If 𝑀 is not empty, for each facility 𝑓𝑡𝑚 in 𝑀 , perform the following opera-
tion: Connect all emergency points 𝑒𝑖𝑡𝑚 in set 𝑅𝑡𝑚 to their corresponding
min_n2(𝑖𝑡𝑚, 𝑇 ), delete facility 𝑓𝑡𝑚 from set 𝑇 , update count, and update
the shortest and second-shortest distances from each emergency point to
facilities in set 𝑇 . If count ≤ 𝑝, the optimal solution is obtained with
opt_flag = 1 and the entire algorithm terminates. If count > 𝑝, proceed
to step f). If 𝑀 is empty, proceed to step f).

f) Update the initial lower bound. For each set 𝑅𝑡 of facility 𝑓𝑡 in
set 𝑁 , compute max(mini_d2(𝑖)). Let 𝑏𝑡 be the minimum among these
maximum values. If 𝑏𝑡 > 𝑏0, update the lower bound to 𝑏𝑡; if 𝑏𝑡 ≤ 𝑏0, keep
the lower bound as 𝑏0 = max(mini_d1(𝑖)) and terminate the algorithm.

2.4 Upper Bound Sub-algorithm
In fact, the objective function value corresponding to any feasible solution can
serve as an upper bound for the problem. This paper first utilizes the mathe-
matical properties described above to reduce the problem’s order, then executes
the following upper bound sub-algorithm to obtain the upper bound:

a) For all 𝑒𝑖 ∈ 𝐸, sort them in descending order of mini_d2(𝑖). After sort-
ing, sequentially connect emergency point 𝑒𝑖 to its corresponding facility
mini_n1(𝑖), opening facilities one by one until either 𝑝 facilities are opened
or all emergency points are served. Place opened facilities into set 𝑈 and
unopened facilities into set 𝑉 .

b) If all emergency points are served by facilities in set 𝑈 , the optimal solu-
tion is obtained with opt_flag = 1 and the entire algorithm terminates;
otherwise, proceed to the next step.

c) Connect all unserved emergency points 𝑒𝑖𝑢 to their corresponding facilities
min_n1(𝑖𝑢, 𝑈) in set 𝑈 .

d) For all 𝑒𝑖 ∈ 𝐸, use max(min_d1(𝑖, 𝑈)) = 𝑢0 as the upper bound, and let
𝑓ℎ be the facility corresponding to max(min_d1(𝑖𝑢, 𝑈)).

e) If there exists a facility 𝑓𝑗 in set 𝑉 such that replacing the opened facility
𝑓ℎ with 𝑓𝑗 (i.e., executing 𝑈 = 𝑈 ∪ {𝑓𝑗} − {𝑓ℎ}, 𝑉 = 𝑉 ∪ {𝑓ℎ} − {𝑓𝑗})
results in max(min_d1(𝑖, 𝑈)) < 𝑢0 for all 𝑒𝑖 ∈ 𝐸, then decide to replace
𝑓ℎ with 𝑓𝑗 and jump to step d) for execution. If no such facility 𝑓𝑗 exists,
the sub-algorithm terminates.

3 Reduction Backtracking Algorithm
This algorithm consists of two parts: a reduction algorithm and a backtracking
algorithm. The reduction algorithm reduces the problem’s order by combining
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mathematical properties to shrink the problem scale. The backtracking algo-
rithm uses depth-first search to explore the solution space. The backtracking
algorithm processes each facility in set 𝐹𝐹5 in two cases: a) if facility 𝑓𝑗 is
opened, 𝐹𝐹1 = 𝐹𝐹1 ∪ {𝑓𝑗}, 𝐹𝐹5 = 𝐹𝐹5/{𝑓𝑗}, and search the corresponding
left subtree; b) if facility 𝑓𝑗 is not opened, 𝐹𝐹0 = 𝐹𝐹0∪{𝑓𝑗}, 𝐹𝐹5 = 𝐹𝐹5/{𝑓𝑗},
and search the corresponding right subtree.

3.1 Reduction Sub-algorithm

The reduction sub-algorithm proceeds as follows:

a) Initialize opt_flag = 0, cur_i = 1, cur_n = 0, best_q = +∞, 𝑢𝑞 = 0.

b) Combine the mathematical properties from previous sections: if a facility
𝑓𝑗 must be opened, 𝐹1 = 𝐹1 ∪ {𝑓𝑗}, 𝐹5 = 𝐹5/{𝑓𝑗}; if a facility 𝑓𝑗 must
not be opened, 𝐹0 = 𝐹0 ∪ {𝑓𝑗}, 𝐹5 = 𝐹5/{𝑓𝑗}. If set 𝐹5 changes after
these operations, repeat step a).

c) Calculate the upper bound for the problem using the upper bound sub-
algorithm from previous sections, assign the current opening configuration
to set 𝐹𝑏𝑒𝑠𝑡, and assign the corresponding objective function value to
best_q.

d) Call the backtracking sub-algorithm described in the next section.

3.2 Backtracking Sub-algorithm

This backtracking algorithm uses depth-first search to explore the problem’s
solution space, traversing all solution spaces from the root node. When search-
ing any node, it checks whether the theoretical upper bound best_q is greater
than the lower bound 𝑏𝑞. If satisfied, it continues the depth-first search down-
ward; otherwise, it performs pruning, skipping that node and its subtrees, and
backtracks upward level by level.

Before executing the algorithm, call the reduction sub-algorithm described previ-
ously. If opt_flag = 1, the optimal solution has been obtained and the algorithm
terminates; otherwise, execute the backtracking sub-algorithm.

For ease of description, renumber the facilities in 𝐹5, initialize 𝐹𝐹5 = 𝐹5,
𝐹𝐹1 = {}, 𝐹𝐹0 = {}, then call the recursive backtracking subroutine
backtrack(1).
The backtracking subroutine backtrack(cur_i) is described as follows:

a) If the current search level cur_i > |𝐹5| or |𝐹𝐹5| = 0, the search has
reached a leaf node. If |𝐹1|+ |𝐹𝐹1| ≤ 𝑝, a feasible solution is obtained. If
the corresponding objective function value 𝑄 < best_q, update the opti-
mal solution: best_q = 𝑄, 𝐹𝑏𝑒𝑠𝑡 = 𝐹1 ∪ 𝐹𝐹1. Terminate the subroutine.

b) Check whether the opened facilities 𝐹1 ∪ 𝐹𝐹1 have covered all emergency
points and whether |𝐹1 ∪ 𝐹𝐹1| ≤ 𝑝. If satisfied, a leaf node is reached
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and a feasible solution is obtained. If the corresponding objective function
value 𝑄 < best_q, update the optimal solution: opt_flag = 1, best_q =
𝑄, 𝐹𝑏𝑒𝑠𝑡 = 𝐹1 ∪ 𝐹𝐹1. Terminate the subroutine.

c) Calculate the lower bound 𝑏𝑞 assuming facility 𝑓cur_i is opened. If |𝐹𝐹1| <
𝑝 − |𝐹1| and |𝐹𝐹5| ≥ 𝑝 − |𝐹1| − |𝐹𝐹1|, and 𝑏𝑞 < best_q, then open the
current facility: execute 𝐹𝐹1 = 𝐹𝐹1 ∪ {𝑓cur_i}, 𝐹𝐹5 = 𝐹𝐹5/{𝑓cur_i},
and call backtrack(cur_i+1) to search the left subtree. If these conditions
are not satisfied, jump to step f) (pruning the left subtree).

d) If opt_flag = 1, the algorithm has obtained the optimal solution; termi-
nate the subroutine. Otherwise, continue executing the subroutine.

e) Before jumping to the upper level of the search tree, restore 𝐹𝐹1 and
𝐹𝐹5 to their initial states in step c): 𝐹𝐹1 = 𝐹𝐹1/{𝑓cur_i}, 𝐹𝐹5 =
𝐹𝐹5 + {𝑓cur_i}.

f) Calculate the lower bound 𝑏𝑞 assuming facility 𝑓cur_i is not opened. If
|𝐹𝐹1| < 𝑝 − |𝐹1| and |𝐹𝐹5| ≥ 𝑝 − |𝐹1| − |𝐹𝐹1|, and 𝑏𝑞 < best_q,
then do not open the current facility: execute 𝐹𝐹0 = 𝐹𝐹0 ∪ {𝑓cur_i},
𝐹𝐹5 = 𝐹𝐹5/{𝑓cur_i}, and call backtrack(cur_i + 1) to search the right
subtree. If these conditions are not satisfied, terminate the subroutine
(pruning the right subtree).

g) Before returning to the upper level of the search tree, restore 𝐹𝐹0 and
𝐹𝐹5 to their initial states in step f): 𝐹𝐹0 = 𝐹𝐹0/{𝑓cur_i}, 𝐹𝐹5 =
𝐹𝐹5 + {𝑓cur_i}.

After the algorithm terminates, the current optimal objective function value
best_q and the corresponding opened facilities 𝐹𝑏𝑒𝑠𝑡 constitute an optimal
solution to the entire problem.

3.3 Algorithm Time Complexity Analysis

The problem scale studied in this paper is the number of facilities 𝑛. The
algorithm generates at most 2𝑛 leaf nodes in the search space tree. After the
reduction sub-algorithm is called, the problem scale is reduced to |𝐹5|. Let
𝑘 = |𝐹5|, so the worst-case time complexity of the algorithm is 𝑂(2𝑘).
Many scholars have proposed different algorithms for emergency location prob-
lems, which are mainly divided into exact algorithms, approximation algorithms,
and heuristic algorithms. Approximation and heuristic algorithms have the ad-
vantage of fast solution speed but generally cannot obtain optimal solutions.
Compared with general exact algorithms, the exact algorithm proposed in this
paper reduces the problem scale and solution space by studying its mathemati-
cal properties, performs reasonable pruning of the search tree before calling the
backtracking algorithm, and only searches a subset of the solution tree, thereby
accelerating the solution speed.
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4.1 Example Analysis
To more clearly illustrate the algorithm in this paper, we present an example to
explain the entire execution process of the algorithm.

Example 1 As shown in [Figure 1: see original paper], there are 6 facilities 𝑗
and 5 emergency points 𝑖, from which at most 𝑝 = 3 facilities are to be selected
to minimize the maximum demand distance. gives the distances between each
emergency point and facility.

The analysis process for Example 1 can be described as follows:

a) According to Property 4, facility 𝑗5 is strictly dominated by facility 𝑗4,
so delete facility 𝑗5 from the original bipartite graph and delete edges
{𝑖1𝑗5, 𝑖2𝑗5, 𝑖3𝑗5, 𝑖4𝑗5, 𝑖5𝑗5, 𝑖6𝑗5}.

b) According to Property 4 or Property 5, facility 𝑗6 can be deleted, so
delete facility 𝑗6 from the original bipartite graph and delete edges
{𝑖1𝑗6, 𝑖2𝑗6, 𝑖3𝑗6, 𝑖4𝑗6, 𝑖5𝑗6, 𝑖6𝑗6}.

c) According to Property 6, emergency point 𝑖2 can be disregarded
relative to 𝑖1, so delete emergency point 𝑖2 and delete edges
{𝑖2𝑗1, 𝑖2𝑗2, 𝑖2𝑗3, 𝑖2𝑗4, 𝑖2𝑗5, 𝑖2𝑗6} from the original bipartite graph.

d) According to Property 7, emergency point 𝑖4 can be disregarded relative
to 𝑖3 (since facility 𝑗6 has already been deleted), so delete emergency
point 𝑖4 and delete edges {𝑖4𝑗1, 𝑖4𝑗2, 𝑖4𝑗3, 𝑖4𝑗4, 𝑖4𝑗5, 𝑖4𝑗6} from the original
bipartite graph.

e) After reduction processing, update the problem scale as shown in [Figure
2: see original paper].

f) At this point, connect the remaining emergency points to the nearest facil-
ities in the remaining facility set. The current number of opened facilities
is calculated as 4 > 𝑝, and the lower bound 𝑏 = 5 is computed.

g) Execute the upper bound sub-algorithm to calculate the upper bound
𝑢 = 6.

h) Execute the backtracking algorithm, whose execution process is shown as
the binary tree in [Figure 3: see original paper].

The reduced solution space binary tree is shown in the figure. Through the above
algorithm, the optimal solution set for this problem is 𝐹𝑏𝑒𝑠𝑡 = {𝑗2, 𝑗3, 𝑗4} with
optimal objective function value best_q = 5, and the algorithm terminates.

4.2 Experimental Results Comparison and Analysis
The experiments in this paper were conducted on a CPU Core i7-7500 @2.70GHz
with a 64-bit Windows 10 operating system. Using benchmark data provided
in the Benchmark Library, we selected instances from The P-median Problem
with 𝑚 = 𝑛 = 128 and 𝑝 = 16, where service distances range from (0, 4).
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We implemented the exact algorithm (BA) and ant colony algorithm (ACO) in
Python to solve the same data and compared the results of the two algorithms.
The experimental results record the solution outcomes and program running
times, as shown in .

From Example 1, it is clear that using mathematical properties can reduce
problem scale and accelerate algorithm execution. From the experimental re-
sults, the conclusions are consistent with theoretical analysis: the ant colony
algorithm is a heuristic algorithm with faster computation speed than exact al-
gorithms, while the algorithm designed in this paper is an exact algorithm that
can obtain optimal solutions every time. Therefore, in the above experiments,
the results obtained by our algorithm demonstrate better stability than the ant
colony algorithm, which is a heuristic algorithm.

Domestic and international research on algorithms for location problems gen-
erally falls into heuristic algorithms, approximation algorithms, and exact al-
gorithms. The reduction backtracking algorithm proposed in this paper is an
exact algorithm that utilizes mathematical properties, upper bounds, and lower
bounds to accelerate algorithm execution. Compared with heuristic and ap-
proximation algorithms, the exact algorithm designed in this paper guarantees
obtaining correct and stable global optimal solutions every time, whereas heuris-
tic algorithms tend to fall into local optima and approximation algorithms can
only approach the optimal solution within a certain similarity ratio and generally
cannot obtain the optimal solution. Research on exact algorithms for this prob-
lem is relatively limited. Compared with general exact algorithms that analyze
all nodes and have high time complexity, this paper utilizes the mathematical
properties of the problem combined with the designed upper and lower bound
sub-algorithms to batch-determine certain facilities to be opened or not opened,
reducing the problem scale and requiring analysis of only partial nodes. This
alleviates the difficulty of exact algorithms in handling large-scale problems to
some extent, making the algorithm proposed in this paper more efficient than
general exact algorithms.

5 Conclusion
This paper studies the P-center model in emergency facility location problems.
Addressing the disadvantages that heuristic algorithms cannot obtain optimal so-
lutions and exact algorithms have high time complexity for large-scale problems,
we design a reduction backtracking exact algorithm that can quickly reduce prob-
lem scale while obtaining exact solutions. The algorithm aims to ensure global
optimal solutions while minimizing solution time as much as possible.

The paper investigates the mathematical properties of the P-center location
problem and provides corresponding proofs. These properties, combined with
the designed upper and lower bound sub-algorithms, can batch-determine cer-
tain facilities to be opened or not opened during the search process, enabling
extensive pruning during backtracking. This reduces the problem-solving scale
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and improves algorithm execution speed. Additionally, these mathematical
properties can be applied to other algorithms. Through theoretical analysis
and Example 1, it can be seen that when solving the P-center location problem
using the algorithm in this paper, not only can exact solutions be obtained, but
the mathematical properties and upper/lower bound sub-algorithms can also
reduce problem scale and accelerate solution speed.
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