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Abstract
Variational inference is commonly employed in machine learning, constituting
a parameter estimation algorithm that can be implemented with minimal code
while achieving relatively fast computational speeds. This study demonstrates
the application of black-box variational inference and amortized variational in-
ference to educational measurement models, developing latent variable networks
capable of generating arbitrary variance-covariance matrices, neural correlation
matrices that can serve as prior distributions, attribute mastery pattern net-
works based on sigmoid or softmax functions, among other innovations. Ex-
perimental results indicate that the parameter estimation performance of varia-
tional inference on item response theory and certain DINA models has reached a
state-of-the-art level. The research demonstrates that variational inference can
substantially facilitate researchers in developing novel educational measurement
models and is also relatively suitable for general users in practical application
scenarios.

Full Text
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Abstract
Variational inference, commonly used in machine learning, is a parameter esti-
mation algorithm that achieves fast computation with minimal code implemen-
tation. This study demonstrates the application of black-box variational infer-
ence and amortized variational inference to educational measurement models,
developing latent variable networks capable of generating arbitrary variance-
covariance matrices, neural correlation matrices that can serve as prior distri-
butions, and attribute mastery pattern networks based on sigmoid or softmax
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functions. Experimental results show that variational inference achieves state-
of-the-art performance in parameter estimation for item response theory and
certain DINA models. The study indicates that variational inference can greatly
assist researchers in developing new educational measurement models and is also
suitable for practical applications by general users.

Keywords: variational inference; item response theory; cognitive diagnosis
model; neural network

1 Introduction
The research and application of educational measurement models depend heavily
on the development of parameter estimation algorithms. Item Response Theory
(IRT) and Cognitive Diagnosis Models (CDM) are the mainstream educational
measurement models today, with commonly used parameter estimation methods
including MCMC algorithms and EM algorithms. MCMC is a widely applied
parameter estimation algorithm for IRT and CDM [?, ?, ?, ?]. The advantage
of MCMC is that software such as STAN [?, ?] and JAGS [?, ?] are available for
researchers, who only need to write minimal code to apply MCMC for parameter
estimation. Consequently, researchers frequently use MCMC to develop models
with numerous parameters and complex structures; for instance, the HO-DINA
model was initially estimated using MCMC [?, ?]. The disadvantage of MCMC
is its high computational time and memory consumption, requiring researchers
to have considerable patience and computing power when developing new mod-
els. From a user’s perspective, these drawbacks make MCMC difficult to apply
in educational measurement production environments.

The EM algorithm is another commonly used parameter estimation algorithm
for IRT and CDM [?, ?, ?, ?, ?], which has achieved excellent results in ap-
plication software development [?, ?, ?, ?]. A well-known EM algorithm is
BAEM developed by R. D. Bock et al. (1982). The EM family also includes
adaptive quadrature algorithms [?, ?], Laplace approximation algorithms [?, ?],
and Monte Carlo EM (MCEM) algorithms [?, ?], which were proposed to han-
dle high-dimensional latent variable IRT models. However, Cai (2010) pointed
out that these algorithms remain unsuitable for high-dimensional IRT models,
leading to the development of MHRM, which can be viewed as a stochastic
EM algorithm [?, ?]. Although stochastic optimization-based EM algorithms
have been applied to educational measurement models [?, ?], these studies did
not employ mini-batch optimization and variance reduction techniques, making
parameter estimation with EM algorithms difficult for large samples. Finally,
EM algorithms require certain mathematical and coding proficiency from re-
searchers, making it challenging to apply EM algorithms to develop models
with many parameters and complex structures. A typical case is the HO-DINA
model mentioned earlier, for which EM algorithm implementation only appeared
years later [?, ?].

With the development of artificial intelligence, computer researchers have devel-
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oped variational inference algorithms to solve parameter estimation for Bayesian
models with large samples and many parameters, introducing these algorithms
to statisticians [?, ?], who have begun using variational inference [?, ?]. Re-
searchers in educational measurement have also suggested using variational in-
ference for parameter estimation [?, ?]. With the advancement of probabilistic
programming software, the barrier to entry for variational inference has continu-
ously lowered, to the point where researchers can complete parameter estimation
programs with minimal code, similar to MCMC. This surpasses EM algorithms
in terms of ease of use, while variational inference’s computation time is less
than MCMC algorithms [?, ?], making variational inference potentially very
suitable for parameter estimation in educational measurement models.

Currently, research on applying variational inference to educational measure-
ment models is limited [?, ?]. Most studies involving variational inference in ed-
ucational measurement models focus on coordinate ascent variational inference
[?, ?, ?, ?, ?, ?], with relatively few studies on black-box variational inference and
amortized variational inference, which are based on machine learning concepts
and can be implemented using probabilistic programming software. Existing
research is limited to IRT parameter estimation [?, ?, ?, ?, ?], while CDM re-
mains completely unexplored (Minka (2009) once demonstrated DINA model
parameter estimation under the name of variational inference, but actually used
expectation propagation). Coordinate ascent variational inference [?, ?] requires
researchers to manually derive analytical expressions for parameter distribution
expectations, which presents a certain technical barrier and is only suitable for
models where such analytical expressions can be derived. This algorithm has
poor generality and usability. Black-box variational inference and amortized
variational inference can be coded based on probabilistic programming software
(Pyro [?, ?], Edward [?, ?], and PyMC3 [?, ?], etc.), offering higher usability.
The main issues with black-box variational inference and amortized variational
inference in educational measurement research are: first, the selection of loss
function gradients. The gradient calculations in [?, ?] and [?, ?] are based on
the reparameterization trick [?, ?], but whether CDM can apply the reparam-
eterization trick for parameter estimation remains to be studied. Additionally,
there is currently a lack of research applying REINFORCE gradients. Second,
the studies by [?, ?] and [?, ?] assume that the posterior variance-covariance
matrix of IRT latent variables is diagonal, which contains significantly less infor-
mation than an arbitrary variance-covariance matrix. Third, [?, ?] and [?, ?] did
not conduct parameter recovery experiments, leaving the issue of IRT parameter
recovery to be investigated.

In summary, variational inference is a highly promising parameter estimation
method for educational measurement models. This study further demonstrates
the application of black-box variational inference and amortized variational in-
ference to IRT and fills the application gap for these methods in CDM.

chinarxiv.org/items/chinaxiv-202009.00058 Machine Translation

https://chinarxiv.org/items/chinaxiv-202009.00058


2.1 Loss Function
The principle of variational inference is to approximate complex true distribu-
tions with simple distributions. The loss function of variational inference is
called ELBO (Evidence Lower Bound), with the specific formula:

ELBO ≡ 𝔼𝑞𝜙(z)[log 𝑝𝜃(x, z) − log 𝑞𝜙(z)]

This formula derives from the KL divergence between the simple computable
distribution and the complex true distribution:

KL(𝑞𝜙(z)‖𝑝𝜃(z|x)) = log 𝑝𝜃(x) − ELBO

In the above formulas, 𝜙 represents variational parameters. For IRT, 𝜙 = {𝜇, 𝜎},
where 𝜇 is the location parameter of the normal distribution and 𝜎 is the scale
parameter. For CDM, 𝜙 = {𝑝}, where 𝑝 can be the parameter of a Bernoulli
distribution or a categorical distribution.

2.2 Mean Field
Variational inference uses simple approximate distributions to fit true distribu-
tions, typically expressed in mean field form. Assuming parameters are 𝜙𝑖 with
distributions 𝑞𝑖(𝜙𝑖), the mean field is:

𝑞(𝜙) = ∏
𝑖

𝑞𝑖(𝜙𝑖)

The advantages of mean field are: first, it simplifies the form of the approxi-
mate distribution, and second, it enables loss backpropagation using dynamic
computation graphs [?, ?].

2.3 Coordinate Ascent Variational Inference
[?, ?] and [?, ?] applied coordinate ascent variational inference to estimate pa-
rameters for 2-parameter probit models, while [?, ?, ?] used coordinate ascent
variational inference for DINA and MC-DINA model parameter estimation. Co-
ordinate ascent variational inference is similar to Gibbs sampling, continuously
computing parameter expectations with the simplified form:

log(𝜙𝑖(𝜃𝑖)) ∝ 𝔼𝜙𝑖∉𝜙(log(𝑓(𝑦|𝜙)) + log(𝑝(𝜙)))

The disadvantage of coordinate ascent variational inference is its difficulty in
generalizing to multi-parameter IRT and IRT based on logit functions (strictly
speaking, it can be handled approximately, but this is quite complex [?, ?]).
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2.4 Black Box Variational Inference
Black box variational inference is an algorithm proposed by [?, ?]. English
Liulishuo [?, ?] and [?, ?] used probabilistic programming software Edward and
Pyro to implement black box variational inference parameter estimation for
unidimensional IRT. The parameter estimation process for black box variational
inference involves: first, computing the gradient with respect to variational
parameters 𝜙:

∇𝜙ELBO = 𝔼𝑞𝜙(z){[∇𝜙 log 𝑞𝜙(z)][log p(x, z) − log q𝜙(z)]}

Sampling 𝑧𝑠 from distribution 𝑞𝜙(𝑧), where 𝑠 = {1, 2, 3, … , 𝑆}, yields the ap-
proximate gradient of variational parameters:

∇𝜙ELBO = ∑{[∇𝜙 log 𝑞𝜙(𝑧𝑠)][log 𝑝(x, z𝑠) − log q𝜙(z𝑠)]}

Then update the variational parameters:

𝜙 = 𝜙 + 𝜌 ∑{[∇𝜙 log 𝑞𝜙(𝑧𝑠)][log 𝑝(x, z𝑠) − log q𝜙(z𝑠)]}

where 𝜌 is the Robbins-Monro coefficient, primarily used in stochastic optimiza-
tion. Repeat the above steps until variational parameters 𝜙 converge.

2.5 Amortized Variational Inference
The disadvantage of black box variational inference is that the number of latent
variable parameters explodes with large samples, and when encountering new
samples, black box variational inference must relearn from scratch. Therefore,
researchers proposed amortized variational inference [?, ?]. A typical example of
amortized variational inference is the variational autoencoder [?, ?], which uses
neural networks as generating functions for distribution parameters, leveraging
the universal approximation property of neural networks [?, ?]. Using amor-
tized variational inference, the approximate distribution 𝑞𝜙𝑖

(𝑧𝑖) is rewritten as
𝑞𝑓(𝑥𝑖)(𝑧𝑖). Amortized variational inference is commonly applied to artificial in-
telligence tasks such as image generation.

2.6 Reparameterization
Educational measurement models contain both item parameters and latent vari-
able parameters, so computing gradients encounters the following expression:

∇𝜃,𝜙ELBO = ∇𝜃,𝜙𝔼𝑞𝜙(z)[log 𝑝𝜃(x, z) − log 𝑞𝜙(z)]

Directly computing this gradient is difficult, requiring tricks such as reparam-
eterization. For normal distributions, the reparameterization method assumes
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z ∼ 𝒩(𝜇, 𝜎). Let 𝜖 ∼ 𝒩(0, 1), then z = 𝜖 ∗ 𝜎 + 𝜇, and the gradient of ELBO
becomes:

∇𝜃,𝜇,𝜎ELBO = 𝔼𝑞(𝜖)[∇𝜃 log 𝑝𝜃(x, z) − ∇𝜇,𝜎 log 𝑞𝜇,𝜎(𝜖 ∗ 𝜇 + 𝜎)]

This reparameterization method can be applied to IRT, and the VIBO algo-
rithm [?, ?] is based on this method. For discrete latent variables, there exists
an algorithm called Gumbel-Softmax [?, ?]. The Gumbel-Softmax process as-
sumes a two-dimensional vector v, samples 𝐺1, 𝐺2 from the standard Gumbel
distribution, adds them to obtain a new vector v′ = [𝑣1 +𝐺1, 𝑣2 +𝐺2], and com-
putes the final category probabilities through the softmax function, i.e., 𝜎𝜏(𝑣𝑖),
where 𝜏 is the temperature parameter. CDM can theoretically apply the HARD
mode of this method (Straight-Through Gumbel-Softmax).

2.7 REINFORCE
REINFORCE is another method for computing gradients. The mathematical
form of the REINFORCE gradient is:

∇𝜃,𝜙ELBO = 𝔼𝑞𝜙(z){∇𝜙 log 𝑞𝜙(z)[log 𝑝𝜃(x, z)−log 𝑞𝜙(z)]+∇𝜃 log 𝑝𝜃(x, z)−∇𝜙 log 𝑞𝜙(z)}

This method can be used for both continuous and discrete latent variable gra-
dient computation. It is commonly used for reinforcement learning in artificial
intelligence [?, ?]. The disadvantage is the large variance of stochastic gradients,
though variance reduction techniques can be applied to mitigate this issue.

2.8 Stochastic Optimization and Variance Reduction
Variational inference is often applied to large-scale datasets, leading researchers
to develop stochastic optimization and variance reduction techniques [?, ?, ?].
Stochastic optimization involves sampling mini-batches from the data to com-
pute stochastic gradients each iteration. To reduce the variance of stochastic
gradients, researchers have developed variance reduction methods including Rao-
Blackwellization and Control Variates [?, ?].

3.1 Models
In the model formulas, subscript 𝑖 represents the sample index, subscript 𝑗
represents the item (question) index, and 𝑦𝑖𝑗 is the input data (response data).

The selected models for experiments are 2-4 parameter IRT models. The math-
ematical form of IRT models is:

𝑃(𝑦𝑖𝑗|𝑋𝑖) = 𝑐𝑗 + 𝑑𝑗 − 𝑐𝑗
1 + exp(𝑋𝑖a𝑗 + 𝑏𝑗)

, 0 < 𝑐𝑗 < 𝑑𝑗 < 1
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where 𝑋𝑖 is the latent variable.

The selected models for experiments are the DINA model and HO-DINA model.
The mathematical form of the DINA model is:

𝑃(𝑦𝑖𝑗|𝛼𝑖) = 𝑔1−𝜂𝑖𝑗
𝑗 (1 − 𝑠𝑗)𝜂𝑖𝑗 , 0 < 𝑔𝑗 < 1, 0 < 𝑠𝑗 < 1, 0 < 𝑔𝑗 + 𝑠𝑗 < 1

or Torre’s (2011) reparameterized version:

𝑃(𝑦𝑖𝑗|𝛼𝑖) = 𝑓𝑗 + 𝑑𝑗𝜂𝑖𝑗, 0 < 𝑓𝑗 < 1, 0 < 𝑓𝑗 + 𝑑𝑗 < 1

where 𝜂𝑖𝑗 = ∏𝑘 𝛼𝑞𝑗𝑘
𝑖𝑘 , 𝛼𝑖 = [𝛼𝑖1, 𝛼𝑖2, … , 𝛼𝑖𝐾].

The mathematical form of the HO-DINA model is:

𝑃(𝛼𝑖𝑘|𝜃𝑖) = exp(𝜃𝑖𝜆1𝑘 + 𝜆0𝑘)
1 + exp(𝜃𝑖𝜆1𝑘 + 𝜆0𝑘) , 𝛼𝑖𝑘 ∼ Bernoulli(𝑃 (𝑎𝑖𝑘|𝜃𝑖))

where 𝛼𝑖 is the discrete latent variable (attribute mastery pattern) and 𝑞𝑗𝑘 are
elements of the 𝑄-matrix.

The experimental code is written based on Pyro and PyTorch, with loss func-
tion gradients based on REINFORCE. Reparameterization gradients (based on
the Gumbel-Softmax method) are only experimented with in CDM, and vari-
ance reduction is based on the Rao-Blackwellization method. By default, latent
variables are treated as random parameters and item parameters as determin-
istic parameters, with only one sample drawn when performing Monte Carlo
sampling of latent variables.

3.2.1 Black Box Variational Inference
For unidimensional IRT models, the prior distribution of latent variables is
𝑥𝑖 ∼ 𝒩(0, 1), and the posterior distribution is 𝑥𝑖 ∼ 𝒩(𝜇𝑖, 𝜎𝑖). This method is
consistent with [?, ?].

For multidimensional IRT models, the prior distribution of latent variables is
X𝑖 ∼ 𝒩(0, I). The posterior distribution is X𝑖 ∼ 𝒩(𝜇𝑖, Σ𝑖), where Σ𝑖 is an
arbitrary variance-covariance matrix.

For DINA models, we first reference Culpepper’s (2015) Gibbs algorithm
implementation, where 𝛼𝑖 = [𝛼𝑖0, 𝛼𝑖1, … , 𝛼𝑖𝑚], with 𝛼𝑖0 = [0, 0, … , 0],
𝛼𝑖1 = [1, 0, … , 0], etc. If the dimension of the attribute mastery pattern
is 𝐾, the 𝛼𝑖 list contains 2𝐾 elements. We randomly sample 𝛼𝑖ℎ from 𝛼𝑖,
where 𝛼𝑖ℎ ∼ categorical([𝑝𝑖0, 𝑝𝑖1, … , 𝑝𝑖𝑚]). The prior distribution of 𝛼𝑖ℎ is
𝛼𝑖ℎ ∼ categorical([1, 1, … , 1]). This setting is only used in low-dimensional
attribute mastery pattern experiments. Second, the prior distribution of at-
tribute mastery patterns is 𝛼𝑖𝑘 ∼ Bernoulli(0.5), and the posterior distribution
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is 𝛼𝑖𝑘 ∼ Bernoulli(𝑝𝑘𝑖). This setting is only used in high-dimensional attribute
mastery pattern experiments.

For HO-DINA models, we similarly reference Culpepper’s (2015) Gibbs
algorithm implementation. The prior distribution of higher-order traits
is 𝜃𝑖 ∼ 𝒩(0, 1), and the posterior distribution is 𝜃𝑖 ∼ 𝒩(𝜇𝑖, 𝜎2

𝑖 ). Let
𝛼𝑖ℎ = [𝛼𝑖1, 𝛼𝑖2, … , 𝛼𝑖𝑘, …], then 𝑝𝑖ℎ = ∏𝑘 𝑃(𝛼𝑖𝑘|𝜃𝑖). We then ran-
domly sample attribute mastery patterns 𝛼𝑖ℎ from the 𝛼𝑖 list, where
𝛼𝑖ℎ ∼ categorical([𝑝𝑖0, 𝑝𝑖1, … , 𝑝𝑖𝑚]).

3.2.2 Amortized Variational Inference
For unidimensional IRT models, consistent with the approach in [?, ?], the
prior distribution is standard normal, and the posterior distribution parameter
generator model is:

h𝑖 = 𝑔(y𝑖)
𝜇𝑖 = w𝜇h𝑖 + 𝑏𝜇

log 𝜎2
𝑖 = W𝜎h𝑖 + b𝜎

where 𝑔 is the activation function.

[Figure 1: see original paper]

For multidimensional IRT models, the posterior distribution location parameter
generator model is:

h𝑖 = 𝑔(y𝑖)
𝜇𝑖 = w𝜇h𝑖 + b𝜇

The posterior distribution variance-covariance matrix parameter generator is:

tril(L∗
𝑖 ) = W𝐿h𝑖 + b𝐿
L𝑖 = tril−(L∗

𝑖 ) + exp(diag(L∗
𝑖 ))

Σ𝑖 = L𝑖L𝑇
𝑖

where tril represents taking the lower triangular elements of a matrix and tril−
represents taking the lower triangular elements excluding the diagonal.

Another approach shares the variance-covariance matrix across latent variables,
with the generator form:

tril(L∗) = ∑
𝑖

tril(L𝑖)

L = tril−(L∗) + exp(diag(L∗))
Σ = LL𝑇
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where 𝑁 is the mini-batch size.

For prior distribution settings, in addition to X𝑖 ∼ 𝒩(0, I), amortized varia-
tional inference also introduces X𝑖 ∼ 𝒩(0, Ω) or X𝑖 ∼ 𝒩(0, Ω𝑖), where Ω is a
correlation matrix. The computation and constraints of Ω follow the scheme in
Stan software [?, ?]. When Ω is computed using neural networks, we refer to it
as a neural correlation matrix.

[Figure 2: see original paper]

This form is inspired by the fact that the prior distribution of discrete variational
autoencoders can be restricted Boltzmann machines. X𝑖 ∼ 𝒩(0, I) is equiva-
lent to 𝐿2 regularization, so the prior distribution constrains dimensionless la-
tent variable parameters [?, ?]. The diagonal of the correlation matrix ensures
the scale constraint of latent variable parameters, while the free estimation of
correlation coefficients allows for the incorporation of additional information.

[Figure 3: see original paper]

[Figure 4: see original paper]

For DINA models, the posterior distribution generator referencing Culpepper
(2015) is:

h𝑖 = 𝑔(y𝑖)
p𝑖𝑚 = softmax(h𝑖)

The posterior distribution generator consistent with the second form of black
box variational inference is:

h𝑖 = 𝑔(y𝑖)
𝑝𝑖𝑘 = sigmoid(h𝑖)

The prior distribution is consistent with black box variational inference.

For HO-DINA models, the posterior distribution generator and prior distribu-
tion are consistent with the unidimensional item response model.

All missing data in the experiments are treated as ignorable missing data. Sam-
ples with missing data are not removed unless all data for that sample are
missing. When missing data are fed into neural network calculations, they are
assigned a value of -1.

The experiments adopt the multidimensional IRT model identification method
consistent with [?, ?], which is also used by flexmirt and the R package mirt.
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3.2.5 Differences from VIBO
VIBO [?, ?] is another variational inference algorithm, and existing educational
measurement model parameter estimation algorithms based on black box vari-
ational inference and amortized variational inference can be viewed as VIBO.
Regarding loss gradients, VIBO is based on reparameterization, while our ex-
periments are based on REINFORCE (except for CDM where Gumbel-Softmax
reparameterization is experimented with). VIBO cannot be applied to CDM,
but our experiments can. For multidimensional IRT latent variable posterior
distributions, VIBO’s variance-covariance matrix is diagonal, while our exper-
iments use arbitrary matrices. For multidimensional IRT latent variable prior
distributions, VIBO’s variance-covariance matrix is an identity matrix, while
our experiments use both identity matrices and neural correlation matrices. Re-
garding missing data, VIBO is relatively complex, while our implementation is
simpler.

3.3.1 LSAT
LSAT is response data published by [?, ?] for testing IRT models, sourced from
the Law School Admission Test of the Law School Admission Council. LSAT
contains 1,000 samples and 5 items.

3.3.2 PISA
PISA is a study conducted by OECD to evaluate reading, mathematics, and
science abilities of 15-year-old students. The experiments selected the PISA sci-
ence test data cleaned by [?, ?], with dichotomous scoring, 519,334 samples, and
183 items. Among these, 73,283 samples had completely empty data and were
removed, leaving 446,051 samples containing 69,014,909 missing data points,
totaling approximately 85% missing data with only 15% valid data.

3.3.3 ECPE
ECPE stands for Examination for the Certificate of Proficiency in English, con-
taining 2,922 samples, 28 items, and 3 attributes, which has been used in studies
such as [?, ?].

3.4 Simulated Data
Unless otherwise specified, the number of items for IRT models is set to 50, and
for CDM models to 100. Each experiment simulates 30 replications.

3.4.1 Item Response Theory
𝑎𝑘𝑗 ∼ uniform(0.5, 3), 𝑏𝑗 ∼ 𝒩(0, 1), 𝑐𝑗 ∼ uniform(0.05, 0.2), 𝑑𝑗 ∼
uniform(0.8, 0.95), where 𝑎𝑘𝑗 is the slope on dimension 𝑘, and X𝑖 ∼ 𝒩(0, I) or
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X𝑖 ∼ 𝒩(0, [ 1 corr
corr 1 ]), with corr taking values 0.3, 0.5, and 0.7.

3.4.2 Cognitive Diagnosis Models
First scheme: 𝑔𝑗 ∼ uniform(0, 0.3), 𝑠𝑗 ∼ uniform(0, 0.3), 𝑞𝑘𝑗 ∼ Bernoulli(0.5),
𝛼𝑖𝑘 ∼ Bernoulli(0.5), 𝜆𝑖0 ∼ 𝒩(0, 1), 𝜆𝑖1 ∼ uniform(0.5, 3), with attribute mas-
tery pattern dimension set to 5.

Second scheme: Referencing the simulation design of [?, ?], 𝑔𝑗 ∼ uniform(0, 0.3),
𝑠𝑗 ∼ uniform(0, 0.3), with the 𝑄-matrix set as 𝑄 = [I𝐾 Q1 Q2]. I𝐾 is a
𝐾-dimensional identity matrix. Q1 ∈ {0, 1}𝐾×𝐾 has elements equal to 1 at
positions (𝑖, 𝑖) for 𝑖 = 1, 2, … , 𝐾 and at positions (𝑖, 𝑖 + 1) for 𝑖 = 1, 2, … , 𝐾 − 1,
with all other elements being 0. Q2 ∈ {0, 1}𝐾×𝐾 has elements equal to 1 at
positions (𝑖, 𝑖) for 𝑖 = 1, 2, … , 𝐾, at positions (𝑖, 𝑖+1) for 𝑖 = 1, 2, … , 𝐾 −1, and
at positions (𝑖, 𝑖 − 1) for 𝑖 = 2, 3, … , 𝐾, with all other elements being 0. The
attribute mastery pattern is set as 𝜃𝑖 = [𝜃𝑖1, 𝜃𝑖2, … , 𝜃𝑖𝐾], with 𝜃𝑖 ∼ 𝒩(0, Ω),
where Ω is a matrix with diagonal elements equal to 1 and all other elements
equal to 𝜌, with experiments setting 𝜌 = 0.3. This setting is only used for
high-dimensional attribute mastery pattern experiments.

3.4.3 Missing Data Simulation
The missing data simulation sets 90% of data as missing.

3.5 Comparison Software and Algorithms
The main comparison software for IRT experiments is flexmirt 3.6.2 [?, ?] and
VIBO developed by [?, ?]. The comparison algorithms are BAEM, MHRM, and
VIBO. For the four-parameter model, the R package MIRT 1.32.8 [?, ?] is used
instead of flexmirt. The comparison software for CDM experiments is the R
package GDINA 2.8.0, with the EM algorithm as the comparison algorithm.

4.1 Real Data
For real data, only amortized variational inference is used for parameter estima-
tion. The evaluation metric is AUC [?, ?]. All real data are split into test and
validation sets with a split ratio of 8:2.

Two-parameter IRT is applied to analyze the data.

Table 1 shows the LSAT parameter estimation fit statistics with neural correla-
tion matrix priors.

Table 2 shows the PISA parameter estimation fit statistics with neural correla-
tion matrix priors.

Tables 1 and 2 show: (1) prior distributions with neural correlation matrices
achieve higher fit performance than identity matrices; (2) high-dimensional mod-
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els achieve higher fit performance than low-dimensional models. Overall, vari-
ational inference demonstrates excellent fit performance on LSAT and PISA
data.

[Figure 5: see original paper]

4.1.2 Cognitive Diagnosis Models
Table 3 shows the ECPE parameter estimation fit statistics for higher-order trait
dimensions in HO-DINA. Table 3 shows that the DINA model performs better
than HO-DINA. Overall, variational inference shows good fit performance on
ECPE data.

4.2.1 Item Response Theory
In the experimental results, BBVI represents black box variational inference,
AI represents amortized variational inference, and 𝑎, 𝑏, 𝑐, 𝑑, 𝑥 represent the
corresponding parameters in IRT, while 𝑔, 𝑠, 𝜆0, 𝜆1 represent the corresponding
parameters in CDM. Numbers in tables represent the mean of RMSE, with
numbers in parentheses representing the standard deviation of RMSE.

Table 4 shows the recovery RMSE for unidimensional IRT parameter estimation.
MHRM is not shown in Table 4 because it performed unstably in unidimensional
multi-parameter models (parameter estimation failed twice). Table 5 shows the
recovery RMSE for multidimensional IRT parameter estimation. BAEM is not
shown in Table 5 because it is too time-consuming for multidimensional models.
In Table 6 , flexmirt software sets latent variable covariances as freely estimated,
while variational inference uses neural correlation matrices as prior distributions.

Tables 4, 5, 6, and 7 show: (1) for dimension-correlated simulated data, varia-
tional inference has significant advantages and lower computational time than
MHRM; (2) for medium-sized datasets, variational inference has certain advan-
tages and much lower computational time than BAEM and MHRM; (3) for
unidimensional multi-parameter models, variational inference has certain ad-
vantages but higher computational time than BAEM; (4) for multidimensional
models, variational inference performs essentially the same as MHRM but with
lower computational time; (5) the VIBO algorithm performs extremely poorly
in two-dimensional models, confirming previous speculation that VIBO is not
suitable for multidimensional IRT models.

4.2.2 Reparameterization vs REINFORCE for DINA Mod-
els
Table 8 compares reparameterization versus REINFORCE gradients for DINA
models. Table 8 shows that the Gumbel-Softmax reparameterization method is
difficult to apply to DINA models, and Figure 7 [Figure 7: see original paper]
also verifies this result. The right panel of Figure 6 [Figure 6: see original paper]
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shows the AUC values between the latent variable network output values and
the true attribute mastery pattern values.

[Figure 6: see original paper]

4.2.3 DINA and HO-DINA Models
Table 9 shows the recovery RMSE for DINA parameter estimation. Table 10
shows the recovery RMSE for HO-DINA parameter estimation. Tables 9 and 10
show that variational inference achieves parameter recovery accuracy essentially
equivalent to EM for CDM models, but with much higher computational time
than EM.

4.2.4 High-Dimensional DINA Models
Table 11 shows the recovery RMSE for high-dimensional DINA model param-
eter estimation. The space complexity of EM for high-dimensional attribute
mastery pattern DINA models is 𝑂(2𝑁), making EM difficult to apply to high-
dimensional DINA. Therefore, the experiments also tried MCMC algorithms
based on random walks, finding that MCMC algorithms take 3-10 times longer
than variational inference (approximately 3-10 hours). Thus, using variational
inference for high-dimensional attribute pattern parameter estimation is a more
economical choice. Figure 7 [Figure 7: see original paper] shows the recovery
degree for high-dimensional attribute mastery patterns.

[Figure 7: see original paper]

4.2.5 Missing Data
The IRT missing data experiment sets the number of items to 500 with a unidi-
mensional two-parameter model and randomly missing 90% of data. The HO-
DINA missing data experiment sets the number of items to 500 with randomly
missing 90% of data.

Table 12 shows the recovery RMSE for IRT missing data parameter estimation.
Table 13 shows the recovery RMSE for HO-DINA missing data parameter es-
timation. Tables 12 and 13 show that variational inference can maintain good
parameter recovery even when handling 90% missing data.

5 Conclusion and Outlook
Both real data experiments and simulated data experiments demonstrate that
variational inference achieves high prediction performance and parameter re-
covery performance in educational measurement models. The latent variable
network models and neural correlation matrices developed in this study demon-
strate the flexibility and extensibility of variational inference. Researchers can
arbitrarily develop desired models using the universal approximation property of
neural networks or the simplicity of black box variational inference. The study
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does not present code due to space limitations, but the code is open-source. Re-
searchers will find through the open-source code that writing variational infer-
ence parameter estimation programs is not much different from writing MCMC
parameter estimation programs. Variational inference has great potential for
application in educational measurement research or experimental environments
and can help researchers develop new educational measurement models.

The algorithms designed in this experiments achieve state-of-the-art perfor-
mance in the IRT domain, leading or matching flexmirt in both running time
and parameter recovery. Therefore, we strongly recommend that researchers
use variational inference to develop new IRT models, and also recommend that
general users apply variational inference algorithms in practical scenarios. The
algorithms designed in this experiments perform adequately in CDM, only sur-
passing EM in high-dimensional attribute mastery patterns. Nevertheless, we
still recommend that researchers use variational inference to develop new CDM
models, as variational inference can save researchers development time. As for
general users, we recommend using the EM algorithm implemented in GDINA.

Although this study demonstrates that variational inference algorithms have
great potential in the field of educational measurement, several issues remain.
First, although this study presents neural correlation matrices and obtains good
results through simulated and real data experiments, theoretical proof is lacking.
Second, the algorithms designed in this experiments have long running times
in CDM, which may be related to the use of REINFORCE gradients (which
have high variance), while the use of reparameterization methods in CDM is
not ideal. The application of variational inference in CDM requires further
exploration. Third, regarding the application of normalizing flows, the distribu-
tion of latent variables may not be simple normal distributions, so normalizing
flows may be needed to optimize parameter distributions. The experiments ac-
tually tested neural autoregressive flows but did not find their superiority, so
normalizing flows are not elaborated in the main text and require future re-
search. Fourth, this study demonstrates stochastic optimization for variational
inference, but MCMC and EM can also apply stochastic optimization, namely
stochastic gradient MCMC and stochastic EM algorithms, though no relevant
studies have applied these two parameter estimation techniques to educational
measurement models. Finally, we hope more AI technologies like variational
inference can be applied to the field of education.
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