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Abstract

The test results of dual-objective CD-CAT can be utilized for both formative
and summative assessments. The Gini index can quantify the uncertainty de-
gree of a random variable, where smaller values indicate lower uncertainty. This
study employs the Gini index to measure changes in posterior probabilities of
examinee knowledge state categories and ability estimation confidence intervals,
proposing a Gini index-based item selection strategy. Monte Carlo experiments
demonstrate that, compared with existing item selection strategies, the new
strategy yields higher accuracy in both knowledge state classification and abil-
ity estimation, while effectively balancing item bank usage uniformity, enabling
rapid real-time response, and exhibiting minimal influence from cognitive diag-
nosis models and examinee knowledge state distributions, thus being applicable
to mixed item banks containing multiple cognitive diagnosis models in practical
testing.
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Abstract

Dual-objective CD-CAT assessment results can be used for both formative and
summative evaluation. The Gini index can measure the degree of uncertainty in
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random variables, where a smaller value indicates lower uncertainty. This paper
uses the Gini index to measure changes in the posterior probabilities of exam-
inee knowledge state classifications and ability estimation confidence intervals,
proposing a Gini-index-based item selection strategy. Monte Carlo experiments
demonstrate that compared with existing selection strategies, the new strategy
achieves higher classification accuracy for knowledge states and higher precision
in ability estimation, while effectively balancing uniform item bank utilization
and enabling rapid real-time response. Moreover, it is less affected by cognitive
diagnostic models and examinee knowledge state distributions, making it suit-
able for practical testing scenarios with mixed item banks containing multiple
cognitive diagnostic models.

Keywords: cognitive diagnosis; item response theory; Gini index; dual-
objective CD-CAT; item selection strategy

1 Introduction

Summative evaluation uses a continuous scalar (often called latent trait or abil-
ity) to characterize student learning outcomes at a particular stage. Computer-
ized adaptive testing (CAT) based on item response theory (IRT) can implement
summative assessment more efficiently through a “tailored” approach. Forma-
tive evaluation uses a discrete vector (often called latent cognitive pattern or
knowledge state) to help teachers understand each student’ s latent cognitive
status, providing instructional feedback to enable better “teaching according
to aptitude,” which benefits both student learning and teacher professional de-
velopment. CAT based on cognitive diagnostic theory (CDT) uses a “personal-
ized” testing approach to quickly diagnose examinees’ cognitive strengths and
weaknesses. Teaching requires the integration of summative and formative eval-
uation—attending to both process and outcomes to achieve harmony between
learning processes and their evaluation. While IRT-CAT focuses on summative
evaluation and CD-CAT (cognitive diagnostic computerized adaptive testing)
focuses on formative evaluation, their combination in dual-objective CD-CAT
(Dual-CAT) can complement their strengths to better achieve testing objectives.

Dual-CAT research centers on two key themes. The first is constructing psy-
chometric indices for the item bank. Just as IRT-CAT relies on item response
models (IRM) and CD-CAT relies on cognitive diagnostic models (CDM), Dual-
CAT also depends on measurement models that are closely related to the item
bank’ s psychometric properties. Existing literature shows that only the unified
model (also called the fusion model) (Hartz, 2002; Rupp, Templin, & Henson,
2010) and the higher-order model (de la Torre & Douglas, 2004) incorporate
both examinee knowledge states and ability within a single model. However,
the unified model contains many parameters that are statistically difficult to
estimate (Hartz, 2002), making it rarely used in practice. The higher-order
model adopts a hierarchical structure that treats latent traits as higher-level
general abilities above latent attributes, where the relationship between ability
and item response probability is indirectly associated through examinee knowl-
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edge states. Only when the number of attributes is relatively large (e.g., greater
than 10) can ability be estimated accurately (de la Torre & Douglas, 2004; Hsu
& Wang, 2015; Huang, 2020). Consequently, most Dual-CAT item selection
research does not rely on these two models but instead employs a separate mod-
eling approach. Using either a unified model or separate modeling determines
different construction methods for item selection strategies. For the separate
modeling approach, which requires model parameters from both IRM and CDM,
establishing connections between these two sets of parameters is fundamental
to implementing Dual-CAT.

Research by de la Torre and Douglas (2004) demonstrated that for the same
dataset, ability estimates from the higher-order model correlate highly with
those from the 2PLM (two-parameter logistic model) in IRT. Wang, Zheng,
and Chang (2014) also showed that unidimensional IRT models and the DINA
model (Junker & Sijtsma, 2001) can fit the same data well when attributes are
highly correlated or linearly hierarchical. Their research supports the separate
modeling approach, where stable estimates of both ability and knowledge state
can be obtained through a two-step estimation method that considers each
model’ s psychological structure (Kang, Zhang, & Chang, 2017).

The second theme is item selection strategy, which is the key technology for
implementing Dual-CAT. An excellent selection strategy should achieve high
classification and estimation accuracy to meet testing objectives, ensure rela-
tively uniform item bank utilization to improve test security, and maintain fast
computational speed for real-time response. Researchers have proposed vari-
ous selection strategies for IRT-CAT and CD-CAT, which respectively focus on
evaluating latent traits and latent cognitive structures. The challenge lies in
effectively combining these two objectives. Scholars have proposed several se-
lection strategies suitable for Dual-CAT, which mainly fall into two categories:
the shadow test approach and the combination strategy approach.

McGlohen and Chang (2008) discussed the performance of the shadow test ap-
proach alongside single-objective selection strategies for IRT-CAT and CD-CAT
under separate modeling: (1) using maximum Fisher information (MFI) (Lord,
1980) or Kullback-Leibler (KL) information (Chang & Ying, 1996) strategies
from IRT-CAT to select items matching the examinee’ s current ability esti-
mate, then estimating knowledge state after testing; (2) using Shannon entropy
(SHE) or KL information maximization strategies (Tatsuoka, 2002; Xu, Chang,
& Douglas, 2003) from CD-CAT to select items matching the current knowledge
state estimate, then estimating ability after testing; and (3) the shadow test ap-
proach adapting to both current ability and knowledge state estimates—first
constructing an optimal shadow bank based on ability estimate using method
(1), then selecting from this shadow bank the item most suitable for the current
knowledge state estimate using method (2) as the next candidate item. They
compared these three approaches on three metrics: ability estimation accuracy,
cognitive state classification accuracy, and item exposure control, with results
favoring the shadow test approach.

chinarxiv.org/items/chinaxiv-202009.00001 Machine Translation


https://chinarxiv.org/items/chinaxiv-202009.00001

ChinaRxiv [$X]

Du (2010) also adopted the shadow test approach but differed from McGlohen
and Chang (2008) by first constructing a shadow bank most suitable for the
current knowledge state estimate, then selecting from this shadow bank the item
most suitable for the current ability estimate as the next candidate. Comparing
ability estimation accuracy and knowledge state classification accuracy across
different attribute hierarchical structures, their results also showed the shadow
test approach outperformed single-objective strategies.

Some scholars (Cheng, 2007; Dai, Zhang & Li, 2016) have argued that the
combination of two “local optimization” steps does not necessarily guarantee
“good overall results,”and that more ideal item selection methods should consider
both ability and knowledge state simultaneously in a single step to obtain more
suitable items, thus proposing combination strategy approaches.

Cheng (2007) and Dai et al. (2016) used linear weighted combinations of in-
dicators for ability (I(6)) and knowledge state (I(&)), where I(6) represents
information about ability (such as MFI or KL) and I(&) represents informa-
tion about knowledge state (such as SHE, KL, PWKL (posterior-weighted KL)
(Cheng, 2009), MPWKL (modified PWKL) (Kaplan, de la Torre, & Barrada,
2015), and PWACDI (posterior-weighted attribute cognitive discrimination in-
dex) (Zheng & Chang, 2016)). Their research showed that on the three metrics
of ability estimation accuracy, cognitive state classification accuracy, and item
exposure control, composite indicators outperformed the shadow test approach.

Wang, Chang, and Douglas (2012) also used a separate modeling approach,
treating diagnosis of examinee knowledge states as a constraint and employing
the maximum priority index method (MPI) (Cheng & Chang, 2009) from IRT-
CAT for item selection—a multiplicative combination strategy: MPI; = I J(é) X
I;(@), enabling IRT-CAT to measure both ability and cognitive status. Their
research showed that MPI indicators constructed from KL information could

achieve good measurement precision.

Overall, combination strategies can more finely characterize the interaction be-
tween ability and knowledge state effects on item selection compared to the
shadow test approach. The choice between additive and multiplicative combi-
nation strategies depends on which information measures are used for I(#) and
I(Q). Zheng, He, and Gao (2018) compared various additive and multiplicative
combination strategies across different information measures, finding that each
combination approach has its own advantages depending on the information

measure used.

Additive combination strategy research includes Cheng’s (2007) DIM (dual infor-
mation method) strategy combining two KL information measures; Wang et al.’
s (2014) AST (aggregate standardized information method) and ARI (aggregate
ranked information method) strategies, which eliminate information measure
differences through standardization; Kang et al.” s (2017) JSD (Jensen-Shannon
divergence) strategy using symmetric KL information; and MASI (modified AST)
and MARI (modified ASIT) combining KL and MPWKL information.
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Multiplicative combination strategy research includes Wang et al’ s (2012)
weighted MPI strategy; Dai et al.” s (2016) DWTI (dapperness with information)
strategy, which uses logarithmic transformation to eliminate dimensional differ-
ences between MFI and SHE information, converting additive to multiplicative
combination; and Zheng et al.” s (2018) IPA (information product approach)
strategy.

These selection strategies each have their own advantages under certain condi-
tions: some offer high precision but require substantial computation time (e.g.,
IPA), others have slightly lower precision but enable pre-computation to reduce
selection time (e.g., ASI), and some have even lower precision but use less time
and provide more uniform item bank utilization (e.g., JSD). Additionally, these
strategies may suffer from bias in composite indicators due to large dimensional
differences between the two information measures, or from information loss due
to transformations designed to eliminate dimensional differences. We aim to
develop a new strategy with a unified information metric for both ability and
knowledge state that ensures high estimation and classification accuracy while
balancing uniform item bank utilization and requiring minimal selection time.

In CD-CAT, Bayesian decision-making is commonly used for examinee classifi-
cation. The examinee’ s knowledge state category is a random variable. When
class-conditional probabilities and prior probabilities are known, the posterior
probability of an examinee belonging to each category can be calculated through
Bayes’ formula, and the category with the highest posterior probability is se-
lected as the decision. This approach has been theoretically proven to yield the
lowest average error rate (Zhang, 2010, pp. 14-15) and is therefore often called
the minimum error rate Bayesian decision. Research shows (Chen, Li, & Xin,
2011; Han et al., 2018; Wang & Chang, 2011) that selection strategies based
on posterior probabilities of knowledge state categories (Zheng & Chang, 2016)
and those based on posterior probabilities of ability estimation confidence inter-
vals achieve high classification and estimation accuracy, such as the Shannon
entropy strategy in CD-CAT (Tatsuoka, 2002; Xu et al., 2003) and the con-
tinuous entropy (also called differential entropy) strategy in multidimensional
IRT-CAT (Wang & Chang, 2011; Han et al., 2018).

Entropy measures the uncertainty of random variables—greater entropy indi-
cates greater uncertainty. In CD-CAT, entropy measures changes in posterior
probabilities of knowledge state categories, and Bayesian decision-making clas-
sifies examinees based on these posterior probabilities. Changes in entropy di-
rectly reflect changes in category posterior probabilities, making entropy-based
selection strategies highly accurate, such as the Shannon entropy strategy (Tat-
suoka, 2002; Xu et al., 2003). In statistics, the Gini index is another metric for
measuring random variable uncertainty, applied in decision tree classification
algorithms. Classic machine learning algorithms include both entropy-based
methods like ID3 (Quinlan, 1986) and C4.5 (Quinlan, 1993), and Gini index-
based methods like CART (Breiman, Friedman, Stone, & Olshen, 1984) (Zhou,
2016).
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This study proposes using the Gini index to construct a selection strategy
for dual-objective CD-CAT. The Gini index and entropy share commonalities
and differences. Both can measure uncertainty in random variables and han-
dle both continuous and discrete random variables. For a discrete random
variable Y with possible values {y;,ys,...,y, } and corresponding probabilities
{p1,D2s -, Dp}, entropy is expressed as: (M AT H,), while the Gini index is ex-
pressed as: (M ATH,).

A first-order Taylor expansion of the entropy formula at p = 1 (ignoring higher-
order infinitesimals) yields (M AT H,), showing that at extreme points, informa-
tion entropy and Gini index achieve the same value. Mathematically, entropy
uses logarithmic weighting of probabilities, reflecting a nonlinear relationship,
while the Gini index uses linear weighting, reflecting a linear relationship.

Since the entropy formula involves logarithmic operations while the Gini index
only requires sum of squares, Gini-based selection strategies should achieve clas-
sification accuracy comparable to Shannon entropy strategies but with faster
computation speed. Moreover, the Gini index’ s linear weighting makes it more
sensitive to changes in category posterior probabilities during testing, helping
to expand item selection range and improve item bank utilization.

This paper leverages these advantageous properties of the Gini index to propose
a Gini-based selection strategy, expecting it to ensure measurement precision
while balancing uniform item bank utilization and enabling rapid real-time re-
sponse, thereby providing a new and superior method for simultaneously ad-
dressing macro-level ability assessment and micro-level cognitive diagnosis.

2 Overview of Existing Dual-Objective CD-CAT Item Se-
lection Strategies

We introduce three representative Dual-CAT selection strategies. The ASI strat-
egy represents additive combination strategies, which eliminate dimensional dif-
ferences between two information measures through standardization before lin-
ear weighting. The IPA strategy represents multiplicative combination strate-
gies. The JSD strategy represents the approach with the most uniform item
bank utilization and fastest selection speed.

2.1 ASI Strategy

Cheng (2009) proposed using the PWKL strategy to replace the KL strategy,
significantly improving classification accuracy for examinee knowledge states («
is a vector of Os and 1s). Assuming the test measures K independent attributes,
examinees’ knowledge states have 2% categories, and the test aims to classify
examinees into one of these categories. The objective function for the PWKL
selection strategy is:

(MATH,)
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where R, is the remaining item bank after the examinee has answered ¢ items,
j is an item in the remaining bank, c is the category index for knowledge states,
a, is the c-th category among 2% knowledge states, P(a,|X,) is the posterior
probability of category «, given response pattern X, on t items, x;,, is the
examinee’ s score on item j, X, represents possible scores on item j (for dichoto-
mously scored items, X; € {0,1}), & is the current estimate of the examinee’
s knowledge state, and Pj(ac) is the probability of correctly answering item j
given CDM and known «,.

Chang and Ying (1996) used the KL strategy to replace the MFI strategy for
measuring examinee ability 6 (a continuous variable), overcoming the problem
of inaccurate ability estimation when few items have been answered. The KL
selection strategy objective function is:

(MATH,)

where it is recommended that § = 3/v/Z, t is the number of items already an-
swered, 6 is the current ability estimate, and P;(6) is the probability of correctly
answering item j given IRT” s IRM and known 6.

Cheng (2007) proposed the DIM selection strategy, linearly combining KL infor-
mation about a and KL information about # into a single information measure
for dual-objective CD-CAT selection:

(MATH,)

where A is a weight parameter. Wang et al. (2014) replaced the a information
measure in DIM with PWKL information and, recognizing the inconsistent di-
mensions, proposed standardization to eliminate differences between the two
information measures, leading to the ASI strategy:

(MATHy)

where PWKLp (&) is the mean PWKL information across all items in the
remaining bank R, for the current knowledge state estimate &, and SDpyy gy, is
its standard deviation. Similarly, KL Rr,(0) is the mean KL information across
all items in R, for the current ability estimate 6, and SD; is its standard

deviation. Wang et al. (2014) recommended setting the weight A\ = ¢/L, where
t is the number of answered items and L is the preset test length.

2.2 TPA Strategy

Zheng and Chang (2016) proposed the PWACDI (posterior-weighted attribute
cognitive discrimination index) selection strategy for short CD-CAT tests. The
PWACDI objective function is:
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(MATH,)

where ¢ and ¢’ are knowledge state category indices representing two different
categories among 2% knowledge states, and D; is the KL information matrix
for a constructed from item j, with elements being the expected weighted KL
distance between any two knowledge states. “All relevant cells” refers to all
elements in the D; matrix corresponding to two different knowledge states
and « that differ only in the k-th attribute value while being identical on other
attributes.

The PWACDI selection strategy is independent of the examinee’s current knowl-
edge state estimate & and focuses on distinguishing among 2% patterns, partic-
ularly those with smaller differences, which differs from the PWKL strategy.

Zheng et al. (2018) proposed the IPA strategy for dual-objective CD-CAT, sug-
gesting it provides a unified framework connecting other dual-objective selection
strategies. By treating the “weight” as equivalent to IRT information, there is
no need to consider the weight in formula (10). The objective function for the
multiplicative information strategy is:

(MATHy)

Other CD-CAT selection strategies can be used for I(&). According to Zheng
et al. (2018), (M AT H,) performs better.

2.3 JSD Strategy

Kang et al. (2017) proposed the JSD selection strategy, which differs from
PWKL in using symmetric KL information: (MATH,,). The JSD objective

function is:

(MATH,,)

For clarity, we have supplemented some symbols, so the JSD expression in this
paper is not exactly identical to the original (Kang et al., 2017), but the strategy’
s meaning remains unchanged.

3 Gini Index-Based Dual-Objective CD-CAT Item Selec-
tion Strategy

This study defines Gini indices based on posterior probabilities of examinee
knowledge state categories and posterior probabilities of ability estimation con-
fidence intervals, combining them to form a new Gini-index-based dual-objective
CD-CAT strategy aimed at achieving high precision, high item bank utilization,
and rapid feedback.
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3.1 Gini Index-Based CD-CAT Item Selection Strategy

Assume a test examines K attributes. After responding to t items with response
pattern X,, the posterior probability of knowledge state category a, is P(a,|X,).
Following the definition of Gini index (Li, 2012), the Gini index for examinee
knowledge state category posterior probabilities is defined as:

(MATH,,)

where (M AT H,3) is the set of posterior probabilities for knowledge state cat-
egories given response pattern X, on ¢ items, P(«,) is the prior probability of
category a,, (generally 1/2%), P;(a,) is the probability of correctly answering
item j given CDM and knowledge state ., and x;,; is the examinee’ s score
on item j. Other symbols are as defined in Section 2.

(M ATH,,) characterizes the dispersion of posterior probability distribution for
knowledge state categories given response pattern X,. A smaller value indicates
more concentrated probability distribution, meaning one or some categories have
posterior probabilities much larger than others, thereby improving classification
accuracy through Bayesian decision-making. The algorithm iterates through
the remaining item bank and selects item j that minimizes (M AT H,;) as the
next candidate.

Since the examinee’ s response z,,; to candidate item j is unknown, and for
dichotomously scored items x,; takes values 0 or 1, we define the expected Gini
index for knowledge state category posterior probabilities:

(MATHg)

By the law of total probability, (M AT H, ), the objective function for the selec-
tion strategy is:

(MATH,g)

where R, is the remaining item bank for the examinee. The next item j is
selected from the remaining bank as the one with the minimum (M AT H,4).

3.2 Gini Index-Based IRT-CAT Item Selection Strategy

In the initial stage of IRT-CAT, the examinee’ s current ability estimate 0 often
deviates substantially from the true ability value, making Fisher information
based on 6 a poor indicator of test efficiency and thus not playing a significant
role initially (Chang & Ying, 1996). Veerkamp and Berger (1994) proposed us-
ing the maximum average information function over a confidence interval instead
of point-based information, which better overcomes inefficient item selection due
to estimation inaccuracy.
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Good selection strategies cause ability estimates 0 to converge toward true val-
ues as testing progresses. Following definitions of KL global information and
continuous entropy in Chang and Ying (1996) and Wang and Chang (2011), we
define the Gini index based on posterior probabilities of ability estimate confi-
dence intervals, similar to KL global information but using interval information
instead of point information. Let (M AT H,,) be the set of posterior probabil-
ities for ability estimate 6 within a confidence interval given response pattern
X, on t items. Chang and Ying (1996) recommend (M AT H,,). Following
BILOG’ s recommendation for calculating posterior expected probabilities, we
set the number of quadrature nodes to a natural number close to 2v/¢, with
(MATH,,), where (M AT H,3) represents ceiling rounding. g¢(#) is the prior
probability of ability; if prior information is unknown, a uniform distribution is
used.

P;(0) is the probability of correctly answering item j given IRM and ability 6.
Other symbols are as defined in Section 2. The algorithm iterates through the
remaining item bank and selects item j that minimizes (M AT H,,) as the next

candidate.

Since the examinee’ s response z, ; to candidate item j is unknown, and for
dichotomously scored items z,, ; takes values 0 or 1, we define the expected Gini
coefficient for ability estimate confidence interval posterior probabilities:

(MATH,;)

The objective function for the selection strategy is:

(M AT Hyg)

where R, is the remaining item bank. The next item j is selected as the one
with the minimum (M AT H,,;).

3.3 Combination Strategy

Cheng (2007) and Wang et al. (2014) proposed weighted linear combination of
KL information functions for knowledge state o and ability 6 to obtain single-
information-form dual-objective selection strategies, as shown in formulas (8)
and (10). Zheng et al. (2018) proposed a multiplicative dual-objective selection
strategy, as shown in formula (16). Since multiplication operations are more
time-consuming, we adopt the linear weighted sum approach from Cheng (2007)
and Wang et al. (2014) to obtain the Gini-based dual-objective selection strategy
objective function.

The proposed new strategy constructs novel indices based on Gini indices of two
random variables’ posterior probabilities. Since each random variable’s posterior
probability ranges in [0, 1] and the sum of posterior probabilities equals 1, the
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dimensional differences between Gini indices constructed from these posterior
probabilities will not be large. Unlike Wang et al. (2014), who standardized two
KL information measures before linear combination (which causes information
loss), the new strategy’ s synthesis method preserves original information.

The Gini selection strategy objective function is:

(M AT Hyg)

where A is a weight parameter. Following Wang et al.” s (2014) recommendation
for high-quality item banks, we use the theoretical weight A = t/L, where t is
the number of answered items and L is the preset test length.

4 Simulation Experiment Design

To examine the new strategy’ s performance under different CDMs, examinee
knowledge state distributions, and test lengths, and to compare it with other
strategies, we conducted Monte Carlo simulation studies. The experiment in-
vestigated the new strategy’ s performance across 36 conditions: 3 CDMs (G-
DINA, DINA, R-RUM) x 3 examinee knowledge state distributions (higher-
order model, high-correlation multivariate normal model, low-correlation multi-
variate normal model) x 4 test lengths (5, 10, 15, 20 items).

4.1 Cognitive Diagnostic Models

We examined selection strategy performance under the saturated G-DINA
model (de la Torre, 2011) and reduced models (DINA, R-RUM) (Hartz,
2002; Junker & Sijtsma, 2001). The G-DINA model can be simplified to
different reduced models under appropriate constraints: if all main effects and
lower-order interaction effects in G-DINA are zero, it reduces to the DINA
model; if all interaction effects in the log-link function are zero, it yields the
R-RUM.

4.2 Item Bank and Examinee Simulation

4.2.1 Simulating Item Attribute Vectors for the Item Bank Assume
the item bank examines 5 independent attributes. Each item examines at most
3 attributes, resulting in 25 possible item attribute vectors. Replicating each
attribute vector 10 times yields 250 items in the item bank.

4.2.2 Simulating True Examinee Knowledge States Examinee knowl-
edge states were simulated using two approaches: the HO-CDM (Wang et al.,
2012, 2014; Huang, 2020) and multivariate normal distribution generation (Dai
et al., 2016; Kang et al., 2017). Both approaches were examined because their
response data can simultaneously fit both CDM and IRT models, making them
common simulation methods in dual-objective CD-CAT research.
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(1) HO-CDM generation: The higher-order model assumes that whether
an examinee masters an attribute is related to a generalized latent ability.
Through a logit link, the probability of an examinee with higher-order
ability 6 mastering attribute k is defined as (M AT H,q), similar to the
2PLM in IRT, where a;, and b, are discrimination and location parameters
(ay, constrained to [0.2, 2.5]), b, ~ N(0,1). Random numbers u;, ~ U(0, 1)
are generated, and if (M AT H,,), then oy, = 1, otherwise o, = 0 (Ma &
de la Torre, 2020).

(2) Multivariate normal model generation: A multivariate normal
threshold model (mean vector 0; correlation coefficients set at 0.8 and
0.2 representing high and low attribute correlations) generates examinees’
true attribute mastery patterns, with 0 as the cutoff to obtain discrete
knowledge states (Ma & de la Torre, 2020).

4.2.3 Simulating CDM and IRT Model Parameters for the Item Bank
We used the separate modeling approach described in Section 1 to construct
the item bank, employing G-DINA, DINA, and R-RUM as CDMs, and 2PLM
as the IRT model—models frequently used in research and practice. Item bank

parameters were simulated and estimated using the GDINA and mirt packages
in R.

Using G-DINA with high-correlation multivariate normal knowledge state gen-
eration as an example, item parameter simulation proceeded as follows: (1)
According to the GDINA package documentation (Ma & de la Torre, 2020),
CDM parameters can be set using three methods. The first method specifies
guessing parameter g; and slipping parameter s; for each item, where g; repre-
sents the probability of correct response for examinees who haven’ t mastered
any examined attributes, and s; represents the probability of correct response
for examinees who have mastered all examined attributes. For other examinee
types, correct response probabilities are generated from [gj, 1— sj] following the
monotonicity constraint that examinees mastering more attributes have higher
correct response probabilities. The second method specifies correct response
probabilities for each knowledge state on each item. The third method specifies
delta parameters in the G-DINA model.

We adopted the first method for its simplicity, using the simGDINA function to
simulate G-DINA item parameters with g;, s; ~ U(0.05,0.25). Correct response
probabilities for examinees mastering some but not all attributes were generated
from [g;,1 — s;] while maintaining monotonicity. (2) Since 2PLM parameter
estimation requires over 1000 samples for good precision, we simulated 3000
examinee knowledge states using the high-correlation multivariate normal model.
Based on known item attribute vectors and G-DINA parameters, we obtained
each examinee’s correct response probability P;; for each item, generated random
numbers u;; ~ U(0,1), and set z;; = 1 if u;; < P,;, otherwise x;; = 0, yielding
a complete 3000$x$250 response matrix (Wang et al., 2012, 2014). The mirt
package (Chalmers, 2012) fitted 2PLM to this matrix to obtain discrimination
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and difficulty parameters for all 250 items, and the GDINA package refined
G-DINA model parameters for greater accuracy.

This procedure yielded 9 item banks: 3 (G-DINA, DINA, R-RUM) x 3 (higher-
order, high-correlation multivariate normal, low-correlation multivariate nor-
mal) combinations of CDM parameters and 2PLM parameters.

4.2.4 Simulating True Examinee Ability Examinee responses were sim-
ulated based on CDM models. Response data for all items in the bank were
generated, and examinee ability values were estimated using the expected a pos-
teriori algorithm (Bock & Mislevy, 1982) to serve as true values (Wang et al.,
2012, 2014; Dai et al., 2016; Kang et al., 2017).

4.3 Selection Strategies

The DIM strategy (Cheng, 2007) was the first to linearly combine two KL
information measures. The ASI strategy standardizes both information mea-
sures to eliminate dimensional differences before linear combination, and Wang
et al. (2014) showed ASI outperforms DIM. Zheng et al. (2016, 2018) found
PWACDI superior to PWKL for short tests in classification accuracy, and that
PWACDIKL and DWI (Dai et al., 2016) belong to the multiplicative combi-
nation IPA family, with PWACDIKL performing better among IPA strategies.
The JSD strategy (Kang et al., 2017) uses symmetric KL information based on
current knowledge state and ability estimates, requiring no integration opera-
tions and thus enabling simple, fast selection. Kang et al. (2017) showed JSD
has significant advantages in selection time and item bank utilization uniformity
compared to other strategies.

This paper compares the Gini strategy with ASI (Wang et al., 2014), represen-
tative IPA strategy PWACDI*KL (Zheng et al., 2018), and JSD (Kang et al.,
2017) across 9 item banks, evaluating measurement precision (including knowl-
edge state classification accuracy and ability estimation accuracy), item bank
utilization uniformity, and selection time.

4.5 Evaluation Metrics

4.5.1 Knowledge State Classification Accuracy Pattern correct classifi-
cation rate measures classification accuracy, with higher values indicating better
accuracy:

(MATH,,)

where I(-) counts 1 when the condition is TRUE and 0 otherwise, N is the
number of examinees, &; is the estimated knowledge state, and «; is the true
knowledge state.
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4.5.2 Ability Estimation Accuracy Bias and RMSE measure ability esti-
mation accuracy, with smaller values indicating better parameter recovery:

(MATHy)

(MATH,3)

where él is the estimated ability and 6, is the true ability. Other variables are
as defined above.

4.5.3 Item Bank Utilization Uniformity Chi-square value and test overlap
rate are important metrics for evaluating item bank utilization uniformity, with
smaller values indicating more uniform usage and higher utilization:

Chi-square metric:

(MATH,,)

Test overlap rate:

(MATH,5)

where m; is the exposure frequency of item j, L is the item bank size, and T'L
is the preset test length. Other variables are as defined above.

4.5.4 Item Selection Time

(MAT Hgg)

where T; is the time (in seconds) for examinee ¢ to complete the test. Since
simulation time consumption is mainly in item selection (other times are negli-
gible), T'C represents selection time consumption. Smaller values indicate faster
selection.

4.6 CAT Implementation

The entire CAT program ran in Python 3 on a 4-core Intel Core i5 1.9GHz
processor with 8GB RAM. Using the condition with G-DINA model and high-
correlation multivariate normal knowledge state generation as an example, the
CAT implementation proceeded as follows:

(1) Select the corresponding item bank built with GDINA and mirt packages
in R (details in Section 4.2);
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(2) Simulate examinee knowledge states using the high-correlation multivari-
ate normal model as true values, simulate responses to all bank items
using G-DINA, and estimate ability using expected a posteriori as true
ability (details in Section 4.2);

(3) Randomly assign 3 items to each examinee, then estimate initial knowl-
edge state and ability based on these 3 responses;

(4) Implement separate CAT processes using Gini, ASI, IPA, and JSD
strategies, updating knowledge state estimates via maximum a posteriori
and ability estimates via expected a posteriori after each item;

(5) Repeat step (4) until test termination criteria are met;

(6) After testing, calculate evaluation metrics from Section 4.5 based on final
knowledge state and ability estimates for each strategy.

To eliminate random effects, each condition simulated 1000 examinees with 10
replications, calculating mean values of evaluation metrics (see tables in Section
5; SD denotes standard deviation).

5 Results
5.1 Classification Accuracy Comparison

Table 1 shows that pattern correct classification rates for Gini and IPA strate-
gies are substantially higher than for ASI and JSD strategies. Overall, Gini’
s classification rate is slightly higher than TPA’ s, with both exceeding 95%
across experimental conditions and showing small standard deviations, indicat-
ing stable and reliable classification results applicable to mixed item banks with
various CDMs.

Figure 1 [Figure 1: see original paper] displays performance across test lengths.
As test length increases, all strategies’ classification rates improve. Gini and
IPA show very similar curves with the fastest growth, maintaining the best
classification rates. For short tests (TL < 15), Gini, IPA, and ASI have similar
classification rates, but for medium and long tests (TL > 15), ASI" s growth
rate is lower than the other two. Consistent with Table 1, Gini and IPA show
minimal variation across conditions, achieving good classification accuracy in
both short and medium-long tests.

Table 1 Mean and standard deviation of pattern correct classification rates for
20-item tests

Model Knowledge State Generation Gini ASI IPA JSD

G-DINA HO 97.00% 89.28% 96.10% 85.04%
MV-0.8 97.22% 93.05% 97.44% 92.02%
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Model Knowledge State Generation Gini ASI IPA JSD

MV-0.2 96.84% 90.78% 96.35%  87.51%
DINA HO 97.45% 90.99% 97.18%  75.31%
MV-0.8 97.24% 93.45% 97.06% 91.46%
MV-0.2 97.57% 93.76% 96.93% 86.23%
R-RUM  HO 95.41% 87.61% 95.38% 76.64%
MV-0.8 97.09% 92.45% 96.82% 91.67%
MV-0.2 96.81% 87.88% 96.82%  80.52%

Note: HO = knowledge states generated by HO-CDM; MV-0.8 = knowledge
states generated by multivariate normal model with attribute correlation 0.8; M'V-
0.2 = knowledge states generated by multivariate normal model with attribute
correlation 0.2.

5.2 Ability Estimation Accuracy Comparison

Table 2 shows that except for the low attribute correlation condition under
the DINA model, all four strategies produce essentially unbiased ability esti-
mates. ASI shows the smallest estimation bias, followed by Gini. IPA has the
smallest RMSE, with Gini slightly behind but with maximum difference only
0.04. When attributes are highly correlated, all four strategies have very similar
RMSE values (maximum difference 0.03), but under other conditions, maximum
differences reach 0.22. This indicates that all four strategies are suitable when
attributes are highly correlated, while IPA and Gini are preferred under other
conditions. Gini and IPA’ s ability estimation precision is related to CDM, with
Gini being less affected. AST and JSD’ s precision is affected by both CDM and
knowledge state distribution.

Figure 2 [Figure 2: see original paper] shows that RMSE decreases as test length
increases, indicating improving parameter estimation precision. Gini and IPA
show the fastest RMSE decline with nearly identical curves, while JSD shows
the slowest decline. Under high attribute correlation, all four strategies’ curves
essentially overlap. Under other conditions, similar to Figure 1, Gini, IPA, and
ASI show similar performance in short tests (TL < 15), but ASI lags behind
in medium-long tests (TL > 15). Thus, Gini and IPA achieve good ability
estimation precision in both short and medium-long tests.

Table 2 Bias and RMSE for 20-item tests

Knowledge

State Gini Gini ASI ASI IPA IPA JSD JSD
ModelGeneration Bias RMSE Bias RMSE Bias RMSE Bias RMSE
G- HO -0.02 031 - 0.33 - 0.29 - 0.38
DINA 0.01 0.02 0.03
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Knowledge
State Gini Gini ASI ASI IPA IPA JSD JSD
ModelGeneration Bias RMSE Bias RMSE Bias RMSE Bias RMSE
MV-0.8 -0.01 028 - 0.29 - 0.27 - 0.30
0.01 0.01 0.02
MV-0.2 -0.02 032 - 0.34 - 0.31 - 0.40
0.01 0.02 0.04
DINAHO -0.03 035 - 0.36 - 0.33 - 0.51
0.01 0.03 0.05
MV-0.8 -0.01 029 - 0.30 - 0.28 - 0.31
0.01 0.01 0.02
MV-0.2 -0.02 0.33 - 0.35 - 0.32 - 0.45
0.01 0.02 0.05
R- HO -0.02 034 - 0.35 - 0.32 - 0.48
RUM 0.01 0.02 0.04
MV-0.8 -0.01 029 - 0.30 - 0.28 - 0.31
0.01 0.01 0.02
MV-0.2 -0.02 033 - 0.35 - 0.32 - 0.42
0.01 0.02 0.05

5.3 Item Bank Utilization Uniformity Comparison

Table 3 shows that JSD has the best item bank utilization uniformity, followed
by Gini and IPA (which are similar), with both outperforming ASI. Item bank
utilization metrics for all four strategies are related to both CDM and knowledge
state distribution, though Gini is slightly less affected. Under high attribute
correlation in the DINA model, the four strategies’ metrics are relatively close,
but differ substantially under other conditions.

Figure 3 [Figure 3: see original paper] shows that chi-square values decrease as
test length increases, indicating improving item bank utilization uniformity. All
strategies show similar curve patterns across conditions, with JSD showing the
best decline curve, followed by Gini. Under high attribute correlation in the
DINA model, all four strategies’ decline curves essentially overlap.

Table 3 Item bank utilization uniformity metrics for 20-item tests

Knowledge

State Gini ASI IPA JSD Gini ASI TPA JSD
ModelGeneration — x? X2 X2 X2 TO TO TO TO
G- HO 12.3 15.7 12.8 8.9 0.23 0.31 0.25 0.18
DINA

MV-0.8 11.8 14.2 12.1 8.5 0.22 0.28 0.24 0.17

MV-0.2 13.1 16.8 13.5 9.2 0.25 0.33 0.27 0.19
DINAHO 14.5 18.3 15.1 9.8 0.28 0.36 0.30 0.20
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Knowledge

State Gini ASI IPA JSD Gini ASI TPA JSD
ModelGeneration — x? X2 X2 X2 TO TO TO TO

MV-0.8 12.0 14.5 12.3 8.7 0.23 0.29 0.25 0.18

MV-0.2 15.2 19.7 15.8 10.5 0.30 0.39 0.32 0.22
R- HO 13.8 17.1 14.2 9.4 0.26 0.34 0.28 0.19
RUM

MV-0.8 11.9 14.3 12.2 8.6 0.23 0.28 0.24 0.17

MV-0.2 14.7 18.9 15.3 10.1 0.29 0.38 0.31 0.21

5.4 Item Selection Time Comparison

Table 4 shows JSD has the shortest selection time, followed by ASI, then Gini,
with IPA being the most time-consuming (approximately 10 times longer than
Gini). Selection time remains essentially constant across conditions for each
strategy, as it primarily depends on algorithm computational complexity, num-
ber of attributes, and item bank capacity. With fixed attribute count and known
bank capacity, algorithm computational complexity is the determining factor.

Table 4 Ttem selection time metrics for 20-item tests (in seconds)

Model Knowledge State Generation Gini ASI IPA JSD

G-DINA HO 0.12 0.04 1.15 0.02
MV-0.8 0.11 0.04 1.13 0.02
MV-0.2 0.12 0.04 1.16 0.02
DINA HO 0.13 0.04 1.18 0.02
MV-0.8 0.11 0.04 1.14 0.02
MV-0.2 0.12 0.04 1.17 0.02
R-RUM HO 0.12 0.04 1.16 0.02
MV-0.8 0.11 0.04 1.13 0.02
MV-0.2 0.12 0.04 1.15 0.02

6 Discussion and Conclusion
6.1 Summary

This paper leverages the advantageous properties of the Gini index to construct
a novel dual-objective CD-CAT selection strategy. Simulation experiments
demonstrate that the new strategy achieves high measurement precision, bal-
ances item bank utilization uniformity, and enables rapid real-time response,
providing a new and superior method for simultaneously addressing macro-level
ability assessment and micro-level cognitive diagnosis.

The experiment examined four dual-objective selection strategies (Gini, ASI,
IPA, and JSD) under three CDMs and three knowledge state distributions.
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Overall conclusions are: (1) Gini and IPA strategies show similar performance
on classification accuracy, ability estimation precision, and item bank utiliza-
tion uniformity metrics, with high measurement precision and low sensitivity
to CDM and knowledge state distribution, making them suitable for practical
mixed-model item banks. Generally, Gini slightly outperforms IPA, with selec-
tion time only one-tenth of IPA’ s; (2) Both Gini and ASI are linear weighted
combination strategies. In short tests, their measurement precision is very close,
but in medium-long tests, although AST" s selection time is one-third of Gini’ s,
its measurement precision and item bank utilization uniformity are inferior to
Gini’s; (3) Compared to JSD, while JSD has advantages in item bank utilization
uniformity and selection time, its measurement precision is far lower than Gini’
S.

In summary, for short tests, Gini, IPA, and ASI all demonstrate good mea-
surement precision and are recommended. For medium-long tests with few
attributes and small item banks, Gini and IPA are recommended. As attribute
count and bank size increase, Gini is recommended. When attributes are highly
correlated and both attribute count and bank size are very large, ASI and JSD
are recommended, with ASI showing slightly higher precision than JSD.

6.2 Discussion

The Gini strategy is constructed based on posterior probabilities of knowledge
state categories and ability estimation confidence intervals, making it less af-
fected by CDM and knowledge state distribution. This construction directly
reflects posterior probability changes and employs minimum error rate Bayesian
decision-making for knowledge state determination, resulting in high measure-
ment precision. The Gini index’ s linear weighting makes it more sensitive to
posterior probability changes than entropy, helping expand selection range and
improve item bank utilization uniformity. Additionally, additive operations are
fast enough to meet Dual-CAT’ s real-time response requirements.

Under some conditions (e.g., knowledge states generated by higher-order mod-
els), Gini’ s ability estimation precision may be slightly lower than IPA’ s, while
its classification accuracy may be slightly higher—likely due to the combined
strategy’ s balancing of ability and knowledge state information during item
selection. Zheng and Chang (2016) noted that when item bank parameters are
known, KL information in formula (3) can be pre-computed, reducing ASI’ s
selection time. However, since Gini is defined on random variable posterior
probabilities, it must be computed in real-time based on examinee responses,
slightly increasing selection time.

JSD only calculates KL distance based on current estimates, involving minimal
computation and very fast selection. In contrast, Gini must consider poste-
rior probability changes over finite sets and intervals, requiring summation and
integration operations, making its selection time longer than ASI and JSD. In
short tests, ability and knowledge state estimates deviate substantially from true

chinarxiv.org/items/chinaxiv-202009.00001 Machine Translation


https://chinarxiv.org/items/chinaxiv-202009.00001

ChinaRxiv [$X]

values, making JSD’ s selection range broader and item bank utilization more
uniform. Gini does not depend on current ability and knowledge state estimates
but on their probability distributions, making selections more concentrated.

While Gini achieves high measurement precision, its item bank utilization is
inferior to JSD’ s. Wang, Chang, and Huebner (2011) showed that restrictive
progressive method (RP) and restrictive threshold method (RT) can balance
measurement precision and item exposure rates. Future research will combine
Gini with RP and RT methods to improve its item bank utilization uniformity.
Measurement precision and item bank utilization uniformity are conflicting ob-
jectives; exposure control techniques improve uniformity but may reduce mea-
surement precision, requiring further investigation of this trade-off. Addition-
ally, whether differences between strategies disappear after applying exposure
control techniques warrants further study. When attribute count and item bank
size are large, Gini’ s selection time may exceed user expectations (delay > 2
seconds) (Nah, 2004). Future research will combine Gini with dynamic search
algorithms (Zheng & Wang, 2017) to optimize and reduce selection time.

This paper uses separate modeling to obtain parameters for both model types
to build the Dual-CAT item bank. Whether items fully fit the target mod-
els requires further investigation for more accurate measurement results. The
Dual-CAT item bank construction process simulated CDM parameters and item
attribute vectors first, generated response data based on CDM, then estimated
IRT parameters from these responses—a common approach in current research
(Dai et al., 2016; Kang et al., 2017; Wang et al., 2012, 2014). An alternative
approach of first simulating IRT parameters, generating responses based on
IRT, then estimating CDM parameters and item attribute vectors from these
responses deserves exploration to examine strategy performance under this bank
construction method.

As test data complexity and testing requirements evolve, selection strategies
must adapt to new test formats, such as polytomous attribute tests (Tu & Cali,
2015), polytomously scored item tests (Cai, Miao, & Tu, 2016), multidimen-
sional tests (Han et al., 2018; Hsu & Wang, 2019), multistage CD-CAT (Luo,
Wang, Ding, & Xiong, 2018; Kaplan & de la Torre, 2020), multistage tests incor-
porating non-statistical constraints (Lin & Chang, 2019; Liu, Cai, & Tu, 2018),
and CAT incorporating response times (Fan, Wang, Chang, & Douglas, 2012;
Huang, 2020). Future research can explore Gini-based selection strategies in
these testing contexts.
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