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Abstract

In this note, we investigate the anomalies in field theories. The results of the
anomalies through Feynman diagrams calculation are multi-valued function.
These single-valued branches of multi-valued function are related to the bound
states of neutral pseudoscalar mesons. Adding these bound state contributions,
we obtain a new anomaly free condition that all the external particles are on-shell
and find the non-perturbative mass spectrum of neutral pseudoscalar mesons.
We also discuss the anomaly in 2 dimensional QFT.
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Abstract

In this note, we investigate anomalies in field theories. The results of anomaly
calculations through Feynman diagrams yield multi-valued functions. The
single-valued branches of these multi-valued functions are related to the bound
states of neutral pseudoscalar mesons. By adding these bound state contri-
butions, we obtain a new anomaly-free condition requiring that all external
particles be on-shell, and we find the non-perturbative mass spectrum of
neutral pseudoscalar mesons. This yields a mass for the ' meson of m,, = 961
MeV, which is almost identical to the experimental value m%’,‘ ~ 958 MeV. We
also discuss anomalies in 141 dimensional quantum field theory. Generalizing

this formula, we obtain the mass relation m%/ (n) = 8nmw?m?.

Keywords: Anomaly, Quantum Field Theory

chinarxiv.org/items/chinaxiv-202008.00076 Machine Translation


https://chinarxiv.org/items/chinaxiv-202008.00076
https://chinarxiv.org/items/chinaxiv-202008.00076

ChinaRxiv [$X]

Introduction

Anomaly plays an important role in quantum field theory (QFT) [?]. An
anomaly arises when a symmetry group G that leaves the classical action in-
variant is violated in the full quantum theory. The primary example is the
anomaly for the decay rate 7° — ~v. This decay rate confused people for
many years until a gauge-invariant result was proposed by Steinberger [?] and
Schwinger [?]. Steinberger considered a field theory in which pions are coupled
to massive fermions (proton and neutron at the time, although they could just
as well have been quarks). The connection to anomalous symmetries was finally
understood in 1969 through the work of Adler [?], Bell and Jackiw [?]. The
anomaly was calculated through Feynman diagrams. Fujikawa [?] later pointed
out that anomalies arise when the measure in the path integral is not invari-
ant under the group G that leaves the classical action invariant. Anomalies
have many other applications, including a successful explanation for the U(1)
problem [?].

As is well known, the lightest three neutral pseudoscalar mesons are 7°, 1 and 7’
(Table 1). Gell-Mann and Levy [?] constructed an SU(2) chiral symmetry model
with spontaneous symmetry breaking that yields a nucleon mass. In this model,
the pion is interpreted as a Goldstone boson. This model can be extended to
encompass an SU(3) x SU(3) chiral symmetry. However, we encounter the U(1)
problem: the 7’ is unexpectedly heavy. The Witten-Veneziano relation [?, ?]
provides a way to solve the U(1) problem, which cannot be resolved within a
perturbative framework. A non-perturbative method is required.

In this note, we study anomalies in field theories. Our new result is that there
are many single-valued branches of multi-valued functions that have not been
considered previously. These single-valued branches have physical consequences,
so we reconsider the well-known results of anomalies. Our approach also pro-
vides a new method to study the mass of the #’. In our previous work [?, ?],
we connected the single-valued branches of multi-valued functions in correlation
functions with bound states.

To study bound states, we define the integral of a complex function f(z) along
a smooth contour C[a,b] in the complex plane. Suppose the function f(z) has
poles and branch cuts (Figure 1 [Figure 1: see original paper]), then the integral
of f(z) along the contour Cfa,b] can be expressed as

/ f(z)dz = P/ f(z)dz+ Zm?{ f(z)dz.
Cla,b] Cla,b] 3 C,;

Where C; is a closed curve circling the pole or branch cut (Figure 1). The P
denotes the principal value which takes values in the main single-valued branch.
The n; are winding numbers of contours circling n; times around the pole or
branch cut.
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The paper is organized as follows. In Section 2, we study the axial (ABJ)
anomaly in (34+1) dimensions. We obtain a new anomaly-free condition and
find the non-perturbative mass spectrum of neutral pseudoscalar mesons. In
Section 3, we discuss the anomaly in 141 dimensional QFT. We conclude with
a summary and discussion.

2 Axial (ABJ) Anomaly in (3+1) Dimensions

We first review the well-known axial (ABJ) anomaly [?, ?] in (3+1) dimensions,
then present our new results. The 3+1 dimensional QED Lagrangian density is

L= —iFWFW + 1 (id — m)ab.

The vector and axial vector currents are

3=y, M = Pyt

From the classical equations of motion, the divergences of these currents are

G 5 i T 5
93" =0, 0,5"° = 2imyy>ep.
Thus, classically the vector symmetry is exactly conserved, while the chiral
symmetry is only conserved in the massless limit. We calculate the one-loop
amplitude to describe how the classical equations (4) are modified in quantum
theory. We consider the correlation function at 1-loop: (5#°;#3%). In momentum
space,

d*p

iMPH = (—1)(—ie)? Tr ‘ H ‘ vys ! .
e /(27T>4 lﬁ+é1_m7 é—ég—mv’yﬁm]

Contracting the axial current with its momentum g, yields [?, 7]

4

The integrand is linearly divergent, which requires careful treatment. The result
is

2
(&
4, M = S ek ks
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In the massless limit, we obtain

2
) e
Jlim g, MO = Pk fey .

Thus, the axial current is not conserved even in the massless limit. This is the
ABJ anomaly.

Our new result is that there are many single-valued branches of multi-valued
functions that have not been considered previously. These single-valued
branches in correlation functions are connected with bound states. In phys-
ical processes, the external fields are on-shell, meaning k? = k3 = 0 and
(ky + ky)? = ¢*. Then expression (5) becomes

2 2 2

e € ryq

q,MPH" = — ehvabB, kop = —_ehvab kyokog-
P 212 “ 472 k32

According to formula (1), the integral can be calculated as

2 2 212
TYq / ryq 1 { . kiks 2 ]
= = — |27ik1n + (2mi)°kl| .
/ kiks (k7 —2g?) (k3 —yg®) ¢ (k3 — 2q?) (k3 — yq?) ()
Then we obtain

2
q,MPH = & uwop krakap
I A2 p

Lo
(k% — 2q*) (k3 — yq?)

where we have defined n = kl with [,k € Z.

{2%1’1{: In + (27ri)2n} ,

Generally, anomalies must vanish for a local gauge symmetry. Traditionally,
the anomalous contributions from various multiplets cancel completely, making
the gauge current anomaly-free. That is, tr[{t?,t*}t°] = 0 is a fundamental
consistency condition for chiral gauge theories [?]. This is crucial for building
models of particle interactions.

In our approach, we use the extra term m?/¢? - n in equation (6) to cancel the
anomaly term 27r26“”“5k1ak25. This leads to the anomaly-free condition

2

m—z = 8nm2.

q
We argue that this is the on-shell condition for an external neutral pseudoscalar
meson P. That is, ¢* is related to the neutral pseudoscalar meson mass mp
for a given quantum number n by ¢?(n) = m%(n). Their masses fall on a
straight line, similar to a Regge trajectory [?]. The anomaly-free condition then
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requires that all external fields be on-shell. The decay P — 2+ corresponds to
the transition between bound states, where P denotes the n-th bound state of
the neutral pseudoscalar meson. On the other hand, the anomaly-free condition
gives the mass spectrum of neutral pseudoscalar mesons.

To illustrate this, we discuss the mass of the neutral pseudoscalar meson n’. The
wave function of meson P can be expressed as P = a%(ut + dd) + b%(2s5) +
c4(u + dd + s5) (Table 1). We denote the masses of u, d and s quarks as m,,,
m, and m, in the pseudoscalar meson. To discuss neutral pseudoscalar mesons
in the real world, we generalize the results (7) to three quarks. For a meson
wave function P = a2 (uti + dd) + b%(2s5) + c%(uii + dd + s5), the mass of the

ground state (n =1) is
2 2 2
M0y = Qﬁﬂ(awom,n/mu + 0% M+ Co g M)

We deduce the mass m,, from the masses of m o and m, using the equation

Mo = 2V2m(a2om, + b2omy + c2om,),
m, = 2\/§7r(a%mu + bZmg + cimy),
m,, = Qﬁw(ai,mu + b%/md + C?,/ms).
We first compute the quark masses m,,, m, and m, from the experimental data
for 7% and 1. Then we can obtain the mass of 7’. From equation (8), we find

that we need to exchange the wave function of n with the wave function of 7’
in Table 1. We show this new identification in Table 2 .

From equation (8), we find

2V2r(m, +my) =135 MeV  (0),
3V2m(m, +my +m,) = 548 MeV  (n).

This gives the quark mass combinations

m, +my = 30.4 MeV, m, =154.6 MeV.

Because quarks are confined in QCD, their masses cannot be directly measured.
There are different mass definitions for quarks, with the popular scheme being
the MS scheme where running masses m,(¢) (a = u, d, s) decrease with increas-
ing pu. These properties illustrate that the above result for quark masses is
appropriate for neutral pseudoscalar mesons.

Applying equation (8), we obtain the theoretical value for the n” mass:
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m, = 961 MeV.

This is almost identical to the experimental value my* = 958 MeV (Table 1).

We now discuss the massless limit. When m? — 0, we require that m? and ¢?
satisfy the anomaly-free condition (7), which gives

2

m
im — = 877/71'2.
(m?,¢%)—(0,0) ¢

Then the axial anomaly vanishes in the massless limit. We conclude that conser-
vation of the axial current is restored if all external particles are on-shell when
bound state contributions are included. In the next section, we consider the
anomaly in 141 dimensional QFT.

3 Anomaly in 1+1 Dimensional QFT
The 141 dimensional QED Lagrangian density is

1

&= =1 Fu PP 4 (i) — m)y.

We can choose the two Dirac matrices as

0 1 0 —1
0 _ 1_
=) =00 )
5 . . . . 5 0 1 ]- 0
The ~° matrix is the product of the Dirac matrices 7° = y"y" = 0 —1): The
vector j* and axial vector j#° currents are defined as in four-dimensional QED

(equations (3) and (4)).

We calculate the one-loop amplitude involving a photon and an axial vector
current (Fig. 3 [Figure 3: see original paper]) to describe how the classical
equations (4) are modified by quantum theory. The Fourier transform of the
matrix element is

d?p 5 i i
IS;,LV: 2/ T 50 v
©J @npe rl” b—m b+d-m

The two-dimensional Dirac matrices obey the identity v°y* = €**~,. Then I°*”
can be expressed as
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d?p i i
PRV = e2ehp / —=Tr |y o = etPqIl ¥,
@m)? | Ph—m htd—m g
where (II*¥ is the lowest-order vacuum polarization of QED [?], which is

4ie? ! z(1—x)
I = ——(g2g"v — gMg? dp——— "7
i 52 (9" —d"q )/0 T —a(l—a)f

Finally, we obtain

2 1
1—2x)
[51“/:'2#1/2/ d I(—
U e b Im2—x(1—m)q2

We now consider the massless limit, which is known as the Schwinger model [?].
Equation (18) in the massless limit gives the anomaly term

e 1
lim q,I°* =iq, e’ ——.
m—0 qp’ qp’ T q2

In physical processes, the external fields are on-shell (¢ = 0). There is a subtle
point here. Taking ¢, I°*” as a function of ¢* and m?, we find

lim I = lim lim ¢, I°"".
(g%2,m?)—(0,0) Uy q2—0m2—-0 Uy

Then the function qHI5W(c]27 m?) is actually undefined at the point (¢%, m?) =
(0,0). We now consider the pole contributions. According to formula (1), we
get

PP =g e’ — arctan | ——4 /1 + ——
i 4y o e

e? 1 q° 4m?
2 22

i e (2
= qH6 - q2 ™ arctan 2m2 .

By the same argument as for the axial anomaly in (3+1) dimensions, we find

the anomaly-free condition
1 ¢ q°
— arctan [ — | = 7.
PE 2m2

The solution of equation (22) is
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4 2
1+ iz =2(1—4n*7?)m?, neZz,
q

where ¢? takes complex values for m with n > 0. The m? and ¢? need to satisfy
relation (23) in the limit (¢2, m?) — (0,0), which gives

m2

(m?,¢*)—(0,0) ¢

Then equation (21) becomes

li 5w = .
(@2m?)5(0,0)

We obtain that the axial anomaly vanishes if all external particles are on-shell
by taking into account relation (23) in the massless limit.

4 Conclusions and Discussions

In this note, we have studied anomalies in field theories. The pole contributions
in Feynman diagram calculations lead to multi-valued functions. Similar to our
previous work [?, ?], these single-valued branches of multi-valued functions are
related to the bound states of pseudoscalar mesons. Using this connection, we
cancel the anomaly term with bound state contributions. We present a new
anomaly-free condition requiring that all external particles be on-shell. We find
that the non-perturbative mass spectrum of neutral pseudoscalar mesons follows
m%(n) = 8nm?m?. This formula can be used to study the mass of the n” meson.
We obtain m,, = 961 MeV, which is almost identical to the experimental value
of 958 MeV. We also discussed the anomaly in 141 dimensional QFT. In future
work, we will study anomalies with bound state contributions using the Fujikawa
method [?].
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