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Abstract

The purpose of this paper is to establish a general framework for consensus
equilibrium in mining pool games within blockchain ecosystems, specifically to
explicate the stability—in the sense of the existence of consensus equilibrium
associated with behavior in Gap Games—by employing a novel concept of ‘Con-
sensus Game’ , wherein the blockchain ecosystem primarily denotes economic
activities that apply the key consensus mechanism of ‘Proof of Work’ (pro-
posed by Nakamoto in 2008), taking into account three distinct factors: fees
for blockchain operations, reward mechanisms, and mining rights. To this end,
we first outline how the general existence of consensus equilibrium in mining
pool games is formulated, then explain the stability of Bitcoin gap games (Gap
Games) through the existence of consensus equilibrium within the blockchain
consensus framework, and subsequently establish general existence results for
consistent equilibrium in general mining gap games by employing miners’ profit
functions as payoffs in game theory. As an application, general existence results
for consistent equilibrium in gap games (Gap Games) are established, which not
only assists in asserting the existence of general stability for gap games (Gap
Games) within the general framework of blockchain ecosystems, but also en-
ables us to elucidate certain distinct phenomena observed in mining pool game
research that may arise from miners’ behavior in Gap Games and scenarios
embedded within Bitcoin economics. Our interpretive study on the stability of
mining gap games in blockchain ecosystems demonstrates that the concept of
consensus equilibrium may play a significant role in the development of founda-
tional theories for consensus economics.
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Abstract

This paper establishes a general framework of consensus equilibria for Mining-
Pool Games in Blockchain Ecosystems, with particular emphasis on explaining
stable mining gap game behaviors through a new concept called “consensus
games (CG)” in Blockchain Ecosystems. Here, the Blockchain ecosystem primar-
ily refers to economic activities that account for three distinct factors: expenses,
reward mechanisms, and mining power for blockchain work, applying the key
consensus mechanism known as “Proof of Work” introduced by Nakamoto in
2008.

We first outline how the general existence of consensus equilibria for Mining-
Pool Games is formulated and then apply this framework to explain stability
for Bitcoin Gap Games through the existence of consensus equilibria under
Blockchain consensus. We establish a general existence result for consensus
equilibria of general mining gap games by using miners’ profit functions as
payoffs in game theory. As applications, we derive general existence results
for consensus equilibria of Gap games, which not only demonstrate the general
stability of Gap games under the Blockchain ecosystem framework but also
illustrate various phenomena in mining-pool games with potential impacts from
miners’ gap behaviors in Bitcoin economics. Our study shows that the concept
of consensus equilibria may play an important role in developing fundamental
theory for consensus economics.

Keywords: Consensus equilibrium, Nakamoto consensus, Proof of work, Sta-
bility, Blockchain ecosystems, Mining-pool game, Mining gap games, Longest
chain rules (LCR), Incentive compatibility, Cooperative and non-cooperative
games, Hybrid solution.

JEL: C73, D82, D89, G20, G28, G39, L13, L86, O31.

Introduction

In the Bitcoin world, all miners follow the so-called Nakamoto consensus pro-
tocol, introduced in 2008, and work in various groups (pools) to mine Bitcoin.
The process of working on blocks, called “mining,” is successfully approved when
the majority of miners apply the key consensus mechanism known as “Proof
of Work.” Since each miner or pool may work differently, we must address the
so-called “Pool-Games” of miners (also termed “Mining Pool Game” ) with
their mining behaviors as individuals or groups following either cooperative or
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non-cooperative strategies.

To this end, we introduce a new notion called “Consensus Games” to establish
the general existence of consensus equilibria for describing mining behavior in
Blockchain Ecosystems in Fintech. We particularly focus on the mechanism of
the phenomenon called “Mining Gap Behavior” (or “Gap Games” ) for miners
under the general incentives consensus framework, where miners avoid mining
blocks when available fees are insufficient. If incentives come only from fees,
mining gap behavior emerges (see Carlsten et al. (2016), Tsabary and Eyal
(2018) and related references for details).

In game theory, Nash equilibrium follows non-cooperative principles, while the
Core concept considers cooperative behavior. Generally speaking, Aumann
(1961) first introduced a cooperative solution concept (-core). Later, Scarf
(1971) proved a nonemptiness result for the -core in normal-form games with
continuous quasiconcave payoff functions. Building on Scarf (1971), Kajii (1992)
generalized this result to games with nonordered preferences, modifying and de-
veloping the proof technique from Border (1984).

Florenzano (1989) defined group preferences for each coalition and provided
proofs using the Gale-Mas-Colell fixed point theorem. Following Florenzano’ s
method, Lefebvre (2001) generalized this to economies with different informa-
tion. Building on Kajii (1992), Martins-da-Rocha and Yannelis (2011) extended
these results to games on (Hausdorff) topological vector spaces. For additional
work on the -core, see Askoura (2011), Askoura et al. (2013), Noguchi (2018),
Yang and Yuan (2019) and references therein.

The idea of mixing Nash and cooperative equilibria was originally studied by
Zhao (1992) under the name “Hybrid Solution.” Building on Zhao (1992) and
Kajii (1992), and supported by recent work from Yang and Yuan (2019), we
establish a new tool through “Consensus Games” in topological vector spaces
without ordered preferences from the Blockchain Fintech perspective.

Briefly, the “Consensus Game” is a new concept that allows us to examine
whether an acceptable (though not necessarily “Pareto optimal” ) collabora-
tive strategy exists, combining cooperative and non-cooperative behaviors un-
der a given consensus principle such as the “Longest Chain Rules (LCR)” from
Nakamoto (2008) consensus. We define a miner as acting cooperatively un-
der the Bitcoin mining framework if the miner applies the general principle of
Nakamoto’ s consensus protocol, particularly applying at least the LCR; other-
wise, the miner is said to play mining-pool games using non-cooperative strate-
gies. One typical non-cooperative behavior is when a miner acts as a “selfish
miner” or “mining-pool attacker” to violate the LCR for a high-reward block, act-
ing against the general principle of a given “consensus” (see Nyumbayire (2017),
Biais et al. (2019) and references therein for discussions on forks in blockchain
platforms called “Blockchain Ecosystems” or “Consensus Economics” ).

Thus, compared to traditional cooperative and non-cooperative games, the con-
sensus game is a natural extension for consensus economies, especially under the
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Bitcoin ecosystem framework associated with Nakamoto’ s consensus protocol.
Mining pool games have been extensively studied by Kroll et al. (2013), Eyal et
al. (2014), Eyal (2015), Bonneau et al. (2015) (see also Carlsten et al. (2016),
Kiayias et al. (2016), Sapirstein et al. (2016) and references therein). Smart con-
tracts were discussed by Cong and He (2019), and blockchain-based accounting
and assurance were addressed by Dai and Vasarhelyi (2017) and others. How-
ever, one critical issue remains: “Is it possible to have a general consensus
that leads the Mining-Pool Game to be stable (see detailed meaning below) in
supporting the Blockchain ecosystem?”

Based on the meaning of consensus games (see also Section 2), it appears that the
notion of consensus equilibria for consensus games with a partition of the player
set through general profit functions as payoff functions (which are nonordered
preferences mappings) in game theory would be a useful tool for studying con-
sensus economics under the Blockchain framework. Our goal is to address one
of the most fundamental questions for consensus economics in Fintech: “Is it
possible to have a general consensus (for example, Nakamoto’ s) that leads the
Mining-Pool Game to be stable in supporting the Blockchain ecosystem (even
with existing attackers) in the sense that (1) there always exist honest miners
maintaining the Mining Longest Chain Rules (LCR) (given the plausibility of
mining-pool attacking); and (2) the Bitcoin ecosystem always works (or majori-
ties of miners do not collude to break it; here ‘collusion’ means an attempt to
violate the LCR for a high-reward block, see Saleh (2020) for discussion)?”

The structure of this paper is as follows: We first discuss the new concept of
“Consensus Game” (CG) motivated by blockchain mechanism design in financial
technology under Nakamoto’ s (2008) consensus incentives (see also Biais et
al. (2019), Cong and He (2019), Narayanan et al. (2016), Nyumbayire (2017)
and related references). Building on results from Zhao (1992) to Yang and Yuan
(2019), where existence results have been established for general games, our
paper captures the blockchain consensus idea in Fintech, with Yang and Yuan
(2019) playing an important role in modeling Blockchain in Fintech. After
outlining how general existence results for consensus equilibria of consensus
games are formulated as the existence of general stability for Mining Pool Games,
we establish general existence results for consensus equilibria of general gap
games using miners’ profit functions directly as payoff functions in game theory.
This not only demonstrates general stability for Gap games under the Blockchain
ecosystem framework but also illustrates various phenomena in mining pool-
games with potential impacts from Mining Gap Games behaviors in Bitcoin
economics.

We note (see also Tsabary and Eyal (2018)) that a Mining Gap Behavior Game
is indeed the game of mining Bitcoin played among all miners, which is a one-
shot game on finding blocks: The first to find a block receives rewards, while all
suffer expenses. Thus all miners decide when to start their mining rigs, striving
to optimize their average revenue by maximizing the difference between income
and expense. One Gap Game situation occurs when miners under the general
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incentives consensus framework “avoid mining blocks” when available fees are
insufficient (this is called Gap behavior in mining-pool games). If incentives
come only from fees, mining gap behavior emerges and may impact Bitcoin
stability (as without block reward, see Carlsten et al. (2016) and references for
detailed discussion). We show how this problem can be addressed using payoff
functions under the consensus games framework in Sections 3 and 4.

We also share that the way we outline how stability (in terms of equilibrium ex-
istence) for mining pool-games can be formulated as an application of consensus
games using the concept of consensus equilibria could serve as a fundamental
tool for studying consensus economics under the general Blockchain economy
framework in Fintech.

The rest of this paper is organized as follows. Section 1 is the introduction.
Section 2 provides general existence results for consensus games used as a tool.
Section 3 discusses consensus equilibria for mining-pool games and relates them
to stability concerning mining Gap games behaviors in Blockchain ecosystems.
Section 4 establishes general existence results for consensus equilibria of Gap
games and affirmatively answers the stability problems of Blockchain Ecosys-
tems under possible miners’ Gap behaviors in Bitcoin economics.

As applications, we illustrate various phenomena in mining pool-games with
potential impacts from miners’ gap behaviors in Bitcoin economics. Our study
shows that the concept of consensus equilibria may play an important role in
developing fundamental theory for consensus economics. Section 5 concludes.

2 The Concept of Consensus Games

Based on hybrid solutions in game theory, we first introduce a new concept
called “Consensus Game” (CG), which will be used in consensus economics to
describe what kinds of general consensus (through mechanism design realization)
will achieve incentive compatibility to combat non-cooperative behaviors (i.e.,
refusing to follow “Nakamoto’ s consensus” but adopting strategies like “selfish
mining” or “mining-pool attacking” ) for coalitions of participants under the
Blockchain platform. We then discuss the existence of general consensus game
equilibria using hybrid solutions. For references on Blockchain and Nakamoto
consensus, see Nakamoto (2008), Kroll et al. (2013), Eyal and Sirer (2014),
Eyal (2015), Bonneau et al. (2015) (see also Carlsten et al. (2016)), Kiayias
et al. (2016), Sapirstein et al. (2016), Biais et al. (2019), Nyumbayire (2017),
Narayanan et al. (2016) and references therein.

Under the Nakamoto consensus protocol introduced in 2008, one key issue is
finding a set of consensus rules to encourage agents (miners from mining pools)
to follow rules truthfully under the corresponding protocol, which may be for-
mulated as preference mappings under abstract economy models (see Yannelis
and Prabhakar (1983), Yuan (1999) and references therein). Thus it is crucial
to study Blockchain consensus stability in terms of equilibrium existence for
miners (from mining pools) following the so-called “LCR” (see Section 3 discus-
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sion) with or without blockchain forks in Bitcoin ecosystems. Other issues to
consider include possible collusive equilibria (see Saleh (2020) and references)
and behaviors related to smart contracts, dynamic equilibria under blockchain
disruption as discussed by Cong and He (2019), and emerging blockchain-based
accounting and assurance outlined by Dai and Vasarhelyi (2017), discussed by
Narayanan et al. (2016), and other questions (see Saleh (2020) and references).

Using the blockchain framework and associated consensus mechanism, the sta-
bility (in terms of equilibrium existence) for the mining pool game can be for-
mulated as the problem of finding a strategy where some group of miners (called
“honest miners” ) in mining-pools follow “LCR behaviors” with respect to ei-
ther noncooperative or cooperative behaviors, though some miners may adopt
“selfish mining” or “mining pool with attacking” strategies. This mixing of co-
operative and non-cooperative game behaviors is exactly the notion of “hybrid
solution” for games given by Zhao (1992). We thus have the following definition
for a Consensus Game (CG):

Given a consensus G (consisting of rules), let N = {1, 2, +-+ n0} be the set
of agents and p = {N1, ---, NkO} be a partition of N, and N is all subsets of
N. For each i N, the mapping ui : X — R is the payoff function of player i
determined by consensus G rules. We say a normal form consensus game (CQG)
is:

CG := (G, N, p, (Xi, ui)i N)

We say the consensus game CG has a consensus equilibrium if the corresponding
formal game (N, p, (Xi, ui)i N) has a hybrid solution (see Zhao (1992) for
definition, see also Di et al. (2019)). Basically, the hybrid solution for the finest
partition (i.e., k0 = n0, and the partition P = N) is a Nash equilibrium; and in
general the hybrid solution is the -core for the coarsest partition consisting of
the grand coalition alone.

Hybrid solutions are more general due to the coexistence of competition and
cooperation, capturing the omnipresent situation where a group (pool) of miners
behaves collectively to compete with other groups (pools) of miners.

Throughout the rest of this paper, when mentioning consensus game (CG), we
always assume it is associated with consensus G and omit it if no confusion
arises. We now define consensus equilibria for consensus games with nonordered
preferences.

A consensus game can be defined by CG = (N, p, (X(t))t N, P), where p =
{Nr|r R} is a partition of N (the set of all miners in mining-pools for Bitcoin),
X(t) is the strategy space (sets) of miner t (i.e., the player’ s all mining strate-
gies/behaviors), and X = (cid:81) t S X(t), X(—S) = (cid:81) t S X(t), S N,
P(t, -): X X is the preference mapping of player t under a given consensus
(e.g., the Nakamoto (2008) consensus protocol). A point x* X is a consensus
equilibrium of CG if for any Nr p and any S Nr, there exists no y(S) X(S)
such that {y(S)} x X(Nr — S) x {xx(—Nr)} P(t, x*), t S.
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Briefly stated, this means there is no better Pareto optimal solution than xx
when considering both cooperative and non-cooperative strategies together in
Bitcoin mining-pool games.

We now list a result used as a tool to discuss the stability of Mining Gap Games
under Blockchain Ecosystems (Corollary A.1 from Appendix A).

Theorem 2.1 Suppose a normal-form game with partition G = (N, p, (Xi,
ui)i N) satisfies: (i) N is finite; (ii) for each i N, Xi is a nonempty convex
compact subset of a Hausdorff topological vector space Ei; (iii) for each i N,
ui is continuous and quasiconcave on X.

Then G has at least one hybrid solution (thus the consensus equilibrium of
consensus game G).

The consensus game results in this section are mainly based on theoretical
game theory models first established by Yang and Yuan (2019) (see also Di
et al. (2019)). Theorem 2.1 will be used in Section 4 to discuss general sta-
bility problems of mining pool-games for miners under Blockchain consensus,
illustrating various scenarios embedded by miners’ gap behaviors for consensus
economics.

3 The Consensus Equilibria of Mining Gap Games and Ap-
plications

This section discusses general stability problems from literature on Bitcoin min-
ing pool-games under Nakamoto’ s 2008 consensus principle, then establishes
general existence results for consensus equilibria of mining-pool games. Our
discussion with illustrations shows that consensus games play a key role in con-
sensus economics studies in Fintech.

Bitcoin’ s blockchain protocol provides two incentives for miners: “Block re-
wards” and “transaction fees,” which are key drivers for Bitcoin ecosystems.
The former accounts for the vast majority of miner revenues at the system’ s
beginning but is expected to transition to the latter as block rewards dwindle.
There has been implicit belief that whether miners are paid by block rewards
or transaction fees does not affect blockchain security. However, Carlsten et
al. (2016) (see also Kroll et al. (2015) and references) show this is not the case.
Their key insight is that with only transaction fees, block reward variance is very
high due to exponentially distributed block arrival times, making it attractive
to fork a “wealthy” block to “steal” rewards. This results in an equilibrium
with undesirable properties for Bitcoin’ s security and performance, and even
non-equilibria in some circumstances. They also study selfish mining (see Eyal
and Sirer (2014)) and show it can be profitable for miners with arbitrarily low
hash power shares, poorly connected within the network, or working alone (i.e.,
miners’ noncooperative behavior). Thus we must consider Bitcoin ecosystem
stability in terms of hybrid solution existence (i.e., consensus equilibrium) for
mining-pool games with honest and dishonest miners mixing cooperation and
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non-cooperation, particularly regarding miners’ working behavior and strategy
in different pools implementing Nakamoto’ s “proof of work” mechanism.

We focus on the mechanism of “Mining Gap Behavior” (or “Gap Games” )
where miners avoid mining blocks when available fees are insufficient. If incen-
tives come only from fees, mining gap behavior emerges, potentially impacting
Bitcoin stability (see Carlsten et al. (2016) and references). Based on our results,
we affirmatively answer a fundamental question in consensus economics (raised
in Section 1): “Can we design a reasonable consensus (e.g., Nakamoto’ s 2008
Consensus) to lead the mining-pool game to be stable (even with miner gap
behaviors) in the sense that (1) honest miners always maintain Mining Longest
Chain Rules (LCR) (with or without Gap Behavior or Fork Chain), plus plau-
sible mining-pool attacking; and (2) the Bitcoin ecosystem always works (as
majorities of miners do not collude to break it; ‘collusion’ means attempting
to violate LCR and fork a high-reward block; see Saleh (2020) for discussion)?”

Furthermore, our applications illustrate that consensus equilibria serve as a
fundamental tool for consensus economics studies under the Blockchain economy
framework in Fintech.

3.1 The Meaning of Stability for Bitcoin Ecosystems

Bitcoin is the first widely popular cryptocurrency with a broad user base and rich
ecosystem, all hinging on incentives to maintain the critical Bitcoin blockchain.
For blockchain as a platform supporting businesses under the Bitcoin ecosystem,
participants naturally form pools where members aggregate power and share
rewards. Bitcoin experience shows that the largest pools are often open, allowing
anyone to join. However, members can sabotage open pools by joining but never
sharing proofs of work (called “attackers” ). The pool shares revenue with the
attacker, reducing earnings for participants (see Kroll et al. (2013), Eyal et
al. (2014), Eyal (2015), Bonneau et al. (2015), Carlsten et al. (2016), Kiayias et
al. (2016), Sapirstein et al. (2016), Tsabary and Eyal (2018) and references).

Thus open pools are susceptible to classical block withholding attacks (see
Rosenfeld (2011), Kroll et al. (2013), Eyal et al. (2014), Eyal (2015), Bonneau
et al. (2015)), where miners send only partial proof of work to the pool man-
ager and discard full proof of work. By sending partial proof, the attacker is
considered a regular pool member, allowing the pool to estimate its power. The
attacker shares revenue from other members without contributing, reducing
revenue for others and itself.

Following Bonneau et al. (2015), we face two opposing Bitcoin viewpoints: First,
“Bitcoin works in practice, but not in theory” ; second, “Bitcoin’ s stability
relies on an unknown combination of socioeconomic factors that is hopelessly
intractable to model with sufficient precision, failing to yield a convincing argu-
ment for the system’ s soundness.”

Combining these viewpoints with Bitcoin’ s three main technical components—
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“Transactions (including scripts),” “Consensus protocol,” and “Communication
network” —we believe it is critical to study “Stability” for Bitcoin regarding these
components as a complex ecosystem.

» o«

For comprehensive study on stability aspects of mining-pool games, see Bonneau
et al. (2015) and references. Here we focus on the following question regarding
equilibrium existence for miners: “Does a consensus (hybrid solution) exist for
mining-pool games with honest and dishonest miners mixing cooperative and
non-cooperative behaviors, particularly regarding miners’ strategies in different
pools implementing Nakamoto’ s ‘proof of work’ mechanism?”

Many discussions on stability meanings exist (see Bonneau et al. (2015), Garay
et al. (2014), Kroll et al. (2013), Miller and La Viola Jr (2014) and references).
We list two aspects below:

1) Stability with bitcoin-denominated utility: We may ask if simple
majority compliance ensures fairness. Interesting non-compliant mining
strategies include temporary block withholding (see Bahackm (2013), Eyal
and Sirer (2014), Garay et al. (2014)). We may also ask if majority com-
pliance is an equilibrium with perfect information (see Kroll et al. (2013)),
or if majority compliance implies convergence and consensus (see Miller
and La Viola Jr (2014), Garay et al. (2014)).

2) Stability with incentives other than mining income: At least two
strategies have been analyzed that may advantage miners whose utility is
not purely derived from mining rewards: Goldfinger attacks (see Kroll et
al. (2013)) and Feather-forking proposed by Miller (2013).

A key mining pool issue is “Mining Gap” : without a block reward immediately
after a block is found, if there is zero expected reward for mining but nonzero
electricity cost, it becomes unprofitable for any miner to mine (see Bahackm
(2013), Eyal and Sirer (2014), Tsabary and Eyal (2018) and literature).

Below we discuss how to outline Bitcoin system stability as consensus equilib-
rium existence under the consensus games framework, focusing on consensus
associated with the Bitcoin ecosystem. We first briefly recall basic mining eco-
nomics associated with “three types of consensuses.”

3.2 The Explanation of Stability for Mining Pool Games through Con-
sensus Games

Bitcoin economy success requires stable operation of Bitcoin’ s distributed pro-
tocols, which relies on at least “three types of consensuses” :

1. Consensus about Rules: Players must agree on criteria to determine
valid transactions. Only valid transactions are memorialized in the Bitcoin
log, requiring agreement on validity determination.

2. Consensus about State: Players must agree on which transactions have
occurred, i.e., they must agree on Bitcoin economy history to achieve
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common understanding of coin ownership at any time.

3. Consensus that Bitcoins are Valuable: Players must agree that Bit-
coins have value to accept them as payment.

These consensus forms depend mutually on each other. For example, agreeing
on history is hard without agreeing on rules, and believing in Bitcoin value is
hard if participants cannot agree on ownership.

Consensus about state is a technological problem in distributed systems design.
Each player sees part of the state, and players must cooperate in large num-
bers across potentially unreliable networks to achieve consistent global state
understanding. Technological consensus must be achieved despite some players
deviating from published rules. In distributed systems literature, devious be-
havior ( “Byzantine failures” ) can often be tolerated if a sufficient majority is
honest and cooperative. However, in Bitcoin we explicitly assume players be-
have according to incentives (assuming cooperation despite contrary incentives
would simplify design but be unrealistic). Game-theoretic issues are crucial
for correct blockchain protocol execution. This was realized at inception when
creator Nakamoto (2008) analyzed incentives in a simple but insufficient model.
Understanding these issues is essential for Bitcoin survival and blockchain proto-
col development. In practice it helps understand strengths and vulnerabilities,
and in economic and algorithmic theory it provides an excellent example for
studying how rational ( “selfish” ) players can play games in a distributed way,
mapping possibilities and difficulties (e.g., the Miners Dilemma discussed by
Eyal (2015)).

Distilling essential game-theoretic properties of blockchain maintenance is non-
trivial; some “attacks” and vulnerabilities have been proposed but no systematic
discovery method seems to exist. This paper studies two mining pool-game mod-
els as consensus game applications where miners (distributed network nodes run-
ning the protocol for payment) play a complete-information game. We note that
incomplete-information situations, which may or may not fall under stochastic
games, are not our focus here, as our goal is showing how consensus games are
useful for mining pool games, particularly mining gap games.

Many works have focused on rational system analysis (see Rosenfeld (2011),
Carlsten et al. (2016), Eyal and Sirer (2014) and references). These treat Bitcoin
as a game between competing rational miners maximizing utilities postulated
as natural incentive structures. The goal is investigating whether, or under
which incentive/collaboration assumptions, Bitcoin achieves a stable state, i.e.,
a game-theoretic equilibrium.

As discussed, we interpret “attacker” behavior as miners playing noncooperative
games with various attack strategies, and “honest miners” playing cooperative
games by following Bitcoin consensus’s “default compliant mining rule” applying
LCR. Bitcoin ecosystem stability existence is equivalent to (hybrid) equilibrium
existence, i.e., the “consensus equilibrium” of the “consensus game” defined
above.
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Therefore, consensus equilibrium existence under the Bitcoin consensus frame-
work means there always exists a group working on “Longest Chain Rule” (LCR),
ensuring proper Blockchain maintenance under Bitcoin consensus (though some
miners work on forks, others do not; see Biais et al. (2019) addressing this via
Markov perfect equilibrium). Thus studying consensus equilibrium existence
provides the fundamental basis for consensus economics. We can establish Bit-
coin mining game stability as applications of general consensus game existence
results, shown below in Theorems 3.1 to 3.3 and Remarks 3.1 to 3.4.

3.3 The Framework of Mining Gap Games and Related Stability

Blockchain-based cryptocurrencies secure decentralized consensus protocols
through incentives. Protocol participants called “Miners” (also “Players” or
“Controllers” ) generate (mine) blocks containing monetary transactions. As
participation incentives, miners receive newly minted currency and transaction
fees. Blockchain bandwidth limits lead users to pay increasing fees to prioritize
transactions. However, as Tsabary and Eyal (2018) note, most work focused on
models where fees are negligible, except Carlsten et al. (2016) discussed that if
incentives come only from fees, a mining gap forms: miners avoid mining when
available fees are insufficient.

Our goal is establishing general existence results for consensus equilibria of gen-
eral Gap Games using corresponding payoff (profit) functions directly, illustrat-
ing specific issues and problems on mining pool-game stability with different
miner behaviors, and explaining possible Blockchain Ecosystem scenarios as
Tsabary and Eyal (2018) did (using utility functions). Our consensus game ap-
plication to Gap Game stability shows that consensus equilibria play a key role
in explaining different consensus economics scenarios.

3.3.1 The General Framework of Mining-Pool Games In mining-pool
games, we consider a system with a fixed set of miners and fixed set of mining
rigs, where each miner controls at least one rig and each rig is controlled by
exactly one miner, assuming homogeneous cost structures and symmetric infor-
mation for all miners. For simplicity, we assume mining rigs are identical (as
in Carlsten et al. (2016)). Rigs have two states: 1) “off state” (default); and 2)
“on state” (running until finding a valid block).

Each miner assigns a start time for each controlled rig when it is turned on; we
often refer to a turned-on rig as an “active rig.” Once turned on, a rig’ s time to
find a valid block is exponentially distributed with a fixed rate parameter shared
among all rigs (see Eyal and Sirer (2014), Nayak et al. (2015), Sapirstein et
al. (2016) and references). Therefore, the time to find the first block by any rig is
the minimum of all finding times. The rate parameter value is determined by the
cryptocurrency protocol such that expected block time interval is constant. The
rate parameter represents cryptographic puzzle difficulty, and we use difficulty
and rate interchangeably. Miners’ assigned start times affect the rate parameter;
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if blocks are found too fast or slow, the protocol changes the difficulty parameter
to adjust individual rig rates. In equilibrium, the rate parameter is fixed.

The rig finding the block first awards its controlling miner the block reward,
comprising two parts. The first is fees reward from aggregating newly intro-
duced transactions, which is time-dependent as pending transactions increase
over time, growing potential fees reward. The second is a fixed subsidy called
base reward, comprising new currency minting per block and expected transac-
tion fees from the initial pending transaction set. Note that finding a new block
rewards only the finding miner, not others.

Miners expend resources to participate. We differentiate two resource types.
First, capital expenses (“Capex”) for rig ownership (see Digiconomist.net (2017),
Twiner (2017)) apply whether rigs are active or not. Second, operational ex-
penses ( “Opex” ) for active mining (see Digiconomist.net (2018a, 2018b)) apply
to active rigs. These expenses apply to all miners, not just successful block
miners.

Once a block is found, all miners move to find the next block, repeating in-
definitely. A miner’ s profit per block is the difference between total expenses
and total reward. Rational miners strive to maximize profit, creating a game.
The fundamental question is: “Do we have honest miners maintaining Bitcoin
ecosystems by applying Mining Longest Chain Rules (in terms of Pareto optimal
strategies maximizing profits under mining Gap Games behaviors)?” Below we
establish general existence for consensus equilibria of mining-pool games, posi-
tively answering this question and confirming stability existence for mining gap
games—a fundamental question for consensus economics.

3.3.2 The Concept of General Gap Games for Miners Mining-pool
game behavior is critical for Blockchain ecosystems because blockchain-based
cryptocurrencies secure decentralized consensus protocols through incentives.
Miners generate blocks containing monetary transactions, receiving newly
minted currency and transaction fees as incentives. Blockchain bandwidth
limits cause users to pay increasing fees to prioritize transactions. However,
we face a fundamental question (see Carlsten et al. (2016)): if incentives come
only from fees, a mining gap may occur where “miners avoid mining when
available fees are insufficient” (see Carlsten et al. (2016), Eyal and Sirer (2014),
Tsabary and Eyal (2018) and references).

Following Tsabary and Eyal (2018), repeated block searches become a series of
independent one-shot competitions where only one miner gets the reward but all
pay expenses. To reason about expected revenues, we consider a one-shot game
where a player’ s strategy is choosing start times for all rigs. Players make start
time choices a-priori. We define profit (and corresponding utility as expected
profit) as expected income minus expected expenses at time t.

A “Gap Game (GP)” is a set of miners N := {1, 2, ---, n} with partition N1,
N2, -+- Nk of N forming a system of n mining rigs controlled by k players,
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where each Nj is a player j K = {1, 2, +--, k} controlling rig set Rj. For any
j,i=1,2, -+, k, wherei j, wehave Rj ,Ri Rj= and N= _{i=1}"k
Ri={1,2, ---, n}.

Denote the expected block time interval achieved by the protocol as “Block-
Interval.” Each rig j° s start time is sj, with normalized start time §j := sj /
Block-Interval. Once turned on, we assume a rig’s block-finding time follows “an
independent exponential distribution with rate parameter n(8).” For convenience,
denote § as the vector of n rigs’ start times in increasing order. We assume all
rigs are identical (i.e., with equal computing power). Each mining rig costs
“Ccap” per time unit for ownership (capital cost) and “Cop” per time unit when
turned on (operation cost).

The strategy space does not include turning rigs off, as this is irrational behavior.
Block-finding time for an active rig follows an exponential distribution, which
is memoryless. This means the probability of a rig finding a block in some
time interval is unaffected by how much time has passed since mining began.
Therefore, a single rig’ s chances of finding a block do not decrease over time.
Since total reward also increases over time, if reward justifies turning a rig on
at some point, this justification holds from that time until the block is found.

3.3.3 The Framework of Fees Reward Accumulation and Related
Costs Mining-pool parameter costs are affected by wide-ranging factors from
different sources. Fees are affected by system users and markets (see Binns
(2018), Blockchain.info (2018a, 2018b, 2018c), Earn.com (2018), Khatwani
(2018) and Moser and Bohme (2015)). Base reward is also affected by users,
markets, and minting rate defined by cryptocurrency protocol. Capital cost (
“Capex” ) is affected by mining rig efficiency technological advancements (see
Biais et al. (2019)), personnel wages, and real estate costs (see Digiconomist.net
(2017), Malkin (2018), Wang (2017) and references). Operational cost ( “Opex”
) is primarily affected by electricity costs (see Browne (2017), Digiconomist.net
(2017, 2018a, 2018b)) for operating mining rigs, including puzzle solving and
cooling expenses. These parameters are difficult to estimate, vary between
currencies, and change over time for the same currency. Therefore, we analyze
the system across parameter ranges to make general observations, focusing on
robust trends.

Based on Tsabary and Eyal (2018)’ s study of fees reward accumulation over
time, it seems reasonable to use linear regression to measure fee reward accumu-
lation. Thus we model total block reward as a linear function where the slope
is the expected fees accumulation rate and the intercept is the sum of newly
minted currency and expected fees available immediately after a block is found.
Repeating measurements at other dates for different periods yields similar re-
sults. We denote t as the “fees accumulation rate” and 0 as the “base reward.”
To compare 0 and t importance, we define:

“Expected-Total-Fees” as the expected total fees accumulating during the ex-
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pected time to find a block: Expected-Total-Fees := Block-Interval - t. We
define EBRR := Expected-Total-Fees / Base-Reward.

Assuming each miner has only the option to join or leave the system, and for
simplicity, we suppose Cop and Ccap are fixed amounts.

Next we build the profit function Pi(t) for each i = 1, 2, -+ -, k at time t,
allowing us to establish general consensus equilibria existence for Gap Games.

3.3.4 The Profit Function of Mining Gap Games To find the profit (and
associated utility) function for each Gap Game player i at time t, we analyze
block-finding time’ s probability distribution as a payoff function of players’
start time selections. We model block-finding time as random variable B with
cumulative distribution function (CDF) FB(t; 8, n(8)) and probability density
function (PDF) fB(t; §, n(8)).

For a given miner i = 1, 2, -+, k, assume a single rig j Ri with start time s;j.
Denote the time this rig requires to find a block as random variable Bj. Recall a
single rig’ s rate is p(8), set by protocol. Bj is drawn from a shifted exponential
distribution with shift si and rate u(8).

Since all rigs compete to find the next block, the rig finding the next block first
has the minimal Bj value, so the time to find the next block is the stop time
process B defined as:

For any time t and any player i, the active set activei(t) is defined as activei(t)
:={j Ri:sj t}and we define active(t) := _{i=1}"k Ri.

The corresponding CDF is (see Appendix B for details):

FB(t; 8, n(8)) =1 — Pr(t B) =1 — exp(—n(8) +X_{j active(t)}(t — sj))
and the PDF is:

fB(t; 8, n(8)) = n(8) - lactive(t)| -exp(—n(8) - X_{j active(t) }(t — sj))
where |active(t)| denotes the absolute value of active(t).

Once a rig is turned on, its block-finding time follows an exponential distribu-
tion. The exponential distribution is memoryless, meaning elapsed time does
not affect a rig’ s chances of finding a block. Since rate parameter 1(8) is shared
among all rigs, at any given time all active rigs have equal chance to find a block,
regardless of active duration. Given active rig set active(t) at block-finding time,
the probability of a specific active rig finding the block is one divided by the
total number of active rigs.

Note that since a block is found at time t, there exists j {1, 2, -+, k} such that
sj tand thus |active(t)| > 0. As players may control many rigs, the probability
that player i controls the rig finding the block is the number of her controlled
active rigs divided by total active rigs. We denote player i’ s active rigs ratio at
time t as i(t) defined by:

chinarxiv.org/items/chinaxiv-202004.00005 Machine Translation


https://chinarxiv.org/items/chinaxiv-202004.00005

ChinaRxiv [$X]

i(t) := |activei(t)| / |active(t)]

The ratio i(t) is continuous in t and represents the expected factor of player i’
s portion of total reward. Thus for a block found at time t, player i’ s expected
income (denoted E(Incomei|B = t)) is:

E(IncomeilB =t) = i(t) - (0+ t - t)

Players have two expense types (see Tsabary and Eyal (2018)): “Capex” for
capital costs like “owning a rig,” and “Opex” for operation costs like “keeping a
rig active.” Since Capex applies to all rigs controlled by a player, whether on or
off, each rig’ s capex by time t is Ccap -t. As Rj is the set of rig indices player
j controls, totaling |Rj| rigs, player j° s total Capex at time t is Ccap - |Rj| - t.

Opex applies only to active rigs. For each active rig, expenses by time t are Cop
multiplied by active duration: at time t, active rig j with start time sj has been
active for time t — sj. Then player i’s expected expenses (denoted E(Expensei|B
= t)) at time t are:

E(Expensei|B = t) := Ccap - |Ri| -t + Cop - X_{j activei(t) }(t — sj)

For a given miner (player or controller) i at time t, we define its Profit Function
Pi through expected income and expense functions:

Pi(t) := E(profiti|B = t) = E(Incomei|B = t) — E(Expensei|B = t)

where E(Incomei|B = t) and E(Expensei|B = t) are expected income and ex-
penses at time t for a given Gap Game. We assume the reward function has the
form:

E(IncomeilB =t) = i(t)( 0+ t -1t)

For more general studies on incentive-compatible reward functions for Bitcoin
mining pools, see Schrijvers et al. (2017) and references. It follows that for each
miner i (see Appendix B for details):

Pi(t) = i(t)(0+ t -t) — Ccap - |Ri| -t — Cop -3_{j activei(t)}(t — sj)
We list special cases below for each miner i:

Case I: When Cop = 0, Pi(t) = i(t)(0+ t -t) — Ccap - |Ri|] -t.

Case II: When Ccap(t) =0, Pi(t) = i(t)(0+ t -t) — Cop - X_{j activei(t)}(t
~9).

Case IIT: When Cop = 0 and Ccap(t) = 0, Pi(t) = i(t)(0 + t -t).

These cases will be used below to study consensus equilibria existence for Gap
Games.

We note that our approach differs from most existing literature in key ways: (1)
Our Blockchain ecosystem stability study is based on the Profit function Pi using
consensus equilibria from game theory, allowing us to handle the general Gap
games framework and prove existence of honest miners maintaining “Mining
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Longest Chain Rules (LCR)”under a given consensus (leading to Profit Functions
meeting required conditions). Thus we positively claim: (1) honest miners
always maintain LCR (with or without Gap Behavior or Fork Chain), plus
plausible mining-pool attacking; and (2) the Bitcoin ecosystem always works
(as majorities do not collude to break it). (2) Many scholars (e.g., Tsabary
and Eyal (2018), Liu et al. (2019) and references) use utility function Ui for
each player i to identify gap behavior impact, where expected Utility is defined
as Ui(t) := E(Profiti) for each miner i. This transforms Gap game choices
into a multi-objective optimization problem. However, general existence results
for such problems are hard to establish, requiring algorithms and numerical
simulations as in Tsabary and Eyal (2018), Liu et al. (2019) and others.

4 The Consensus Equilibria of Gap Games and Stability of
Blockchain Ecosystems

For a given mining gap game with i N = {1, 2, - -+ n}, without loss of
generality we assume Ti is a sufficiently large value in R for time, and define Xi
:= [0, Ti] and X := (cid:81) {i=1}"n Xi. Then Xi and X are compact convex
subsets of R and R™n for i N.

Based on Gap game notation and profit function Pi(t) fori N at time t defined
on Xi, a gap game is indeed a consensus game CG := (N, K, (Xi, Pi)_{i N}),
where N = {1, 2, -+« n}, K ={1,2, -+, k} with X’ s partition N1, «-- N2
«++, Nk of N as mentioned above.

We have the following general existence results for consensus equilibria of Gap
Games supporting Blockchain Ecosystem stability as applications of the general
consensus game model from Section 2.

Theorem 4.1 (Consensus Equilibria for Mining-Gap Games). For a
given general Mining Gap Game (which is a consensus game CG), if the profit
function Pi (defined above) is concave from [0, Ti] - R for eachi N = {1, 2,
+++, n}, then the Gap Game CG has at least one consensus equilibrium.

Proof. For each i N, Pi is continuous in t, and by assumption concave, thus
Pi is continuous and concave. All Theorem 2.1 assumptions are satisfied, so the
conclusion follows from Theorem 2.1.

Theorem 4.1 shows that under a given consensus, if miner i’ s Profit function Pi
is reasonably well-behaved (see special cases below that naturally satisfy this),
consensus game theory allows us to handle the general Gap games framework
and prove existence of honest miners maintaining “Mining Longest Chain Rules
(LCR)” under a given consensus (e.g., Nakamoto (2008)). This affirmatively
answers: “Blockchain ecosystem stability exists due to honest miners maintain-
ing LCR under a reasonable consensus,” leading to claims: (1) honest miners
always maintain LCR, plus plausible mining-pool attacking; and (2) the Bitcoin
ecosystem always works.
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As Theorem 4.1 applications, we have results assuming zero operational cost for
the Gap Game system.

Theorem 4.2 (Gap Games without Operational Cost). For a given gen-
eral Gap Game with zero operational costs, if the ratio function i(t) is concave
intforeachi N ={1,2, -+ n}, then the Gap Game has at least one consensus
equilibrium.

’

Proof. For i N, assuming i is concave in t, the second derivative *’ _iof iis
nonnegative. With Cop = 0, Pi(t) = i(t)(0 + -+t) — Ccap - |Ri|] +t. Then
the second derivative P’” _i of Pi(t) is nonnegative, so Pi is concave. Since Pi
is also continuous for t Xi = [0, Ti], all Theorem 4.1 assumptions are satisfied,
and the conclusion follows from Theorem 4.1.

Based on Theorem 4.2, we discuss a “No Gap” phenomenon for Mining-Pool
games in practice when the system has no operational cost.

Remark 4.1 (Mining-Pool Game Stability without Operational Cost).
By Theorem 4.2, each miner i's Profit function has form Pi(t) = i(t)( 0+ -t) —
Ccap - |Ri| -t. Since the term “—Ccap - |Ri| -t"plays a large negative role in Pi(t)
at time t, one way to reduce system loss (in terms of Pi(t)) is to make ratio i(t)
as large as possible at time t. If miner i’ s computing power is mi for i N, one
possible best strategy is running all rigs, making activei(t) = mi and thus i(t) =
mi /¥ {j=1}"nmjatany timet [0, Ti]. Therefore i(t) is independent of t and
thus concave, satisfying concavity assumptions, implying the gap game system
without operational cost always has at least one equilibrium with miners starting
mining at time zero (thus without operational cost, pool-games generally have
no “gap” phenomenon as all miners prefer starting at time zero due to no
operational expense).

This result indicates that if a system is designed to mine Bitcoin with only
capital cost (zero operational cost), there always exists a subgroup of miners
running the system, resulting in Bitcoin ecosystem stability. This affirmatively
answers the general stability existence question for mining-pool games regarding
following Longest Chain Rules (LCR), a fundamental question from academia
to financial industries. This is exactly the “Scenario One: No Mining Gap” case
discussed by Tsabary and Eyal (2018), assuming “a system comprised of two
miners with no operational expenses,” where each miner tries to increase mining
power as soon as possible to find blocks without additional cost by starting at
time zero (here we also illustrate pool games with more than two miners without
gap phenomenon). For two-miner pool games, both players prefer increasing
mining power at time zero (if no operational cost), leading ratios 1(t) and 2(t)
to be m1/(ml14m2) and m2/(m1+m2) respectively, reaching general equilibrium
maintaining system operation without gap phenomenon.

When mining pool game systems have zero capital and operational costs, we
have the following general result for mining pool games without gap game be-
havior.
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Theorem 4.3 (Mining Gap Games without Capital and Operational
Cost). For a given general Gap Game with both Capital and Operational Costs
zero, if the ratio function i(t) is concave in t for eachi N = {1, 2, -+ n},
then the mining pool game has at least one consensus equilibrium and no gap
game behavior phenomenon.

Proof. Equilibria existence follows from Theorem 4.2, and no gap game behavior
follows from Remark 4.1.

Remark 4.2. When Cop = 0 and Ccap(t) = 0, considering Profit function
Pi(t) = i(t)(0 + t -t), the best way to increase Pi(t) is fully running rigs,
making i = mi / ¥_{j=1}"n mj where mi is miner i’ s mining power for i
{1, 2, +++, n}. Here i(t) is constant, satisfying all Theorem 4.3 assumptions,
leading to at least one equilibrium.

Based on the Profit function from Theorem 4.1, we can discuss arbitrary mining
gap phenomena without assuming zero capital and operational costs.

Remark 4.3 (Scenarios of Arbitrary Mining Gaps Games). In Theorem
4.1, for each mineri N = {1, 2, ---, n}, Profit function Pi(t) = i(t)(0+ t -t) —
Ccap +|Ri| -t — Cop -3_{j activei(t) }(t — sj). Generally, with non-zero Capital
and Operational costs, the term Ccap - |Ri| -t + Cop -3_{j activei(t)}(t —
sj) negatively contributes to Pi(t) at time t, while i(t)(0 4+ t -t) positively
contributes. Thus base reward and fees accumulation rate are important factors
for miners deciding mining power for Bitcoin mining in gap games behavior
regarding start time decisions.

Two situations show when arbitrary mining gap phenomena may occur based
on EBRR values (see EBRR definition in Section 3.3.3):

Case 1: If EBRR is small, i.e., EBRR ¢ for some constant ¢, then 0 ¢ -
t - Block-Interval, implying i(t)(0 + t -t) i(t) + t - (c - Block-Interval 4+
t). This means base reward and fees accumulation rate contributions to Pi(t)
are limited (bounded above). Thus we may conclude “player i has negative
utility” because as player i controls more rigs (i.e., has higher relative mining
power), her per-mining-rig utility decreases with total mining power by the
above inequality. Even though higher mining power increases reward probability,
expense increases are more significant, resulting in lower utility. This leads
miners to run rigs later (not at the beginning), i.e., start times not at or near
zero, causing arbitrary mining gap phenomena.

Case 2: If EBRR is large enough, i.e., EBRR ¢l for some constant c1, then 0

cl - t -Block-Interval, implying i(t)( 0+ t +t) i(t) « t - (cl -Block-Interval
+ t). This means base reward and fees accumulation rate contributions to Pi(t)
are bounded below, making contributions positive because as player i controls
more rigs, her per-rig utility increases with total mining power. The increased
reward probability surpasses expense increases, resulting in higher utility. Thus
miner i tends to run rigs at the very beginning around time zero (resulting in
no mining gap).
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These trends for miners in both cases are maintained for all opex and capex
ratio settings under high or low EBRR levels.

A second way to discuss possible mining gap behaviors examines profit function
Pi impacts based on capital and operational cost relationships:

Case 3: For any player i’ s relative mining power and any EBRR, when Capex
dominates (much higher than Operational cost), player i’ s choice of start times
greater than zero is better (leading to mining gap phenomena). This reduces
expected opex as controlled rigs are active for less time. The more rigs controlled,
the more impactful this effect. This suggests when opex is at play (middle or
higher operational cost levels), taking mining gaps is generally a better option.

Case 4: However, when Capex cost is not much higher than operational cost,
miners may not exhibit mining gap behavior in practice because early rig oper-
ation may find blocks earlier, thus reducing operational cost (as term Ccap -
|Ri|] -t may not be large compared to Cop - |Ri| -t) based on inequality:

Ri| -t

activei(t)] min{(t — sj)} Cop -

-t Cop -

Cop - activei(t)

But mining gap behavior may occur if capital cost is not much less than opera-
tional cost.

The discussion in Cases 3 and 4 using miner i’ s Profit function Pi shows oper-
ational costs are also a major mining gap factor, confirmed by numerical simu-
lations in Tsabary and Eyal (2018).

Together, gap game behaviors are caused by three factors: (1) base reward and
fees accumulation rate; (2) operational and capital cost levels; and (3) mining
pOWer.

As EBRR level applications, we have the following Bitcoin long-term case study
expectation.

Remark 4.4 (Bitcoin Case Study). Following Tsabary and Eyal (2018), we
briefly discuss Bitcoin ten years from now based on miner i’ s Profit function
Pi(t) at time t.

Thinking Bitcoin becomes prone to undesired mining gap effects, many opera-
tional cryptocurrency systems vary in minting, fees, market cap, and expenses.
Given any cryptocurrency’ s parameters, similar estimation can be performed
using our model, presenting a Bitcoin case study below with Theorem 4.1 illus-
tration.

Today, Bitcoin has around 7 mining pools (see [9]-[11]) controlling about 85%
of mining power, with the rest divided among many smaller pools. Though
varying in size, we approximate this with 8 equal-size miners. Assuming long-
term from today (e.g., around 10 years), we assume EBRR is around 1, which
may be required to maintain a small gap. Currently, minting and fees rewards
are B12.5 and about B1 respectively, so EBRR 12.5, making gaps unprofitable.
However, in about ten years, minting reward drops may lead to EBRR around
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1, meaning factor “t” plays a bigger role representing the time value of the
positive term i(t)( 0 + t -t), while maintaining cost term Ccap - |Ri|] -t +
Cop -X__{j activei(t) }(t — sj) reasonably small, making Pi(t) positive when time
t is long enough in the future. Bitcoin’ s long-term mining gap phenomenon
(around ten years from now assuming EBRR 1) is also illustrated by Remark
4.3 analysis.

Before concluding, we note that based on the new “Consensus Game (CG) notion
motivated by blockchain economy mechanism design under Bitcoin ecosystem
consensus incentives, we first establish general existence results for consensus
equilibria of general gap games using profit functions directly. In applications,
we discuss general mining gap phenomena for mining-pools, and assuming ten
years from now with EBRR 1, we show that while Bitcoin economics mining-
pool gap game behaviors may occur (Remark 4.3 discussion), the blockchain
platform for Bitcoin ecosystem remains “stable” in the sense that honest miners
still mine blocks following “mining LCR” in practice (by Theorem 4.1).

We emphasize that studying Mining Gap games and related mining-pool game
stability via consensus games shows that consensus equilibria play a key role in
developing fundamental consensus economics theory. Indeed, consensus games
can also establish general fundamental results supporting existence and stability
for Bitcoin economics mining-pool games.

5 Conclusion

By incorporating cooperative and noncooperative behaviors in game theory for
Bitcoin ecosystem Mining Pool Games under blockchain platform mechanism
design following Nakamoto’ s (2008) consensus principle, it is natural to intro-
duce the new “consensus game” concept. This notion allows analyzing strategy
choices where cooperative and noncooperative behaviors coexist in different sit-
uations, explaining mining gap game stability using “Consensus Games (CG).”
We outline how general consensus equilibria existence is formulated to explain
Bitcoin mining gap game stability, then establish general existence results for
consensus equilibria of general mining gap games using profit functions as payoff
functions.

As applications, results illustrate specific mining pool-game issues and problems
with potential impacts from miners’ gap behaviors, explaining different mining
gap behavior phenomena in Blockchain Ecosystems. Our study shows consen-
sus equilibria may play an important role in developing fundamental consensus
economics theory.

Compared to traditional cooperative and noncooperative games, our consensus
game concept is a natural extension for consensus economies, especially under
the Bitcoin ecosystem framework with consensus incentives (e.g., Nakamoto’' s
consensus protocol). Our study shows it may lay the foundation for consensus
economics.
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We conclude that consensus equilibria existence results for consensus games
defined in this paper are useful and should provide the basis for consensus
economics studies under the Blockchain fintech framework as discussed above.

Further study on different smart contract situations for various digital business
activities under Blockchain with associated consensus incentives ( “blockchain
economy” ) should be a priority in the big data era. We note recent fintech topic
studies by scholars including dynamic equilibria under blockchain disruption
(Cong and He (2019)), blockchain-based accounting and assurance (Dai and
Vasarhelyi (2017)), and other related issues (Narayanan et al. (2016), Goldstein
et al. (2019), Chiu and Koeppl (2019), Foley et al. (2019), Fuster et al. (2019),
Tang (2019), Vallee and Zeng (2019), D’ Acunto et al. (2019), Zhu (2019), Chen
et al. (2019), Di et al. (2019) and references).

Finally, our goal is showing how the new “Consensus Equilibria” notion for
Mining-Pool games can study Blockchain ecosystem stability impacts when
mining-pool miners exhibit gap behaviors, assuming Mining-Pool Games have
homogeneous cost structures and symmetric information for all miners. Indeed,
by incorporating both “consensus equilibria”and “Markov equilibrium” concepts,
we can also study stability impacts from miners’ Gap behaviors under heteroge-
neous cost structures and asymmetric information in Mining-Pool games—this
is our future work.
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Appendix A: The Consensus Games

Using Section 2 notation, we recall results from Yang and Yuan (2019). The
following is the consensus game version of Theorem 3.1 from Yang and Yuan
(2019) (see also Theorem 3.1 of Di et al. (2019)).

Theorem A.1l. Suppose a consensus game CG = (N, p, (X(t))_{t N}, P)
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satisfies: (i) N is finite; (ii) for each t N, X(t) is a nonempty convex compact
subset of R™{mt}; (iii) for each t N, P(t, ) is convex-valued with open graph
in X x X, and x P(t, x) for any x X.

Then CG has at least one consensus equilibrium.

Yang and Yuan (2019) gave an infinite-dimensional version of Theorem A.1
(Theorem 3.2 of Yang and Yuan (2019)), stated here using consensus games:

Theorem A.2. Suppose a consensus game CG = (N, p, (X(t))_{t N}, P)
satisfies: (i) N is finite; (ii) for each t N, X(t) is a nonempty convex compact
subset of a Hausdorff topological vector space E(t); (iii) for each t N, P(t, «)
is convex-valued with open graph in X x X and x P(t, x) for any x X.

Then CG has at least one consensus equilibrium.

As a Theorem A.2 application, we have the following corollary extending Theo-
rem A.1 to topological vector spaces.

Corollary A.1. Suppose a normal-form game with partition G = (N, p, (Xi,
ui)_{i N}) satisfies: (i) N is finite; (ii) for each i N, Xi is a nonempty convex
compact subset of a Hausdorff topological vector space Ei; (iii) for each i N,
ui is continuous and quasiconcave on X.

Then G has at least one hybrid solution (thus the consensus equilibrium of
consensus game G).

Appendix B: The Profit Function of Mining Gap Games

For a given miner i = 1, 2, ---, k, assume a single rig j Ri with start time sj.
Denote the time this rig requires to find a block as random variable Bj. Recall a
single rig’ s rate is p(8), set by protocol. Bj is drawn from a shifted exponential
distribution with shift si and rate u(8).

To find the profit (and associated utility) function for each Gap Game player i at
time t, we analyze block-finding time’ s probability distribution as a function of
players’ start time selections. We model block-finding time as random variable
B with CDF FB(t; §, n(8)) and PDF {B(t; §, n(8)). The PDF of Bi is:

£ (B} = {0t sjin(s) - exp(—n@)(t — ), t > 5 }

and its CDF is:

F {Bj} ={0,t sj;1—exp(-n@)(t —sj), t >sj}

Since F_ {Bj}(t; sj, n(8)) = Pr(t Bj) =1 — Pr(t Bj), it follows that:
Pr(t Bi) = {0,¢ s exp(—n@)(t — i), t > 5 }

As all rigs compete to find the next block, the rig finding the next block first
has the minimal Bj value, so the time to find the next block is the stop time
process B defined as:
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B :=min_{j{1,2,:-- k}} Bj

For any time t and any player i, the active set activei(t) is defined as activei(t)
:={j Ri:sj t}and we define active(t) := _{i=1}"k Ri.

The probability that none of the rigs have found a block by time t is Pr(t B),
which is the product of Pr(t Bj) (as all rigs are independent):

Pr(t B) = {.] {1}2; ,n}} Pr(t B]) = {J {172’ ’n}} Pr(t BJ) = exp(—p(é)
+3_{j active(t) }(t — sj))

The corresponding CDF is:

FB(t; 8, n(8)) =1 — Pr(t B) =1 — exp(—nu(8) - X_{j active(t)}(t — sj))
and the PDF is:

B(t; 5, 1(3) = 1(s) - Jactive(t)] - exp(—u(s) - =_{j active(t)}(t — )

Once a rig is turned on, its block-finding time follows an exponential distribu-
tion. The exponential distribution is memoryless, meaning elapsed time does
not affect a rig’ s chances of finding a block. Since rate parameter n(8) is
shared among all rigs, at any given time all active rigs have equal chance to
find the block, regardless of active duration. Given active rig set active(t) at
block-finding time, the probability of a specific active rig finding the block is
one divided by the total number of active rigs.

Since a block is found at time t, there exists j {1, 2, +--, k} such that sj t
and thus |active(t)| > 0. As players may control many rigs, the probability that
player i controls the rig finding the block is the number of her controlled active
rigs divided by total active rigs. We denote player i’ s active rigs ratio at time
t as i(t) defined by:

i(t) := |activei(t)| / |active(t)]

The ratio i(t) is continuous in t and represents the expected factor of player i’
s portion of total reward. Thus for a block found at time t, player i’ s expected
income (denoted E(Incomei|B = t)) is:

E(IncomeilB =t) = i(t) - (0+ t -t)

Players have two expense types (see Tsabary and Eyal (2018)): “Capex” for
capital costs like “owning a rig,” and “Opex” for operation costs like “keeping a
rig active.” Since Capex applies to all rigs controlled by a player, whether on or
off, each rig’ s capex by time t is Ccap -t. As Rj is the set of rig indices player
j controls, totaling |Rj| rigs, player j° s total Capex at time t is Ccap - |Rj| -t.

Opex applies only to active rigs. For each active rig, expenses by time t are Cop
multiplied by active duration: at time t, active rig j with start time sj has been
active for time t — sj. Then player i’s expected expenses (denoted E(Expensei|B
= t)) at time t are:

E(Expensei|B = t) := Ccap - |Ri| -t + Cop - X_{j activei(t)}(t — sj)
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For a given miner (player or controller) i at time t, we define its Profit Function
Pi through expected income and expense functions:

Pi(t) := E(profiti|B = t) = E(Incomei|B = t) — E(Expensei|B = t)

where E(Incomei|B = t) and E(Expensei|B = t) are expected income and ex-
penses at time t for a given Gap Game. Generally we assume the reward function
has form:

E(IncomeilB =t) = i(t)(0 + t -t)

E(Expensei|B = t) = Ccap - |Ri| -t 4+ Cop - X_ {s activei(t)}(t — s)
Thus:

Pi(t) = i(t)(0+ t -t) — Ccap - |Ri| +t — Cop - 3_{j activei(t) }(t — sj)

As in Tsabary and Eyal (2018), we can also define utility function Ui (the
expectation of Pi(t)) as:

Ui := E(Pi(t)) = B(E(ProfitiB = t)) = _ 0 00 (E(Profiti|B = t) - fB(t; §, n(3)))
dt

Then player (controller) i* s utility function is:

Ui(t) = E(Profiti) = E(E(profiti|B = t)) = 0700 {i(t)(0 + t +t) — Ccap -
[Ri| -t — Cop - X{j activei(t)}(t — sj)} - {B(t, §, p(8)) dt

= 000 {it)(0+ t -t) — Ccap +[Ri] -t — Cop - X{j activei(t)}(t — sj)} -
{n(8) - |active(t)] -exp(—n(8) - X_{jactive(t)}(t — sj))} dt

Case I: When Cop = 0, Pi(t) = i(t)(0 + t -t) — Ccap - |Ri| -t, and:

Ui(t) = 07oo {i(t)( 0+ t-t) — Ccap - [Ri] -t} - {(3) - Jactive(t)] - exp(—p(5)
« Y{j active(t)}(t — sj))} dt

Case IT: When Ccap(t) =0, Pi(t) = i(t)( 0+ t -t) — Cop -X_ {j activei(t)}(t
— 8j), and:

Ui(t) = 07 oo {i(t)( 0+ t-t) — Cop - X{j activei(t)}(t —sj)} -{n(8) -|active(t)|
Cexp(—n(®) + 5 {j active(t)}(t — si))} dt

Case III: When Cop = 0 and Ccap(t) = 0, Pi(t) = i(t)( 0+ t -t), and:
Ui(t) = 07co i(t)( 0+ t -t) - {u(8) - Jactive(t)] - exp(—u(3) - X{j active(t)}(t
—sj))}t dt

Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv —Machine translation. Verify with original.
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