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Abstract
The strict copositivity of 4th order symmetric tensors may be applied to detect
the vacuum stability of general scalar potentials. To find analytical expressions
for the (strict) copositivity of 4th order symmetric tensors, we may reduce their
order to 3rd order to better deal with it. Accordingly, several analytical suffi-
cient conditions for the copositivity of 3rd order 2-dimensional (3-dimensional)
symmetric tensors are derived. Subsequently, applying these conclusions to 4th
order tensors, the analytical sufficient conditions for copositivity are proved for
4th order 2-dimensional and 3-dimensional symmetric tensors. Finally, we ap-
ply these results to present analytical vacuum stability conditions for ℤ3 scalar
dark matter.
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Abstract. The strict copositivity of 4th order symmetric tensors may be ap-
plied to detect vacuum stability of general scalar potentials. To find analytical
expressions for the (strict) copositivity of 4th order symmetric tensors, we may
reduce their order to 3rd order to better deal with them. We provide several
analytically sufficient conditions for the copositivity of 3rd order 2-dimensional
and 3-dimensional symmetric tensors. Subsequently, applying these conclusions
to 4th order tensors, we prove analytical sufficient conditions of copositivity for
4th order 2-dimensional and 3-dimensional symmetric tensors. Finally, we ap-
ply these results to present analytical vacuum stability conditions for Z3 scalar
dark matter.
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Introduction
Recently, Kannike [12–14] studied the vacuum stability of general scalar poten-
tials of a few fields. The most general scalar quartic potential of the SM Higgs
H1, an inert doublet H2 and a complex singlet S is given by

𝑉 (ℎ1, ℎ2, 𝑠) = Γ𝜙4 =
3

∑
𝑖,𝑗,𝑘,𝑙=1

𝛾𝑖𝑗𝑘𝑙𝑧𝑖𝑧𝑗𝑧𝑘𝑧𝑙, (1.1)

where 𝑧 = (𝑧1, 𝑧2, 𝑧3)⊤ = (ℎ1, ℎ2, 𝑠)⊤, ℎ1 = |𝐻1|, ℎ2 = |𝐻2|, 𝐻†
2𝐻1 = ℎ1ℎ2𝜌𝑒𝑖𝜙,

𝑆 = 𝑠𝑒𝑖𝜙𝑆 , Γ = (𝛾𝑖𝑗𝑘𝑙) is a coupling tensor, a 4th order 3-dimensional real sym-
metric tensor. Clearly, ℎ1 ≥ 0, ℎ2 ≥ 0, 𝑠 ≥ 0. Therefore, the vacuum stability
of Z3 scalar dark matter 𝑉 (ℎ1, ℎ2, 𝑠) is equivalent to the strict copositivity of
the coupling tensor Γ = (𝛾𝑖𝑗𝑘𝑙).
The concept of (strict) copositivity of symmetric tensors was introduced by Qi
[20] in 2013. A symmetric tensor Γ with order 𝑚 and dimension 𝑛 is called (i)
copositive if Γ𝑥𝑚 = ∑𝑛

𝑖1,𝑖2,⋯,𝑖𝑚=1 𝛾𝑖1𝑖2⋯𝑖𝑚
𝑥𝑖1

𝑥𝑖2
⋯ 𝑥𝑖𝑚

≥ 0 for all nonnegative
vectors 𝑥 = (𝑥1, ⋯ , 𝑥𝑛)⊤; (ii) strictly copositive if Γ𝑥𝑚 > 0 for all nonnegative
and nonzero vectors 𝑥 = (𝑥1, ⋯ , 𝑥𝑛)⊤.

Since practical matters such as the vacuum stability of general scalar potentials
of a few fields require precise expressions, it is necessary to find analytical ex-
pressions for the strict copositivity of a symmetric tensor. Qi [20] showed that
a symmetric tensor is strictly copositive if for all 𝑖 = 1, 2, ⋯ , 𝑛,

𝛾𝑖𝑖⋯𝑖 + ∑
{𝛾𝑖1𝑖2⋯𝑖𝑚 <0,(𝑖1,𝑖2,⋯,𝑖𝑚)≠(𝑖,𝑖,⋯,𝑖)}

> 0.

Song and Qi [23] gave a necessary and sufficient condition for strictly coposi-
tive tensors using H-eigenvalues and Z-eigenvalues. Song and Qi [28] studied
the (strict) copositivity of symmetric tensors through constrained minimization
problems on the unit sphere. Song and Qi [26] showed that the (strict) copositiv-
ity of a symmetric tensor is equivalent to its (strict) semi-positiveness. A tensor
Γ is said to be (strictly) semipositive (Song and Qi [24]) if for each nonzero and
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nonnegative vector 𝑥 = (𝑥1, 𝑥2, ⋯ , 𝑥𝑛)⊤, there exists 𝑘 ∈ {1, 2, ⋯ , 𝑛} such that
𝑥𝑘 > 0 and

(Γ𝑥𝑚−1)𝑘 =
𝑛

∑
𝑖2,⋯,𝑖𝑚=1

𝛾𝑘𝑖2⋯𝑖𝑚
𝑥𝑖2

⋯ 𝑥𝑖𝑚
≥ 0(> 0).

This class of tensors has close relationships with tensor complementarity prob-
lems (TCP) [29–31]. For more details about TCP, see also [1–4, 8–11, 16, 33–
35] and references cited therein.

Recently, based on the main results of Song and Qi [26], an analytical expres-
sion for detecting the strict copositivity of a symmetric tensor was obtained by
summarizing conclusions from Qi and Song [18], Song and Qi [25], Song and
Mei [31], and Yuan and You [36]. Specifically, a symmetric tensor Γ is strictly
copositive if it satisfies

𝑛
∑

𝑖2,⋯,𝑖𝑚=1
𝛾𝑖𝑖2𝑖3⋯𝑖𝑚

> 0 for all 𝑖 ∈ {1, 2, ⋯ , 𝑛},

and

𝑛𝑚−1 (
𝑛

∑
𝑖2,⋯,𝑖𝑚=1

𝛾𝑖𝑖2𝑖3⋯𝑖𝑚
) > 𝛾𝑖𝑗2𝑗3⋯𝑗𝑚

for all (𝑗2, 𝑗3, ⋯ , 𝑗𝑚) ≠ (𝑖, 𝑖, ⋯ , 𝑖).

Numerical algorithms for copositivity of tensors were also presented by Chen,
Huang, and Qi [5, 6], Nie, Yang, and Zhang [17], and Li, Zhang, Huang, and
Qi [15]; see also [7, 21, 22]. Very recently, Song and Qi [27] provided several
analytically sufficient conditions for checking (strict) copositivity of 4th order 3-
dimensional symmetric tensors by reducing the order or dimension of the tensor.

In this paper, we study analytical expressions for certifying copositivity of a 3rd
order 3-dimensional (or 2-dimensional) symmetric tensor. We then apply these
results to derive sufficient conditions for copositivity of 4th order 3-dimensional
tensors, which differ from those in Song and Qi [27]. Furthermore, we use these
conclusions to check vacuum stability for Z3 scalar dark matter.

2 Preliminaries and Basic Facts
Let ‖⋅‖ denote any norm on ℝ𝑛. The equivalent definition of (strict) copositivity
and semipositive (positive) definiteness of a symmetric tensor was presented in
the sense of any norm on ℝ2 [19–23].

Lemma 2.1. [23] Let Γ be a symmetric tensor of order 𝑚 and dimension 𝑛.
Then (i) Γ is copositive if and only if Γ𝑥𝑚 ≥ 0 for all nonnegative vectors
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𝑥 ∈ ℝ𝑛 with ‖𝑥‖ = 1; (ii) Γ is strictly copositive if and only if Γ𝑥𝑚 > 0 for all
nonnegative vectors 𝑥 ∈ ℝ𝑛 with ‖𝑥‖ = 1.

For a cubic univariate polynomial 𝑃(𝑡) with real coefficients,

𝑃(𝑡) = 𝑎𝑡3 + 𝑏𝑡2 + 𝑐𝑡 + 𝑑, (2.1)

Schmidt and Heß [32] proved its nonnegative conditions.

Lemma 2.2. [32, Proposition 2] Let 𝑃(𝑡) be a cubic univariate polynomial
given by (2.1). Then (i) 𝑃(𝑡) ≥ 0 for all 𝑡 ≥ 0 if and only if either inequality
system (1) or (2) holds: (1) 𝑎 ≥ 0, 𝑏 ≥ 0, 𝑐 ≥ 0, 𝑑 ≥ 0; (2) max{𝑎, 𝑑} > 0,
𝑎 ≥ 0, 𝑑 ≥ 0, 4𝑎𝑐3 + 4𝑏3𝑑 + 27𝑎2𝑑2 − 18𝑎𝑏𝑐𝑑 − 𝑏2𝑐2 ≥ 0. (ii) 𝑃(𝑡) ≥ 0 for all
𝑡 ≥ 0 if the inequalities 𝑎𝑑 ≥ 0, 𝑐 ≥ 0, and 𝑏 + 2√𝑎𝑐 ≥ 0 hold simultaneously.

Lemma 2.3. [32, Proposition 3] Let a quadratic univariate polynomial 𝑝(𝑡) be
given by 𝑝(𝑡) = 𝛼𝑡2 + 𝛽𝑡 + 𝛾. Then 𝑝(𝑡) ≥ 0 for all 𝑡 ≥ 0 if and only if the
inequalities

𝛼 ≥ 0, 𝛾 ≥ 0, 𝛽 + 2√𝛼𝛾 ≥ 0 (2.2)

hold simultaneously.

3 Copositivity of 3rd Order Tensors
Let Γ = (𝛾𝑖𝑗𝑘) be a 3rd order 2-dimensional symmetric tensor. Then for a vector
𝑥 = (𝑥1, 𝑥2)⊤,

Γ𝑥3 =
2

∑
𝑖,𝑗,𝑘=1

𝛾𝑖𝑗𝑘𝑥𝑖𝑥𝑗𝑥𝑘 = 𝛾111𝑥3
1 + 3𝛾112𝑥2

1𝑥2 + 3𝛾122𝑥1𝑥2
2 + 𝛾222𝑥3

2. (3.1)

Theorem 3.1. A 3rd order 2-dimensional symmetric tensor is copositive if and
only if either inequality system (1) or (2) holds: (1) 𝛾111 ≥ 0, 𝛾222 ≥ 0, 𝛾112 ≥ 0,
𝛾122 ≥ 0; (2) max{𝛾111, 𝛾222} > 0, 𝛾111 ≥ 0, 𝛾222 ≥ 0, 4𝛾111𝛾3

122 + 4𝛾3
112𝛾222 +

𝛾2
111𝛾2

222 − 6𝛾111𝛾112𝛾122𝛾222 − 3𝛾2
112𝛾2

122 ≥ 0.

Proof. It follows from Lemma 2.1 that we can restrict 𝑥 = (𝑥1, 𝑥2)⊤ to ‖𝑥‖ =
|𝑥1| + |𝑥2| = 1 for all 𝑥 with 𝑥1 ≥ 0, 𝑥2 ≥ 0. Clearly, Γ𝑥3 = 𝛾111𝑥3

1 ≥ 0 for
𝑥 = (𝑥1, 0) and Γ𝑥3 = 𝛾222𝑥3

2 ≥ 0 for 𝑥 = (0, 𝑥2). Now assume both 𝑥1 and 𝑥2
are nonzero. Then the homogeneous polynomial Γ𝑥3 can be divided by 𝑥3

2 to
yield

Γ𝑥3

𝑥3
2

= 𝛾111 (𝑥1
𝑥2

)
3

+ 3𝛾112 (𝑥1
𝑥2

)
2

+ 3𝛾122 (𝑥1
𝑥2

) + 𝛾222.
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Let 𝑡 = 𝑥1
𝑥2

≥ 0 and define 𝑃(𝑡) = Γ𝑥3/𝑥3
2, i.e.,

𝑃(𝑡) = 𝛾111𝑡3 + 3𝛾112𝑡2 + 3𝛾122𝑡 + 𝛾222. (3.2)

Clearly, 𝑃(𝑡) ≥ 0 if and only if Γ𝑥3 ≥ 0. Applying Lemma 2.2(i) to the
polynomial 𝑃(𝑡) with (𝑎, 𝑏, 𝑐, 𝑑)⊤ = (𝛾111, 3𝛾112, 3𝛾122, 𝛾222)⊤, we obtain that
𝑃(𝑡) ≥ 0 for all 𝑡 ≥ 0 if and only if either inequality system holds: 𝑎 = 𝛾111 ≥ 0,
𝑑 = 𝛾222 ≥ 0, 𝑏 = 3𝛾112 ≥ 0, 𝑐 = 3𝛾122 ≥ 0; or max{𝛾111, 𝛾222} > 0, 𝛾111 ≥ 0,
𝛾222 ≥ 0, 4𝛾111(3𝛾122)3 +4(3𝛾112)3𝛾222 +27𝛾2

111𝛾2
222 −18𝛾111(3𝛾112)(3𝛾122)𝛾222 −

(3𝛾112)2(3𝛾122)2 ≥ 0. This simplifies to the two systems stated in the theorem,
completing the proof.

Remark 3.1. From the proof of Theorem 3.1, we see that Γ𝑥3 may alternatively
be divided by 𝑥3

1 (when 𝑥1 ≠ 0), yielding 𝑃(𝑡) = 𝛾111 + 3𝛾112𝑡 + 3𝛾122𝑡2 + 𝛾222𝑡3

where 𝑡 = 𝑥2
𝑥1

. The conclusions remain the same.

Theorem 3.2. Let Γ be a 3rd order 2-dimensional symmetric tensor. Assume
that 𝛾111 ≥ 0, 𝛾222 ≥ 0, 𝛾112 ≥ 1

3
√𝛾111𝛾222, and 𝛾122 ≥ 1

3
√𝛾111𝛾222. Then Γ is

copositive.

Proof. Using the proof technique of Theorem 3.1, we only need to show the
nonnegativity of the polynomial 𝑃(𝑡) given by (3.2) for all 𝑡 ≥ 0, where 𝑃(𝑡) =
𝑎𝑡3 + 𝑏𝑡2 + 𝑐𝑡 + 𝑑 with 𝑎 = 𝛾111, 𝑏 = 3𝛾112, 𝑐 = 3𝛾122, and 𝑑 = 𝛾222. The
assumptions mean that 𝑎 = 𝛾111 ≥ 0, 𝑑 = 𝛾222 ≥ 0, 𝑏 = 3𝛾112 ≥ 2√𝛾111𝛾222,
and 𝑐 = 3𝛾122 ≥ 2√𝛾111𝛾222. From Lemma 2.2(ii), it follows that 𝑃(𝑡) ≥ 0 for
all 𝑡 ≥ 0, and thus the tensor Γ is copositive, as required.

Theorem 3.3. Let Γ be a 3rd order 2-dimensional symmetric tensor. Assume
that one of the following inequality systems holds: (1) 𝛾111 ≥ 0, 𝛾222 ≥ 0,
𝛾122 ≥ 0, 𝛾112 ≥ − 2

3 √3𝛾122𝛾111; or (2) 𝛾111 ≥ 0, 𝛾222 ≥ 0, 𝛾112 ≥ 0, 𝛾122 ≥
− 2

3 √3𝛾112𝛾222. Then Γ is copositive.

Proof. Using the proof technique of Theorem 3.1, the copositivity of Γ is
equivalent to the nonnegativity of the polynomial 𝑃(𝑡) for all 𝑡 ≥ 0, where
𝑃(𝑡) = 𝛾111𝑡3 + 3𝛾112𝑡2 + 3𝛾122𝑡 + 𝛾222. We show the nonnegativity of 𝑃(𝑡) by
rewriting it as 𝑃(𝑡) = 𝛾111𝑡3 + (3𝛾112𝑡2 + 3𝛾122𝑡 + 𝛾222) = 𝑡(𝛾111𝑡2 + 3𝛾112𝑡 +
3𝛾122)+𝛾222. Let 𝑓(𝑡) = 3𝛾112𝑡2+3𝛾122𝑡+𝛾222 and 𝑔(𝑡) = 𝛾111𝑡2+3𝛾112𝑡+3𝛾122.
From Lemma 2.3, the nonnegativity of 𝑓(𝑡) is equivalent to the inequality system
𝛾222 ≥ 0, 𝛾112 ≥ 0, and 3𝛾122 + 2√3𝛾112𝛾222 ≥ 0. The inequality 𝛾111 ≥ 0 along
with this system implies 𝑃(𝑡) = 𝛾111𝑡3 + 𝑓(𝑡) ≥ 0 for all 𝑡 ≥ 0, meaning Γ is
copositive. For assumption (1), the same technique applied to 𝑔(𝑡) yields the
desired conclusion.

For a 3rd order 3-dimensional symmetric tensor Γ and a vector 𝑥 = (𝑥1, 𝑥2, 𝑥3)⊤,
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Γ𝑥3 =
3

∑
𝑖,𝑗,𝑘=1

𝛾𝑖𝑗𝑘𝑥𝑖𝑥𝑗𝑥𝑘 = 𝛾111𝑥3
1+𝛾222𝑥3

2+𝛾333𝑥3
3+3𝛾112𝑥2

1𝑥2+3𝛾122𝑥1𝑥2
2+3𝛾113𝑥2

1𝑥3+3𝛾133𝑥1𝑥2
3+3𝛾223𝑥2

2𝑥3+3𝛾233𝑥2𝑥2
3+6𝛾123𝑥1𝑥2𝑥3.

(3.4)

Theorem 3.4. A 3rd order 3-dimensional symmetric tensor Γ is copositive if
the following inequality system holds: 𝛾111 ≥ 0, 𝛾222 ≥ 0, 𝛾333 ≥ 0, 𝛾123 ≥
0, 32𝛾111𝛾3

122 + 32𝛾3
112𝛾222 + 𝛾2

111𝛾2
222 − 24𝛾111𝛾112𝛾122𝛾222 − 48𝛾2

112𝛾2
122 ≥ 0,

32𝛾111𝛾3
133 + 32𝛾3

113𝛾333 + 𝛾2
111𝛾2

333 − 24𝛾111𝛾113𝛾133𝛾333 − 48𝛾2
113𝛾2

133 ≥ 0, and
32𝛾222𝛾3

233 + 32𝛾3
223𝛾333 + 𝛾2

222𝛾2
333 − 24𝛾222𝛾223𝛾233𝛾333 − 48𝛾2

223𝛾2
233 ≥ 0.

Proof. Rewrite Γ𝑥3 as follows:

Γ𝑥3 = (𝛾111𝑥3
1 + 3𝛾112𝑥2

1𝑥2 + 3𝛾122𝑥1𝑥2
2 + 𝛾222𝑥3

2)+(𝛾111𝑥3
1 + 3𝛾113𝑥2

1𝑥3 + 3𝛾133𝑥1𝑥2
3 + 𝛾333𝑥3

3)+(𝛾222𝑥3
2 + 3𝛾223𝑥2

2𝑥3 + 3𝛾233𝑥2𝑥2
3 + 𝛾333𝑥3

3)+6𝛾123𝑥1𝑥2𝑥3 = 𝐴𝑦3+𝐵𝑧3+𝐶𝑤3+6𝛾123𝑥1𝑥2𝑥3,

where 𝑦 = (𝑥1, 𝑥2)⊤, 𝑧 = (𝑥1, 𝑥3)⊤, 𝑤 = (𝑥2, 𝑥3)⊤, and 𝐴 = (𝑎𝑖𝑗𝑘), 𝐵 = (𝑏𝑖𝑗𝑘),
𝐶 = (𝑐𝑖𝑗𝑘) are three 3rd order 2-dimensional symmetric tensors with entries
𝑎111 = 𝑏111 = 𝑐111 = 𝛾111, 𝑎112 = 𝛾112, 𝑎122 = 𝛾122, 𝑎222 = 𝛾222; 𝑏112 = 𝛾113,
𝑏122 = 𝛾133, 𝑏222 = 𝛾333; and 𝑐112 = 𝛾223, 𝑐122 = 𝛾233, 𝑐222 = 𝛾333. For the
polynomial 𝐴𝑦3 = 𝛾111𝑥3

1 + 3𝛾112𝑥2
1𝑥2 + 3𝛾122𝑥1𝑥2

2 + 𝛾222𝑥3
2, the assumptions

imply that 𝑎111 = 𝛾111 ≥ 0, 𝑎222 = 𝛾222 ≥ 0, and 4𝑎111𝑎3
122 + 4𝑎3

112𝑎222 +
𝑎2

111𝑎2
222 −6𝑎111𝑎112𝑎122𝑎222 −3𝑎2

112𝑎2
122 = (32𝛾111𝛾3

122 +32𝛾3
112𝛾222 +𝛾2

111𝛾2
222 −

24𝛾111𝛾112𝛾122𝛾222 − 48𝛾2
112𝛾2

122) ≥ 0. By Theorem 3.1, tensor 𝐴 is copositive,
i.e., 𝐴𝑦3 ≥ 0 for all 𝑦 ≥ 0. Similarly, 𝐵𝑧3 ≥ 0 for all 𝑧 ≥ 0 and 𝐶𝑤3 ≥ 0 for all
𝑤 ≥ 0. Since 𝛾123 ≥ 0, we have Γ𝑥3 = 𝐴𝑦3 + 𝐵𝑧3 + 𝐶𝑤3 + 6𝛾123𝑥1𝑥2𝑥3 ≥ 0 for
all 𝑥 ≥ 0, proving the desired conclusion.

Using a similar proof technique as in Theorem 3.4, we may apply Theorem 3.2 to
the three tensors 𝐴 = (𝑎𝑖𝑗𝑘), 𝐵 = (𝑏𝑖𝑗𝑘), and 𝐶 = (𝑐𝑖𝑗𝑘) to obtain the following
result easily.

Theorem 3.5. Let Γ be a 3rd order 3-dimensional symmetric tensor. Assume
that 𝛾111 ≥ 0, 𝛾222 ≥ 0, 𝛾333 ≥ 0, 𝛾123 ≥ 0, 𝛾112 ≥ 1

3
√𝛾111𝛾222, 𝛾122 ≥

1
3
√𝛾111𝛾222, 𝛾113 ≥ 1

3
√𝛾111𝛾333, 𝛾133 ≥ 1

3
√𝛾111𝛾333, 𝛾223 ≥ 1

3
√𝛾222𝛾333, and

𝛾233 ≥ 1
3
√𝛾222𝛾333. Then Γ is copositive.

4 Copositivity of 4th Order Tensors
Let 𝐴 be a 4th order 2-dimensional symmetric tensor. Then for a vector 𝑥 =
(𝑥1, 𝑥2)⊤,

𝐴𝑥4 =
2

∑
𝑖,𝑗,𝑘,𝑙=1

𝑎𝑖𝑗𝑘𝑙𝑥𝑖𝑥𝑗𝑥𝑘𝑥𝑙 = 𝑎1111𝑥4
1+4𝑎1211𝑥3

1𝑥2+6𝑎1221𝑥2
1𝑥2

2+4𝑎1222𝑥1𝑥3
2+𝑎2222𝑥4

2.

(4.1)

chinarxiv.org/items/chinaxiv-201911.00094 Machine Translation

https://chinarxiv.org/items/chinaxiv-201911.00094


Theorem 4.1. Let 𝐴 be a 4th order 2-dimensional symmetric tensor
with 𝑎1111 > 0 and 𝑎2222 > 0. Assume that either condition (1) or (2)
holds: (1) 𝑎1222 ≥ 0, 54𝑎1111𝑎3

1121 + 64𝑎3
1121𝑎1222 + 27𝑎2

1111𝑎2
1222 − 36𝑎2

1221 −
108𝑎1111𝑎1121𝑎1221𝑎1222 ≥ 0; (2) 𝑎1112 ≥ 0, 64𝑎1211𝑎3

1221 + 54𝑎3
1221𝑎2222 +

27𝑎2
1211𝑎2

2222 − 36𝑎2
1222 − 108𝑎1211𝑎1221𝑎1222𝑎2222 ≥ 0. Then 𝐴 is copositive.

Proof. Rewrite 𝐴𝑥4 as follows:

𝐴𝑥4 = 𝑥1(𝑎1111𝑥3
1+4𝑎1211𝑥2

1𝑥2+6𝑎1221𝑥1𝑥2
2+4𝑎1222𝑥3

2)+𝑎2222𝑥4
2 = 𝑎1111𝑥4

1+𝑥2(4𝑎1211𝑥3
1+6𝑎1221𝑥2

1𝑥2+4𝑎1222𝑥1𝑥2
2+𝑎2222𝑥3

2).

Define 𝑓(𝑥1, 𝑥2) = 𝑎1111𝑥3
1 + 4𝑎1211𝑥2

1𝑥2 + 6𝑎1221𝑥1𝑥2
2 + 4𝑎1222𝑥3

2. Then
𝑓(𝑥1, 𝑥2) can be expressed as a homogeneous polynomial defined by a 3rd
order 2-dimensional symmetric tensor Γ = (𝛾𝑖𝑗𝑘) with entries 𝛾111 = 𝑎1111,
𝛾112 = 𝑎1211, 𝛾122 = 2𝑎1221, 𝛾222 = 4𝑎1222. From assumption (1), we have

4𝛾111𝛾3
122+4𝛾3

112𝛾222+𝛾2
111𝛾2

222−6𝛾111𝛾112𝛾122𝛾222−3𝛾2
112𝛾2

122 = 4𝑎1111(2𝑎1221)3+4(𝑎1211)3(4𝑎1222)+𝑎2
1111(4𝑎1222)2−6𝑎1111𝑎1211(2𝑎1221)(4𝑎1222)−3(𝑎1211)2(2𝑎1221)2 = 54𝑎1111𝑎3

1121+64𝑎3
1121𝑎1222+27𝑎2

1111𝑎2
1222−36𝑎2

1221−108𝑎1111𝑎1121𝑎1221𝑎1222 ≥ 0.

By Theorem 3.1, we have 𝑓(𝑥1, 𝑥2) ≥ 0 for all 𝑥 ≥ 0, and hence 𝐴𝑥4 =
𝑥1𝑓(𝑥1, 𝑥2) + 𝑎2222𝑥4

2 ≥ 0 for all 𝑥 = (𝑥1, 𝑥2)⊤ ≥ 0. That is, 𝐴 is copositive.
Similarly, defining 𝑔(𝑥1, 𝑥2) = 4𝑎1211𝑥3

1 + 6𝑎1221𝑥2
1𝑥2 + 4𝑎1222𝑥1𝑥2

2 + 𝑎2222𝑥3
2,

we also have 𝑔(𝑥1, 𝑥2) ≥ 0 for all 𝑥 ≥ 0 by assumption (2). Therefore, 𝐴𝑥4 =
𝑎1111𝑥4

1 + 𝑥2𝑔(𝑥1, 𝑥2) ≥ 0 for all 𝑥 = (𝑥1, 𝑥2)⊤ ≥ 0, proving the copositivity of
𝐴.

Similarly, using Theorem 3.2 (for the tensor Γ = (𝛾𝑖𝑗𝑘) in the above proof), we
obtain the following theorem easily.

Theorem 4.2. Let 𝐴 be a 4th order 2-dimensional symmetric tensor with
𝑎1111 ≥ 0 and 𝑎2222 ≥ 0. Assume that either condition (1) or (2) holds: (1)
𝑎1222 ≥ 0, 𝑎1112 ≥ √𝑎1111𝑎1222, 𝑎1221 ≥ √𝑎1112𝑎2222, 𝑎1222 ≥ √𝑎2222(𝑎1222 −
2√𝑎1111𝑎1222); (2) 𝑎1112 ≥ 0, 𝑎1222 ≥ √𝑎1112𝑎2222, 𝑎1221 ≥ √𝑎1111(𝑎1112 −
2√𝑎1112𝑎2222). Then 𝐴 is copositive.

Let 𝐴 be a 4th order 3-dimensional symmetric tensor. Then for a vector 𝑥 =
(𝑥1, 𝑥2, 𝑥3)⊤,

𝐴𝑥4 =
3

∑
𝑖,𝑗,𝑘,𝑙=1

𝑎𝑖𝑗𝑘𝑙𝑥𝑖𝑥𝑗𝑥𝑘𝑥𝑙 = 𝑎1111𝑥4
1+𝑎2222𝑥4

2+𝑎3333𝑥4
3+4𝑎2111𝑥3

1𝑥2+4𝑎1222𝑥1𝑥3
2+6𝑎1122𝑥2

1𝑥2
2+4𝑎3111𝑥3

1𝑥3+4𝑎1333𝑥1𝑥3
3+6𝑎1133𝑥2

1𝑥2
3+4𝑎3222𝑥3

2𝑥3+4𝑎2333𝑥2𝑥3
3+6𝑎2233𝑥2

2𝑥2
3+12𝑎1231𝑥2

1𝑥2𝑥3+12𝑎1232𝑥1𝑥2
2𝑥3+12𝑎1233𝑥1𝑥2𝑥2

3.

(4.2)

Now we present several sufficient conditions for 4th order copositive tensors
using the results for 3rd order copositive tensors from Section 3.

Theorem 4.3. Let 𝐴 be a 4th order 3-dimensional symmetric tensor.
Assume that 𝑎1111 ≥ 0, 𝑎2222 ≥ 0, 𝑎3333 ≥ 0, 𝑎1112 ≥ 0, 𝑎1113 ≥ 0,
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𝑎1222 ≥ 0, 𝑎2223 ≥ 0, 𝑎1333 ≥ 0, 𝑎2333 ≥ 0, max{𝑎1222, 𝑎1333} > 0,
max{𝑎1112, 𝑎2333} > 0, max{𝑎1113, 𝑎2223} > 0, 6𝑎1122 + 8𝑎1222𝑎3

1121 +
16𝑎2

2111𝑎2
1222 − 24𝑎1222𝑎1223𝑎1233𝑎1333 − 3𝑎2

1123𝑎2
2333 ≥ 0, 6𝑎1133 + 8𝑎3111𝑎3

1133 +
16𝑎2

3111𝑎2
1333 − 24𝑎3111𝑎1123𝑎1233𝑎2333 − 3𝑎2

1123𝑎2
2333 ≥ 0, and 6𝑎2233 +

8𝑎3222𝑎3
2233 + 16𝑎2

3222𝑎2
2333 − 24𝑎3222𝑎1123𝑎1223𝑎2333 − 3𝑎2

1123𝑎2
2333 ≥ 0. Then 𝐴

is copositive.

Proof. Rewrite the homogeneous polynomial 𝐴𝑥4 from (4.2) as follows:

𝐴𝑥4 = (𝑎1111𝑥4
1 + 6𝑎1122𝑥2

1𝑥2
2 + 𝑎2222𝑥4

2)+(𝑎2222𝑥4
2 + 6𝑎2233𝑥2

2𝑥2
3 + 𝑎3333𝑥4

3)+(𝑎1111𝑥4
1 + 6𝑎1133𝑥2

1𝑥2
3 + 𝑎3333𝑥4

3)+𝑥1(4𝑎1222𝑥3
2+6𝑎1223𝑥2

2𝑥3+6𝑎1233𝑥2𝑥2
3+4𝑎1333𝑥3

3)+𝑥2(4𝑎2111𝑥3
1+6𝑎1123𝑥2

1𝑥3+6𝑎1233𝑥1𝑥2
3+4𝑎2333𝑥3

3)+𝑥3(4𝑎3111𝑥3
1+6𝑎1123𝑥2

1𝑥2+6𝑎1223𝑥1𝑥2
2+4𝑎3222𝑥3

2).

Define 𝑝1(𝑥1, 𝑥2) = 𝑎1111𝑥4
1 + 6𝑎1122𝑥2

1𝑥2
2 + 𝑎2222𝑥4

2. By Lemma 2.1, we can
restrict 𝑥 to ‖𝑥‖ = 𝑥1 + 𝑥2 + 𝑥3 = 1 with 𝑥𝑖 ≥ 0 for 𝑖 = 1, 2, 3. Clearly,
𝑝1(0, 0) = 0, 𝑝1(𝑥1, 0) = 1

2 𝑎1111𝑥4
1 ≥ 0, and 𝑝1(0, 𝑥2) = 1

2 𝑎2222𝑥4
2 ≥ 0. Assume

both 𝑥1 and 𝑥2 are nonzero. Without loss of generality, let 𝑥2 > 0 and set
𝑡 = 𝑥1

𝑥2
≥ 0. Then 𝑝1(𝑥1, 𝑥2) = 𝛼𝑡2 + 𝛽𝑡 + 𝛾 with 𝛼 = 𝑎1111, 𝛽 = 6𝑎1122, and

𝛾 = 𝑎2222. By Lemma 2.3, the assumptions 𝑎1111 ≥ 0, 𝑎2222 ≥ 0, and 6𝑎1122 +
2√𝑎1111𝑎2222 ≥ 0 imply 𝑝(𝑡) ≥ 0 for all 𝑡 ≥ 0, and hence 𝑝1(𝑥1, 𝑥2) ≥ 0 for all
𝑥 = (𝑥1, 𝑥2)⊤ ≥ 0. Similarly, 𝑝2(𝑥2, 𝑥3) = 𝑎2222𝑥4

2 + 6𝑎2233𝑥2
2𝑥2

3 + 𝑎3333𝑥4
3 ≥ 0

and 𝑝3(𝑥1, 𝑥3) = 𝑎1111𝑥4
1 + 6𝑎1133𝑥2

1𝑥2
3 + 𝑎3333𝑥4

3 ≥ 0.

Define 𝐹1(𝑥2, 𝑥3) = 4𝑎1222𝑥3
2 + 6𝑎1223𝑥2

2𝑥3 + 6𝑎1233𝑥2𝑥2
3 + 4𝑎1333𝑥3

3. This homo-
geneous polynomial can be written as 𝐹1(𝑥2, 𝑥3) = Γ𝑦3 = ∑2

𝑖,𝑗,𝑘=1 𝛾𝑖𝑗𝑘𝑦𝑖𝑦𝑗𝑦𝑘 for
𝑦 = (𝑥2, 𝑥3)⊤, where Γ = (𝛾𝑖𝑗𝑘) is a 3rd order 2-dimensional symmetric tensor
with entries 𝛾111 = 4𝑎1222, 𝛾112 = 2𝑎1223, 𝛾122 = 2𝑎1233, 𝛾222 = 4𝑎1333. By the
assumptions, we have

4𝛾111𝛾3
122+4𝛾3

112𝛾222+𝛾2
111𝛾2

222−6𝛾111𝛾112𝛾122𝛾222−3𝛾2
112𝛾2

122 = 16(8𝑎1222𝑎3
1223+8𝑎3

1223𝑎1333+16𝑎2
1222𝑎2

1333−24𝑎1222𝑎1223𝑎1233𝑎1333−3𝑎2
1123𝑎2

2333) ≥ 0.

By Theorem 3.1, Γ is copositive, i.e., 𝐹1(𝑥2, 𝑥3) = Γ𝑦3 ≥ 0 for all
𝑦 = (𝑥2, 𝑥3)⊤ ≥ 0. Similarly, 𝐹2(𝑥1, 𝑥3) = 4𝑎2111𝑥3

1 +6𝑎1123𝑥2
1𝑥3 +6𝑎1233𝑥1𝑥2

3 +
4𝑎2333𝑥3

3 ≥ 0 and 𝐹3(𝑥1, 𝑥2) = 4𝑎3111𝑥3
1+6𝑎1123𝑥2

1𝑥2+6𝑎1223𝑥1𝑥2
2+4𝑎3222𝑥3

2 ≥ 0.
Thus, for all 𝑥 = (𝑥1, 𝑥2, 𝑥3)⊤ ≥ 0, we have

𝐴𝑥4 = 𝑝1(𝑥1, 𝑥2)+𝑝2(𝑥2, 𝑥3)+𝑝3(𝑥1, 𝑥3)+𝑥1𝐹1(𝑥2, 𝑥3)+𝑥2𝐹2(𝑥1, 𝑥3)+𝑥3𝐹3(𝑥1, 𝑥2) ≥ 0,

meaning 𝐴 is copositive, as required.

Now we give a simpler sufficient condition for copositive tensors using Theorem
3.2 (for the tensor Γ = (𝛾𝑖𝑗𝑘) in the above proof).

Theorem 4.4. Let 𝐴 be a 4th order 3-dimensional symmetric tensor. Assume
that 𝑎1111 ≥ 0, 𝑎2222 ≥ 0, 𝑎3333 ≥ 0, 𝑎1112 ≥ 0, 𝑎1113 ≥ 0, 𝑎1222 ≥ 0, 𝑎2223 ≥ 0,
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𝑎1333 ≥ 0, 𝑎2333 ≥ 0, 𝑎1122 ≥ −√𝑎1111𝑎2222, 𝑎1133 ≥ −√𝑎1111𝑎3333, 𝑎2233 ≥
−√𝑎3333𝑎2222, 𝑎1223 ≥ max{𝑎1222−2√𝑎1222𝑎1333, 𝑎2223−2√𝑎2333𝑎2223}, 𝑎1233 ≥
max{𝑎1333 − 2√𝑎1113𝑎2223, 𝑎1112 − 2√𝑎1112𝑎2333}, and 𝑎1123 ≥ max{𝑎1113 −
2√𝑎1112𝑎2333, 𝑎1112 − 2√𝑎1112𝑎2223}. Then 𝐴 is copositive.

Theorem 4.5. Let 𝐴 be a 4th order 3-dimensional symmetric tensor.
Assume that 𝑎1111 > 0, 𝑎2222 > 0, 𝑎3333 > 0, 𝑎1113 ≥ 0, 𝑎1222 ≥ 0,
𝑎2333 ≥ 0, 9𝑎1122 + √𝑎1111𝑎2222 ≥ 0, 9𝑎2233 + √𝑎3333𝑎2222 ≥ 0, 9𝑎1133 +√𝑎1111𝑎3333 ≥ 0, 27𝑎1123 + √(9𝑎1122 + 𝑎1111𝑎2222)(9𝑎1133 + 𝑎1111𝑎3333) ≥ 0,
27𝑎1223 + √(9𝑎1122 + 𝑎1111𝑎2222)(9𝑎2233 + 𝑎3333𝑎2222) ≥ 0, 27𝑎1233 +
√(9𝑎1133 + 𝑎1111𝑎3333)(9𝑎2233 + 𝑎3333𝑎2222) ≥ 0, and

2𝑎1111(9𝑎1122+𝑎1111𝑎2222)3+37⋅43𝑎1222𝑎3
1112+38𝑎2

1111𝑎2
1112(9𝑎1122+𝑎1111𝑎2222)2−36⋅4𝑎1111𝑎1112𝑎1222(9𝑎1122+𝑎1111𝑎2222)−33⋅42𝑎2

1112(9𝑎1122+𝑎1111𝑎2222)2 ≥ 0,

2𝑎2222(9𝑎2233+𝑎3333𝑎2222)3+37⋅43𝑎2223𝑎3
2333+38𝑎2

2222𝑎2
2333(9𝑎2233+𝑎3333𝑎2222)2−36⋅4𝑎2222𝑎2223𝑎2333(9𝑎2233+𝑎3333𝑎2222)−33⋅42𝑎2

2333(9𝑎2233+𝑎3333𝑎2222)2 ≥ 0,

2𝑎3333(9𝑎1133+𝑎1111𝑎3333)3+37⋅43𝑎1333𝑎3
1113+38𝑎2

3333𝑎2
1333(9𝑎1133+𝑎1111𝑎3333)2−36⋅4𝑎3333𝑎1113𝑎1333(9𝑎1133+𝑎1111𝑎3333)−33⋅42𝑎2

1333(9𝑎1133+𝑎1111𝑎3333)2 ≥ 0.

Then 𝐴 is copositive.

Proof. Rewrite the homogeneous polynomial 𝐴𝑥4 from (4.2) as follows:

𝐴𝑥4 = (√𝑎1111𝑥2
1)2+(√𝑎2222𝑥2

2)2+(√𝑎3333𝑥2
3)2+(3𝑎1111𝑥3

1 + 36𝑎1112𝑥2
1𝑥2 + 2(9𝑎1122 + 𝑎1111𝑎2222)𝑥1𝑥2

2 + 36𝑎1222𝑥3
2)+(3𝑎2222𝑥3

2 + 36𝑎2223𝑥2
2𝑥3 + 2(9𝑎2233 + 𝑎3333𝑎2222)𝑥2𝑥2

3 + 36𝑎2333𝑥3
3)+(3𝑎3333𝑥3

3 + 36𝑎1333𝑥1𝑥2
3 + 2(9𝑎1133 + 𝑎1111𝑎3333)𝑥2

1𝑥3 + 36𝑎1113𝑥3
1)+(9𝑎1122+𝑎1111𝑎2222)𝑥2

2+54𝑎1123𝑥2𝑥3+(9𝑎1133+𝑎1111𝑎3333)𝑥2
3+(9𝑎1122+𝑎1111𝑎2222)𝑥2

1+54𝑎1223𝑥1𝑥3+(9𝑎2233+𝑎3333𝑎2222)𝑥2
3+(9𝑎1133+𝑎1111𝑎3333)𝑥2

1+54𝑎1233𝑥1𝑥2+(9𝑎2233+𝑎3333𝑎2222)𝑥2
2.

Define 𝐹1(𝑥1, 𝑥2) = 3𝑎1111𝑥3
1 + 36𝑎1112𝑥2

1𝑥2 + 2(9𝑎1122 + 𝑎1111𝑎2222)𝑥1𝑥2
2 +

36𝑎1222𝑥3
2. This homogeneous polynomial can be written as 𝐹1(𝑥1, 𝑥2) =

Γ𝑦3 = ∑2
𝑖,𝑗,𝑘=1 𝛾𝑖𝑗𝑘𝑦𝑖𝑦𝑗𝑦𝑘 for 𝑦 = (𝑥1, 𝑥2)⊤, where Γ = (𝛾𝑖𝑗𝑘) is a 3rd order

2-dimensional symmetric tensor with entries 𝛾111 = 3𝑎1111, 𝛾112 = 12𝑎1112,
𝛾122 = (9𝑎1122 + 𝑎1111𝑎2222), 𝛾222 = 36𝑎1222. By the assumptions, we have

4𝛾111𝛾3
122+4𝛾3

112𝛾222+𝛾2
111𝛾2

222−6𝛾111𝛾112𝛾122𝛾222−3𝛾2
112𝛾2

122 = 4(3𝑎1111) (9𝑎1122 + 𝑎1111𝑎2222
2 )

3
+4(12𝑎1112)3(36𝑎1222)+(3𝑎1111)2(36𝑎1222)2−6(3𝑎1111)(12𝑎1112) (9𝑎1122 + 𝑎1111𝑎2222

2 ) (36𝑎1222)−3(12𝑎1112)2 (9𝑎1122 + 𝑎1111𝑎2222
2 )

2
= 2𝑎1111(9𝑎1122+𝑎1111𝑎2222)3+37⋅43𝑎1222𝑎3

1112+38𝑎2
1111𝑎2

1112(9𝑎1122+𝑎1111𝑎2222)2−36⋅4𝑎1111𝑎1112𝑎1222(9𝑎1122+𝑎1111𝑎2222)−33⋅42𝑎2
1112(9𝑎1122+𝑎1111𝑎2222)2 ≥ 0.

By Theorem 3.1, Γ is copositive, i.e., 𝐹1(𝑥1, 𝑥2) = Γ𝑦3 ≥ 0 for all
𝑦 = (𝑥1, 𝑥2)⊤ ≥ 0. Similarly, we must have 𝐹2(𝑥2, 𝑥3) = 3𝑎2222𝑥3

2 +
36𝑎2223𝑥2

2𝑥3 + 2(9𝑎2233 + 𝑎3333𝑎2222)𝑥2𝑥2
3 + 36𝑎2333𝑥3

3 ≥ 0 and 𝐹3(𝑥1, 𝑥3) =
3𝑎3333𝑥3

3 + 36𝑎1333𝑥1𝑥2
3 + 2(9𝑎1133 + 𝑎1111𝑎3333)𝑥2

1𝑥3 + 36𝑎1113𝑥3
1 ≥ 0.
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Define 𝑝1(𝑥2, 𝑥3) = (9𝑎1122 + 𝑎1111𝑎2222)𝑥2
2 + 54𝑎1123𝑥2𝑥3 + (9𝑎1133 +

𝑎1111𝑎3333)𝑥2
3. By the (strict) copositivity of a 2 × 2 matrix (or Lemma 2.3),

𝑝1(𝑥2, 𝑥3) ≥ 0 for all (𝑥2, 𝑥3)⊤ ≥ 0 if and only if 9𝑎1122+𝑎1111𝑎2222 ≥ 0, 9𝑎1133+
𝑎1111𝑎3333 ≥ 0, and 27𝑎1123 + √(9𝑎1122 + 𝑎1111𝑎2222)(9𝑎1133 + 𝑎1111𝑎3333) ≥ 0.
Similarly, we have 𝑝2(𝑥1, 𝑥3) = (9𝑎1122 +𝑎1111𝑎2222)𝑥2

1 +54𝑎1223𝑥1𝑥3 +(9𝑎2233 +
𝑎3333𝑎2222)𝑥2

3 ≥ 0 and 𝑝3(𝑥1, 𝑥2) = (9𝑎1133 + 𝑎1111𝑎3333)𝑥2
1 + 54𝑎1233𝑥1𝑥2 +

(9𝑎2233 + 𝑎3333𝑎2222)𝑥2
2 ≥ 0.

Thus, for all 𝑥 = (𝑥1, 𝑥2, 𝑥3)⊤ ≥ 0, we have

𝐴𝑥4 = (√𝑎1111𝑥2
1)2+(√𝑎2222𝑥2

2)2+(√𝑎3333𝑥2
3)2+1

2𝑥1𝑝1(𝑥2, 𝑥3)+1
2𝑥2𝑝2(𝑥1, 𝑥3)+1

2𝑥3𝑝3(𝑥1, 𝑥2)+1
2𝑥1𝐹1(𝑥1, 𝑥2)+1

2𝑥2𝐹2(𝑥2, 𝑥3)+1
2𝑥3𝐹3(𝑥1, 𝑥3) ≥ 0,

meaning 𝐴 is copositive, as required.

Remark 4.1. In this section, the conclusions are proved by reducing dimensions
or orders of tensors. For example, in Theorems 4.5 and 4.3, a 4th order 3-
dimensional tensor is decomposed into three 3rd order 2-dimensional tensors
and three 2nd order 2-dimensional tensors, and then by studying the copositivity
of these lower-dimensional and lower-order tensors, the desired conclusions are
proved. Similarly, we may decompose a 4th order 3-dimensional tensor into
three 3rd order 3-dimensional tensors Γ1, Γ2, Γ3 such that

𝐴𝑥4 = 𝑥1Γ1𝑥3 + 𝑥2Γ2𝑥3 + 𝑥3Γ3𝑥3,

where

Γ1𝑥3 = 𝑎1111𝑥3
1+3𝑎1122𝑥1𝑥2

2+2𝑎1333𝑥3
2+2𝑎1222𝑥3

3+3𝑎1133𝑥1𝑥2
3+2𝑎1113𝑥2

1𝑥3+4𝑎1123𝑥1𝑥2𝑥3+4𝑎1223𝑥2
2𝑥3+4𝑎1233𝑥2𝑥2

3,

Γ2𝑥3 = 2𝑎1112𝑥3
1+3𝑎1122𝑥2

1𝑥2+2𝑎1222𝑥1𝑥2
2+𝑎2222𝑥3

2+2𝑎2333𝑥3
3+4𝑎1233𝑥1𝑥2𝑥3+4𝑎1123𝑥2

1𝑥3+4𝑎1223𝑥1𝑥2𝑥3+2𝑎2223𝑥2
2𝑥3+3𝑎2233𝑥2𝑥2

3,

Γ3𝑥3 = 2𝑎1113𝑥3
1+4𝑎1123𝑥2

1𝑥2+4𝑎1223𝑥1𝑥2
2+2𝑎2223𝑥3

2+𝑎3333𝑥3
3+2𝑎1333𝑥1𝑥2𝑥3+3𝑎1133𝑥2

1𝑥3+4𝑎1233𝑥1𝑥2𝑥3+3𝑎2233𝑥2
2𝑥3+2𝑎2333𝑥2𝑥2

3.

Then we can obtain other sufficient conditions for copositivity of a 4th order
3-dimensional tensor 𝐴 by applying Theorems 3.4 and 3.5. We omit the details
here. This approach of reducing dimensions or orders of tensors may be a very
important method for analyzing higher-order tensors in the future.
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5 Checking Vacuum Stability of Z3 Scalar Dark Matter
Kannike [12, 13] presented a physical example defined by scalar dark matter
stable under a Z3 discrete group. The most general scalar quartic potential
of the SM Higgs 𝐻1, an inert doublet 𝐻2, and a complex singlet 𝑆 which is
symmetric under a Z3 group is

𝑉 (ℎ1, ℎ2, 𝑠) = 𝜆1|𝐻1|4+𝜆2|𝐻2|4+𝜆3|𝐻1|2|𝐻2|2+𝜆4(𝐻†
1𝐻2)(𝐻†

2𝐻1)+𝜆𝑆|𝑆|4+𝜆𝑆1|𝑆|2|𝐻1|2+𝜆𝑆2|𝑆|2|𝐻2|2+(𝜆𝑆12𝑆2𝐻†
1𝐻2+𝜆∗

𝑆12𝑆†2𝐻†
2𝐻1)

= 𝜆1ℎ4
1 +𝜆2ℎ4

2 +𝜆3ℎ2
1ℎ2

2 +𝜆4𝜌2ℎ2
1ℎ2

2 +𝜆𝑆𝑠4 +𝜆𝑆1𝑠2ℎ2
1 +𝜆𝑆2𝑠2ℎ2

2 −|𝜆𝑆12|𝜌𝑠2ℎ1ℎ2

= Γ𝑧4 =
3

∑
𝑖,𝑗,𝑘,𝑙=1

𝛾𝑖𝑗𝑘𝑙𝑧𝑖𝑧𝑗𝑧𝑘𝑧𝑙,

where 𝑧 = (𝑧1, 𝑧2, 𝑧3)⊤ = (ℎ1, ℎ2, 𝑠)⊤, the orbit space parameter 𝜌 ∈ [0, 1],
ℎ1 = |𝐻1|, ℎ2 = |𝐻2|, 𝐻†

2𝐻1 = ℎ1ℎ2𝜌𝑒𝑖𝜙, 𝑆 = 𝑠𝑒𝑖𝜙𝑆 , 𝜆𝑆12 = −|𝜆𝑆12|, and
Γ = (𝛾𝑖𝑗𝑘𝑙) is a 4th order 3-dimensional real symmetric tensor with 𝛾1111 = 𝜆1,
𝛾2222 = 𝜆2, 𝛾3333 = 𝜆𝑆, 𝛾1122 = 1

6 (𝜆3 + 𝜆4𝜌2), 𝛾1133 = 1
6 𝜆𝑆1, 𝛾2233 = 1

6 𝜆𝑆2,
𝛾1233 = − 1

12 |𝜆𝑆12|𝜌, and 𝛾𝑖𝑗𝑘𝑙 = 0 for all other entries. Clearly, 𝑧 ≥ 0. It follows
from Theorem 4.5 that the conditions for (strict) copositivity of the tensor Γ
(that is, 𝑉 (ℎ1, ℎ2, 𝑠) = Γ𝑧4 ≥ 0(> 0)) are

𝜆1 > 0, 𝜆2 > 0, 𝜆𝑆 > 0,

3𝜆3 + 3𝜆4𝜌2 + 2√𝜆1𝜆2 ≥ 0(> 0),

3𝜆𝑆1 + 2√𝜆1𝜆𝑆 ≥ 0(> 0), 3𝜆𝑆2 + 2√𝜆𝑆𝜆2 ≥ 0(> 0),

|𝜆𝑆12|𝜌 + √(3𝜆𝑆1 + 2√𝜆1𝜆𝑆) (3𝜆𝑆2 + 2√𝜆𝑆𝜆2) ≥ 0(> 0).

These conditions ensure that the potential 𝑉 (ℎ1, ℎ2, 𝑠) under a Z3 group is
bounded from below, thereby guaranteeing vacuum stability for Z3 scalar dark
matter.
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