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Abstract

The strict copositivity of 4th order symmetric tensors may be applied to detect
the vacuum stability of general scalar potentials. To find analytical expressions
for the (strict) copositivity of 4th order symmetric tensors, we may reduce their
order to 3rd order to better deal with it. Accordingly, several analytical suffi-
cient conditions for the copositivity of 3rd order 2-dimensional (3-dimensional)
symmetric tensors are derived. Subsequently, applying these conclusions to 4th
order tensors, the analytical sufficient conditions for copositivity are proved for
4th order 2-dimensional and 3-dimensional symmetric tensors. Finally, we ap-
ply these results to present analytical vacuum stability conditions for Z4 scalar
dark matter.
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Abstract. The strict copositivity of 4th order symmetric tensors may be ap-
plied to detect vacuum stability of general scalar potentials. To find analytical
expressions for the (strict) copositivity of 4th order symmetric tensors, we may
reduce their order to 3rd order to better deal with them. We provide several
analytically sufficient conditions for the copositivity of 3rd order 2-dimensional
and 3-dimensional symmetric tensors. Subsequently, applying these conclusions
to 4th order tensors, we prove analytical sufficient conditions of copositivity for
4th order 2-dimensional and 3-dimensional symmetric tensors. Finally, we ap-
ply these results to present analytical vacuum stability conditions for Z3 scalar
dark matter.
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Introduction

Recently, Kannike [12-14] studied the vacuum stability of general scalar poten-
tials of a few fields. The most general scalar quartic potential of the SM Higgs
H1, an inert doublet H2 and a complex singlet S is given by

3
V(hy, hy,s) =T¢* = Z VijkiZi% 2620 (1.1)
ig, e l=1

where 2 = (21,29, 23)" = (hy, o, 8) ", hy = |Hy|, hy = [Hy), H;rHl = hyhype'?,
S = sei?s, T = (Vijwi) is a coupling tensor, a 4th order 3-dimensional real sym-
metric tensor. Clearly, hy > 0, hy > 0, s > 0. Therefore, the vacuum stability
of Z3 scalar dark matter V(hq, hy,s) is equivalent to the strict copositivity of
the coupling tensor I' = (7;)-

The concept of (strict) copositivity of symmetric tensors was introduced by Qi
[20] in 2013. A symmetric tensor I" with order m and dimension n is called (i)

o . . n .
copositive if I'z™ = Zil,iz,---,imzl Yiyigei,, iy Tiy ;= 0 for all nonnegative
vectors x = (z,-,x,)"; (ii) strictly copositive if Tz™ > 0 for all nonnegative
and nonzero vectors x = (z1,-,z,) .

Since practical matters such as the vacuum stability of general scalar potentials
of a few fields require precise expressions, it is necessary to find analytical ex-
pressions for the strict copositivity of a symmetric tensor. Qi [20] showed that
a symmetric tensor is strictly copositive if for all i =1,2,--- . n,

Viios T Z > 0.

{’YiliQ-»‘imm <07(i17i21"'vim,>%<i7i7"'7i)}

Song and Qi [23] gave a necessary and sufficient condition for strictly coposi-
tive tensors using H-eigenvalues and Z-eigenvalues. Song and Qi [28] studied
the (strict) copositivity of symmetric tensors through constrained minimization
problems on the unit sphere. Song and Qi [26] showed that the (strict) copositiv-
ity of a symmetric tensor is equivalent to its (strict) semi-positiveness. A tensor
T is said to be (strictly) semipositive (Song and Qi [24]) if for each nonzero and
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nonnegative vector x = (1,24, ,x,)', there exists k € {1,2,---,n} such that
x;, > 0 and

m

T = D2 Mhigei, Ty T, 2 0(>0).
1

12, b, =

This class of tensors has close relationships with tensor complementarity prob-
lems (TCP) [29-31]. For more details about TCP, see also [1-4, 8-11, 16, 33-
35] and references cited therein.

Recently, based on the main results of Song and Qi [26], an analytical expres-
sion for detecting the strict copositivity of a symmetric tensor was obtained by
summarizing conclusions from Qi and Song [18], Song and Qi [25], Song and
Mei [31], and Yuan and You [36]. Specifically, a symmetric tensor I is strictly
copositive if it satisfies

Z Viigig-iy, = 0forallie{l,2,-,n},

Bgymyigy =1

and

n
nm™t ( Z ’Yz‘i2i3-~im) > Vijodaim for all (jg, Jgs -, Jy) F (4,1, ,9).
igyrrim=1

Numerical algorithms for copositivity of tensors were also presented by Chen,
Huang, and Qi [5, 6], Nie, Yang, and Zhang [17], and Li, Zhang, Huang, and
Qi [15]; see also [7, 21, 22]. Very recently, Song and Qi [27] provided several
analytically sufficient conditions for checking (strict) copositivity of 4th order 3-
dimensional symmetric tensors by reducing the order or dimension of the tensor.

In this paper, we study analytical expressions for certifying copositivity of a 3rd
order 3-dimensional (or 2-dimensional) symmetric tensor. We then apply these
results to derive sufficient conditions for copositivity of 4th order 3-dimensional
tensors, which differ from those in Song and Qi [27]. Furthermore, we use these
conclusions to check vacuum stability for Z3 scalar dark matter.

2 Preliminaries and Basic Facts

Let |- | denote any norm on R™. The equivalent definition of (strict) copositivity
and semipositive (positive) definiteness of a symmetric tensor was presented in
the sense of any norm on R? [19-23].

Lemma 2.1. [23] Let I' be a symmetric tensor of order m and dimension n.
Then (i) T' is copositive if and only if T'a™ > 0 for all nonnegative vectors
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z € R™ with ||| = 1; (ii) T is strictly copositive if and only if I'z™ > 0 for all
nonnegative vectors € R” with ||z = 1.

For a cubic univariate polynomial P(t) with real coefficients,

P(t) = at® + bt*> + ct + d, (2.1)

Schmidt and Hef} [32] proved its nonnegative conditions.

Lemma 2.2. [32, Proposition 2] Let P(t) be a cubic univariate polynomial
given by (2.1). Then (i) P(t) > 0 for all ¢ > 0 if and only if either inequality
system (1) or (2) holds: (1) a > 0, b >0, ¢ > 0, d > 0; (2) max{a,d} > 0,
a>0,d>0,4ac® + 4b*d + 27a*d?> — 18abed — b%c? > 0. (ii) P(t) > 0 for all
t > 0 if the inequalities ad > 0, ¢ > 0, and b + 2y/ac > 0 hold simultaneously.

Lemma 2.3. [32, Proposition 3] Let a quadratic univariate polynomial p(t) be
given by p(t) = at? + Bt +~. Then p(t) > 0 for all t+ > 0 if and only if the
inequalities

>0, v>0, f+2/ay>0 (2.2)

hold simultaneously.

3 Copositivity of 3rd Order Tensors

Let ' = (v,;;) be a 3rd order 2-dimensional symmetric tensor. Then for a vector

L= (mla x2>T’

2
Ia? = Z Vil T, = V11187 + 3Y11287T0 + 371007123 + Vo013, (3.1)
i,5,k=1

Theorem 3.1. A 3rd order 2-dimensional symmetric tensor is copositive if and
only if either inequality system (1) or (2) holds: (1) 117 > 0, Y999 > 0, 775 > 0,
722 % 0; (2) max{y111,Y222} > 027 T >0, Y232 = 0, 47111720 + 477197202 +
V1117222 — 0V111711271227222 — 3V1127Y122 = 0-

Proof. It follows from Lemma 2.1 that we can restrict x = (2,,2,)" to ||z|| =
|z1| + |25| = 1 for all z with z; > 0, z, > 0. Clearly, T'z® = ~,;,2% > 0 for
z = (z,,0) and T2 = yy9,25 > 0 for z = (0,2,). Now assume both x; and z,
are nonzero. Then the homogeneous polynomial I'z? can be divided by z3 to

yield
I3 T, ? x,
—_— = — ] +3 —
;vg Y111 <x2> Y112 (1’2
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Let t = % > 0 and define P(t) = T'z®/23, i.e.,

P(t) = v11t 4 37119t 4 37100t + Ya2o- (3.2)

Clearly, P(t) > 0 if and only if I'z® > 0. Applying Lemma 2.2(i) to the
polynomial P(t) with (a,b,¢,d)" = (Y111, 371195 3V122, V222) , We obtain that
P(t) > 0 for all ¢t > 0 if and only if either inequality system holds: a = ;17 > 0,
d =30 2 0, b =3715 20, ¢ = 3719, = 0; or max{y11,%22} > 0, 7111 2 0,
Vaz2 2 0, 47111 (37122)° +4(37112) V220 + 2797117320 — 187111 (37112) (3122) V222 —
(37112)%(37122)% > 0. This simplifies to the two systems stated in the theorem,
completing the proof.

Remark 3.1. From the proof of Theorem 3.1, we see that 'z may alternatively
be divided by z% (when z; # 0), yielding P(t) = v111 + 37112t + 371228% + Vooot®
where t = ;—f The conclusions remain the same.

Theorem 3.2. Let I' be a 3rd order 2-dimensional symmetric tensor. Assume

that 117 > 0, 99 = 0, v110 > %\/%1172227 and 7y99 > %\/7111’7222 Then I is
copositive.

Proof. Using the proof technique of Theorem 3.1, we only need to show the
nonnegativity of the polynomial P(t) given by (3.2) for all ¢ > 0, where P(¢) =
at® + bt? + ct +d with a = vy11, b = 3Y119, ¢ = 3V199, and d = 79y. The
assumptions mean that a = 7,77 > 0, d = Y999 > 0, b = 37119 > 2/71117222;
and ¢ = 37199 > 2,/7111V222- From Lemma 2.2(ii), it follows that P(t) > 0 for
all t > 0, and thus the tensor I' is copositive, as required.

Theorem 3.3. Let I' be a 3rd order 2-dimensional symmetric tensor. Assume
that one of the following inequality systems holds: (1) 717 = 0, Y999 > 0,

Y22 = 0, Y112 > *%\/ 3712271115 OF (2) Y111 = 0, Ya20 = 0, Y110 = 0, Y199 >

—2/371127222- Then I is copositive.

Proof. Using the proof technique of Theorem 3.1, the copositivity of T' is
equivalent to the nonnegativity of the polynomial P(t) for all ¢ > 0, where
P(t) = y11183 + 3711282 + 37129t + Ya29. We show the nonnegativity of P(t) by
rewriting it as P(t) = 7111° + (37119t% + 37100t + Y202) = t(V1118% + 3110t +
37V122) +V200- Let f(t) = 371128+ 37100t +Y000 and g(t) = Yy118° +37112t+ 37120
From Lemma 2.3, the nonnegativity of f(t) is equivalent to the inequality system
Yazo = 0, 7112 =2 0, and 37199 +21/371127202 = 0. The inequality 7;;, > 0 along
with this system implies P(t) = ;1,2 + f(t) > 0 for all ¢ > 0, meaning I' is
copositive. For assumption (1), the same technique applied to g(¢) yields the
desired conclusion.

For a 3rd order 3-dimensional symmetric tensor I and a vector x = (2,75, 25) ',
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3
Iz® = Z VighTiT i = V11187 V22205 T V33325 H 3711287 Lo +3719021 234371132125 +371 3301 03430052525 +3
i1
(3.4)

Theorem 3.4. A 3rd order 3-dimensional symmetric tensor I' is copositive if
the following inequality system holds: ~;;; 2> 0, Y999 = 0, Y335 > 0, Yi95 >
0, 327111719’22 + 327;13127222 + Vi1 V322 — 247111 7112M122 Y222 — 4871127022 2 0,
327111743 + 3270137333 + Yi11Y33 — 24Y1117113M133 Y383 — 4877137133 = 0, and
3272227533 + 327323 V333 T 13227333 — 2472227223 7233 V333 — 4873237333 = 0.

Proof. Rewrite I'z? as follows:

Lz? = (11123 4 371102720 + 371907183 4 22023 )+ (111125 + 37113275 + 3713321 %3 + 33323 )+ (V22025 + 37a;

where y = ($1,$2)Ta z = (1’1,$3)T, w = ($27x3)Ta and A = (a‘ijk)v B = (bijk)a
C = (c;j;,) are three 3rd order 2-dimensional symmetric tensors with entries
a1 = b1 = C111 = Y111s G112 = Vii2s Qi22 = V1225 G222 = V2225 D112 = M3
bioss = Y1335 Do = Y333 and ¢y15 = Yaa3, Croa = Yasz, Coga = Ysz3. For the
polynomial Ay® = ;1,23 + 371152305 + 371907173 + Vo002, the assumptions
irglply2 that a1 = 111 =2 0, 02222 j Va2 = 0, a?f)ld 401115%22 + 4‘1?212@2222 +
7110590 — 6a111011201200990 — 307120790 = (327111Y722 +32V112V222 T V111 Vo220 —
24791117112 V122 Y290 — 4872 15V19) > 0. By Theorem 3.1, tensor A is copositive,
i.e., Ay3 > 0 for all y > 0. Similarly, Bz3 > 0 for all z > 0 and Cw? > 0 for all
w > 0. Since 7195 > 0, we have I'z® = Ay3 + B2® + Cw? + 6,937, 2574 > 0 for
all x > 0, proving the desired conclusion.

Using a similar proof technique as in Theorem 3.4, we may apply Theorem 3.2 to
the three tensors A = (a,j;,), B = (b;j),), and C = (c;j;,) to obtain the following
result easily.

ik

Theorem 3.5. Let I' be a 3rd order 3-dimensional symmetric tensor. Assume
that 111 = 0, 7290 = 0, v333 = 0, Y123 = 0, 1315 = %\/7111’7222, Y122 =

1 1 1 1
3/ 11172225 Y113 = 3/ 11173330 V133 = 3711173330 Y223 = 54/ V2227333 and
Vo33 = % /Ya22V333- LThen I' is copositive.

4 Copositivity of 4th Order Tensors

Let A be a 4th order 2-dimensional symmetric tensor. Then for a vector x =

((El,x2)T,

2
4 _ _ 4 3 2,2 3 4
Azt = E Qi T T T RT = Q111187401911 1 To 601991 T7T5+H401 99901 T5+A9995 T3
i jokl=1
(4.1)
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Theorem 4.1. Let A be a 4th order 2-dimensional symmetric tensor
with aq777 > 0 and ag995 > 0. Assume that either condition (1) or (2)
holds: (1) aqg90 > 0, 54@1111“?121 + 64”?121“1222 + 276?111@222 _3 36@%221 -
108a1111011910199101290 > 0; (2) a9 > 0, 64a15110729; + 540799109990 +
27a%211a§222 — 36@%222 — 108a1911 01991 3192909992 > 0. Then A is copositive.

Proof. Rewrite Az?* as follows:

4 _ 3 2 2 3 4 _ 4 3 2 |
Az® = w1 (111177 +H401911 0105 +601 901 T1 544012005 ) FU9909T5 = A1111 7T +T5 (40191177 +601991 T1To 40729071

Define f(x1,25) = 11327 + 4a191127%5 + 6019912125 + 4a;59923.  Then
f(z1,z5) can be expressed as a homogeneous polynomial defined by a 3rd
order 2-dimensional symmetric tensor I' = (v,;,) with entries v;1; = ayq11,

Y12 = 1911, Y122 = 201991 Yaos = 4Gq995. From assumption (1), we have

4’7111710’22+4’Yf12’¥222+’}’12117§22_6’711171127122’7222_3712127%22 = 4(11111(2a1221)3"‘4(“1211)3(401222)"‘@%111(4a1221

By Theorem 3.1, we have f(z;,75) > 0 for all x > 0, and hence Az? =
21 f(21,29) + Ag99075 > 0 for all ¥ = (z7,25)" > 0. That is, A is copositive.
Similarly, defining g(z,,25) = 4151173 + 60,99, T3To + 409997125 + Ag995T3,
we also have g(z;,7,) > 0 for all z > 0 by assumption (2). Therefore, Az* =
ay11175 + y9(zy,5) > 0 for all z = (z,,7,)" > 0, proving the copositivity of

Similarly, using Theorem 3.2 (for the tensor I' = (v,;;) in the above proof), we
obtain the following theorem easily.

Theorem 4.2. Let A be a 4th order 2-dimensional symmetric tensor with
aq117 = 0 and agg99 > 0. Assume that either condition (1) or (2) holds: (1)

Q1990 2 0, G119 2 /A1111012225 Q1221 = \/A1112022225 G229 = \/a2222(a1222 -
2\/%111@1222); (2) ay112 > 0, ajg9p > V111202222, @1221 = \/01111((11112 -
2,/G111202222)- Then A is copositive.

Let A be a 4th order 3-dimensional symmetric tensor. Then for a vector = =
(xlu Lo xS)Tv

3
4_ _ 4 4 4 3 3 2,2 3
Az® = E QT LT = Q111187 F 090005+ A333303F409111 21T +4a1 50901 T5 4604 199725 +H4a 31112725 +40
iy l=1
(4.2)

Now we present several sufficient conditions for 4th order copositive tensors
using the results for 3rd order copositive tensors from Section 3.

Theorem 4.3. Let A be a 4th order 3-dimensional symmetric tensor.
Assume that ay;y > 0, G909 > 0, agzss > 0, ay910 = 0, ayq3 > 0,
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Qrooe = 0, 9oz > 0, ay333 > 0, Gg333 > 0, max{a;oe, 333} > 0,
max{ayy,Goz33} > 0, max{ajiz, aoges} > 0, 6ajion + 8019008, +
16@%111@222 — 24a19990192301 23301333 — 36‘%123“%333 >0, 6133 + 8“31116”;)133 +
16“3111“%333 — 24a311,011230193309333 — 3‘11123“%333 > 0, and OGagyss +
8a3222a§233 + 16‘13,222@%333 — 24a3999011930122302333 — 30%123‘15333 > 0. Then A
is copositive.

Proof. Rewrite the homogeneous polynomial Az* from (4.2) as follows:

4_ 4 2.2 4 4 2,2 4 4 2 2 4
Ax® = (ay1112] + 6011998725 + A90975) + (092995 + 6090335585 + A333323 )+ (a1111 7] + 6ay13377 73 4 a333373)

Define py(z1,25) = a111127 + 60119973735 + a999073. By Lemma 2.1, we can
restrict « to x| = zy + x5 + x5 = 1 with x; > 0 for ¢ = 1,2,3. Clearly,
p1(0,0) =0, py(24,0) = %annx% > 0, and p (0,2,) = %azzzzz% > 0. Assume
both 2, and x, are nonzero. Without loss of generality, let z, > 0 and set
t= i—; > 0. Then p,(2,,2,) = at? + Bt + v with & = a;1,1, B = 6a;,9,, and
Y = @9999. By Lemma 2.3, the assumptions a;;1; > 0, @999 > 0, and 6a;;95 +
2,/G111102222 > 0 imply p(t) > 0 for all ¢ > 0, and hence p; (z;,x5) > 0 for all
x = (21,25)" > 0. Similarly, py(29, 23) = ay55073 + 699337523 + azz3323 > 0
and ps(2y,23) = 111121 + 6011332725 + ag3573 > 0.

Define F (g, T5) = 401990T3 + 60,99373575 + 6a,9357573 + 4a21333x§. This homo-
geneous polynomial can be written as F (x, 23) = Ty> = > ket Yigh¥i¥jYy, for
y = (xy,23)", where T' = (,;;,) is a 3rd order 2-dimensional symmetric tensor

with entries 711y = 401999, Y112 = 201203, V122 = 201233, Yoz2 = 40y333. By the
assumptions, we have

471117%22"’47?12’7222+712117§22_6’Y111711271227222_37%127%22 = 16(8a1222a?223+8ai’223a1333+16a%222a%333—24a

By Theorem 3.1, T' is copositive, i.e., Fj(zq,73) = Ty3> > 0 for all
y = (wq,25)" > 0. Similarly, Fy(x1,75) = day;1175 +6a,1937325 + 60,9357, 73 +
daygssas > 0and Fy(2y, Ty) = dagyy 21 +6a115571 75460155371 75 +4ag55573 > 0.
Thus, for all z = (2,24, 73)" > 0, we have

Azt = py (1, 29)+pa (g, T3) 43 (21, 23) 421 Fy (g, 23) 420 Fy (21, 23)+x3 Fy (21, 29) > 0,

meaning A is copositive, as required.

Now we give a simpler sufficient condition for copositive tensors using Theorem
3.2 (for the tensor I' = (v;;;,) in the above proof).

Theorem 4.4. Let A be a 4th order 3-dimensional symmetric tensor. Assume
that ay111 = 0, ago9p 2 0, agggz = 0, ajy10 20, aq313 = 0, @190 2 0, ag903 = 0,
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Ay333 = 0, Qo333 = 0, ay100 2 —/A1111G22225 Q1133 = —/@111103333, Q2233 =
—1/0333302992, G223 = maX{a1222_2\/@1222a1333> (2993 —2/ 333302223 }» G1233 >
max{a; 333 — 2\/a1113a2223aa1112 - 2\/“1112a2333}a and ajy93 > max{a;;i3 —
2,/G111202333: 01112 — 2+/0111202223 ;- LThen A is copositive.

Theorem 4.5. Let A be a 4th order 3-dimensional symmetric tensor.
Assume that a;;1; > 0, Gg999 > 0, ag333 > 0, a1313 = 0, ay999 > 0,
Agzzz = 0, 9ay10p + /G111102200 = 0, Y9933 + \/G333300290 = 0, 9ay133 +
Ve111183333 = 0, 27aq193 + V(91199 + 1111 09999) (901135 + 1111 03333) = O,
2701993 + \/(9(11122+a1111a2222)(9a2233+a3333a2222) > 0, 27ajp33 +
V(941133 + G11113333) (909033 + A333300990) > 0, and

3 3 3 2 2 2
2a1111(901120+0111102292)  +3T-4°A1 929071 15+38a7111 07112901120 +01 111 Q2202) " —36:4a1111a111201922(9a 1129+,

3 3 3 2 2 2
209995 (909933+0333309995)°+37-4 a2223a2333+38a2222a2333(9a2233+a3333a2222) —36-409299 0999309333 (99033 103

3 3 3 2 2 2
203335(9a1133+a111103333)° +37 471333071 131380333307333 (901133 T 1111 A3333)° —36-4a33330111301333(9a1133Fa,

Then A is copositive.

Proof. Rewrite the homogeneous polynomial Az* from (4.2) as follows:

2 2 2
Azt = (Vay1207) +(\/092073) +(Vaz33323) +(3a111125 + 3601100709 + 2(9a1199 + G111 09999) 7,25 + 360,

Define F(x1,7,) = 3ay;1127 + 36a1119075 + 2(9a1195 + G111109999)7123 +

36a19975. This homogeneous polynomial can be written as F) (7, z,) =
2 .

Iy? = Zi,j,k:l Yijr¥i¥iye for y = (z1,2,)", where I' = (v,;;,) is a 3rd order

2-dimensional symmetric tensor with entries 7,1, = 3a1111, Y112 = 12041712,

Yi22 = (91192 + @111109229), Vaza = 36,295 By the assumptions, we have

90195 + 111102990\
4’7111710)22+4’Y?12’7222+71211’Y§22_6711171127122’7222_3712127%22 =4(3ay111) ( : 21 : ) +4(12a1112)3(

By Theorem 3.1, T' is copositive, i.e., Fy(z;,7,) = Ty> > 0 for all
y = (z1,m5)" > 0. Similarly, we must have F,(2,73) = 3a99975 +
36029937575 + 2(909935 + U333309990) T3 + 36933375 > 0 and Fy(wy,253) =
3a33335 + 36013330173 + 2(9a;1135 + A111103333) 7775 + 360111327 > 0.
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Define py(zy,23) = (901120 + G111109200)5 + 54011937075 + (901135 +
a111103333)73. By the (strict) copositivity of a 2 x 2 matrix (or Lemma 2.3),
p1 (g, x3) > 0 for all (z4,75)" > 0if and only if 9a,199+a111109995 > 0, 9aq135+
111103333 > 0, and 27a;193 + /(901195 + G111109999) (901133 + a1111a3333) > 0.
Similarly, we have p, (21, 23) = (901192 + 1111 G2920)TF + 54199371 23 + (Iag935 +
(U333302002)%5 > 0 and py(xy,79) = (9a1133 + G111103333)7 + 5409337125 +
(902933 + A333302090) 75 > 0.

Thus, for all z = (2,24, 73)" > 0, we have

2 2 2 1 1 1 1
Azt = (Vay1207) +(\/Aa22973) +(/a333373) +§x1p1(3:2,x3)+§x2p2(x1,x3)—|—§x3p3(xl,a:2)+§1;1F1(3:1,x2)-

meaning A is copositive, as required.

Remark 4.1. In this section, the conclusions are proved by reducing dimensions
or orders of tensors. For example, in Theorems 4.5 and 4.3, a 4th order 3-
dimensional tensor is decomposed into three 3rd order 2-dimensional tensors
and three 2nd order 2-dimensional tensors, and then by studying the copositivity
of these lower-dimensional and lower-order tensors, the desired conclusions are
proved. Similarly, we may decompose a 4th order 3-dimensional tensor into
three 3rd order 3-dimensional tensors I';,I'y, I's such that

Azt = 2 Ty23 4+ 250923 + 230523,

where

3 _ 3 2 3 3 2 2 2
D2 = a1 07430119001 85+20, 3338512090985 +307 13381 8320111387 T3 440119321 Lo T3 +401 9930583 +4a 9332
I,z =2a x3+3a 22x,42a T xi4a 34+2a x3+4a T ToTat+4a 22z.+4a T1ToTa+2a

2T = 204911977 1122712 12220105 000005 20933305 +40 193371 T3 11237173 122371 T2%320995

3 _ 3 2 2 3 3 2
D32% = 20111307 +401 123210 H40190301 25+ 20990375 +03333 520133301 LT3 +3011 330183 +401 93371 LT3 +3000;

Then we can obtain other sufficient conditions for copositivity of a 4th order
3-dimensional tensor A by applying Theorems 3.4 and 3.5. We omit the details
here. This approach of reducing dimensions or orders of tensors may be a very
important method for analyzing higher-order tensors in the future.
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5 Checking Vacuum Stability of Z3 Scalar Dark Matter

Kannike [12, 13] presented a physical example defined by scalar dark matter
stable under a Z3 discrete group. The most general scalar quartic potential
of the SM Higgs H,, an inert doublet H,, and a complex singlet S which is
symmetric under a Z3 group is

V(hy,hg,s) = )‘1|H1|4+)\2|H2|4+)‘3|H1‘2|H2|2+)\4(HIH2)(H;H1)+)\S‘S|4+)‘S1|S|2|H1|2+)‘32|S|2|H2|2+(>\312
= )\1h411+A2h§+A3h%h%+)\4p2h%h% +Ass4+)\5132h%+)\5282h§ — |)\512|p82h1h2

3

T4

=TIz* = g Vijki %% 2621
i,7.k,1=1

where z = (z,29,23)" = (hq,hy,8)", the orbit space parameter p € [0,1],
hy = |Hy|, hy = |H,l, H;Hl = h1h21)€i¢7 S = sel?s, Asi2 = —[Asi2ls and
[' = (7;jx1) is a 4th order 3-dimensional real symmetric tensor with ;197 = Ay,
Vo222 = A2y V3333 = Asy V1122 = %(/\3 + )‘4/’2)’ Y1133 = %)‘517 V2233 = %/\SQa
Y1233 = —15|Ag12]p, and Yijiw = 0 for all other entries. Clearly, z > 0. It follows

from Theorem 4.5 that the conditions for (strict) copositivity of the tensor I'
(that is, V/(hy, hy,s) = Tz% > 0(> 0)) are

A >0, Ay>0, Ag>0,
3As + 3007 + 2/ Ay > 0(> 0),

BAgp 4+ 20/ M Ag = 0(>0),  3Agy + 2/ Aghy = 0(> 0),

Asialo + 1/ (3her +20/AAg) (Brgs +2/Agh ) > 0(> 0).

These conditions ensure that the potential V(hq,hq,s) under a Z3 group is
bounded from below, thereby guaranteeing vacuum stability for Z3 scalar dark
matter.
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