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Abstract

In particle physics, scalar potentials have to be bounded from below in order
for the physics to make sense. The precise expressions of checking lower bound
of scalar potentials are essential, which is an analytical expression of checking
copositivity and positive definiteness of tensors given by such scalar potentials.
Because the tensors given by general scalar potential are 4th order and symmet-
ric, our work mainly focuses on finding precise expressions to test copositivity
and positive definiteness of 4th order tensors in this paper. First of all, an an-
alytically sufficient and necessary condition of positive definiteness is provided
for 4th order 2 dimensional symmetric tensors. For 4th order 3 dimensional
symmetric tensors, we give two analytically sufficient conditions of (strictly)
cpositivity by using proof technique of reducing orders or dimensions of such a
tensor. Furthermore, an analytically sufficient and necessary condition of copos-
itivity is showed for 4th order 2 dimensional symmetric tensors. We also give
several distinctly analytically sufficient conditions of (strict) copositivity for 4th
order 2 dimensional symmetric tensors. Finally, we apply these results to check
lower bound of scalar potentials, and to present analytical vacuum stability
conditions for potentials of two real scalar fields and the Higgs boson.
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Analytical Expressions of Copositivity for 4th Order Symmetric Ten-
sors and Applications
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Abstract. In particle physics, scalar potentials must be bounded from below
for the physical theory to be sensible. Precise expressions for checking the
lower bound of scalar potentials are essential, which correspond to analytical
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expressions for checking copositivity and positive definiteness of tensors arising
from such scalar potentials. Since tensors from general scalar potentials are 4th
order and symmetric, this work focuses on finding precise expressions to test
copositivity and positive definiteness of 4th order tensors. First, we provide an
analytically sufficient and necessary condition for positive definiteness of 4th
order 2-dimensional symmetric tensors. For 4th order 3-dimensional symmetric
tensors, we give two analytically sufficient conditions for (strict) copositivity
using proof techniques that reduce the order or dimensions of such tensors.
Furthermore, an analytically sufficient and necessary condition for copositivity is
established for 4th order 2-dimensional symmetric tensors. We also give several
distinct analytically sufficient conditions for (strict) copositivity of 4th order 2-
dimensional symmetric tensors. Finally, we apply these results to check the lower
bound of scalar potentials and present analytical vacuum stability conditions for
potentials of two real scalar fields and the Higgs boson.

Key Words and Phrases: Copositive Tensors, Positive Definiteness, Homo-
geneous Polynomial, Analytical Expression.

2010 AMS Subject Classification: 15A18, 15A69, 90C20, 90C30

Introduction

Recently, Kannike [25, 26] studied the vacuum stability of general scalar poten-
tials of a few fields. The most general scalar potential of n real singlet scalar
fields ¢; (i =1,2,---,n) can be expressed as

Vig) = Z Aijkl(biqu(bk‘qsl :A¢47 (1.1)
i.g.k,1=1
where A = ();;;) is the symmetric tensor of scalar couplings and

¢ = (¢1,09,,0,)" is the vector of fields. Thus, the vacuum stability
of such a system is equivalent to the positivity of the polynomial (1.1) [25], i.e.,
the positive definiteness of the tensor A = ();;,). However, it is NP-hard to
determine the non-negativity of a given polynomial if its degree is larger than
or equal to 4 [18,31]. A significant special case [27] is the quartic potentials of
quadratic scalar fields ¢? (i = 1,2,-+-,n), presented by

Q=1

where A = ()\Z-j) is a symmetric matrix. Then the positivity of the polynomial
(1.2) becomes the strict copositivity of matrix A. In 2012, Kannike [27] first
obtained the vacuum stability conditions of such a special case by testing copos-
itivity of matrices. The vacuum stability conditions of the general potential
of two real scalars (without or with the Higgs boson included in the potential)

chinarxiv.org/items/chinaxiv-201909.00015 Machine Translation


https://chinarxiv.org/items/chinaxiv-201909.00015

ChinaRxiv [$X]

were obtained in [25, 26] with the help of matrix copositivity and polynomial
positivity.

The concept of copositive matrices was introduced by Motzkin [33] in 1952. A
real symmetric matrix A is said to be (i) copositive if 27 Az > 0 for all vectors
x > 0 in the non-negative orthant R (zr > 0 implies that xz; > 0 for each
i=1,2,-,n); (ii) strictly copositive if z7 Az > 0 for all nonzero vectors z > 0.
Hadeler [20] and Nadler [34] established the copositive conditions for a 2 x 2
matrix A (also see Andersson-Chang-Elfving [1]). A real symmetric 2 X 2 matrix
A = (a;;) is (strictly) copositive if and only if a;; > 0(> 0), agy > 0(> 0), and
a1 + /11055 = 0(> 0).

The copositive conditions for a 3 x 3 matrix A were obtained by Hadeler [20]
and Chang-Sederberg [8]. A real symmetric 3 x 3 matrix A = (a;;) is copositive
if and only if

T g34/011033 >0
= U,

a13099
a=aj9+/a;1099 >0, B =ay3+J/az;+ N
22

Y =agzty/ag; 20, ay >0, a3y >0, aszasn >0, aygaxaz3+y/2a8y > 0.

Ping-Yu [36] gave criteria for 4 x 4 copositive matrices, though the expression
is not simpler than the above. They also proved an equivalent condition for
n X n copositive matrices. Cottle-Habetler-Lemke [7] presented analytical con-
ditions for copositive matrices using determinants and adjugates. Viliaho [50]
discussed criteria for (strictly) copositive matrices using properties of principal
submatrices. Kaplan [24] proved a method to test matrix copositivity using
eigenvalues and eigenvectors of principal submatrices. Haynsworth-Hoffman
[21] showed Perron properties of a class of copositive matrices. Johnson-Reams
[22] discussed spectral theory of copositive matrices. For more properties and
applications such as copositive programs, see [2-4, 32] and relevant literature.

Recently, Kannike [25,26] gave another physical example defined by scalar dark
matter stable under a Z; discrete group. The most general scalar quartic po-
tential of the SM Higgs H,, an inert doublet H,, and a complex singlet S is

3

Vihyhyys) =VI(9) =Vol= > v,6:0,6,8, (1.3)

i,4,k, =1

where ¢ = (¢1: 0, 03) " = (hy, o, 8) T, hy = [Hy|, hy = |Hy, H;Hl = hyhype',
S = se'?s, V = (v;;) is a 4th order 3-dimensional real symmetric tensor with
entries:
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1
V1111 = A1y Vggon = A9, Usggz = Ag,  Upjon = 6()‘3 + )\4/72)7

1 1
V1133 = 6>\527 Vi233 = *ﬁ|)\s12|ﬁ’v V550 = 0 for others.

Clearly, h; > 0, hy > 0, s > 0. Thus, the vacuum stability for Z; scalar
dark matter V(hq, hy, s) is equivalent to the (strict) copositivity of the tensor
V = (vijn) 25, 26].

An mth order n-dimensional real symmetric tensor A is said to be (i) copositive

if Az™ = 2T (Az™ 1) =30 a z; v, x>0 forall v € R

PRI PRI S B R SR Sk Rl )
(ii) strictly copositive if Az™ > 0 for all z € R \ {0}; (iii) semipositive definite
if Az™ >0 for all © € R™ and even m; (iv) positive definite if Az™ > 0 for all

x € R"\ {0} and even m.

These concepts were first introduced by Qi [37,38] for higher order symmetric
tensors. Qi [37] showed that an even order symmetric tensor is positive defi-
nite if and only if all its H-(Z-)eigenvalues are positive. Qi [38] proved that a
symmetric tensor is strictly copositive if the sum of the main diagonal element
and negative elements in each row is positive. Song-Qi [41] extended Kaplan® s
test for copositive matrices [24] to copositive tensors and presented structural
properties of this class. Recently, checking copositivity of tensors has attracted
mathematical attention. For example, Chen-Huang-Qi [11] studied basic theory
of copositivity detection for symmetric tensors and gave numerical algorithms
based on standard simplex and simplicial partitions; Chen-Huang-Qi [12] re-
vised the algorithm with a proper convex subcone of the copositive tensor cone;
Nie-Yang-Zhang [35] proposed a complete semidefinite relaxation algorithm for
detecting copositivity and showed this can be done by solving a finite number of
semidefinite relaxations; Li-Zhang-Huang-Qi [28] presented an SDP relaxation
algorithm to test copositivity of higher order tensors. For more properties and
algorithms, see [13, 39, 40].

On the other hand, some structured tensors are closely related to strictly copos-
itive tensors. Song-Qi [45] analyzed the relationship between constrained mini-
mization problems on the unit sphere and (strict) copositivity of corresponding
tensors. Song-Qi [44] proved that a symmetric tensor is (strictly) copositive if
and only if it is (strictly) semipositive. A tensor is called (strictly) semipositive
if for each nonzero vector x = (x,, x4, ,,)" > 0, there exists an index k €
{1,2,-,n} such that z;, > 0 and (Az™ 1), = ZZ,w,imzl iy, Ti Ty 2>
0(> 0). This notion was first used by Song-Qi [42]. This class of tensors ensures
solvability of corresponding tensor complementarity problems (TCP). Thus, we
may investigate checking copositivity and its applications by studying semipos-
itive tensors. For more properties and TCP applications, see [5, 6, 9, 10, 14, 15,
17, 19, 30, 46-48, 51-53].
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Until now, there has been no analytical expression for checking copositivity and
positive definiteness of tensors like those for 2 x 2 and 3 x 3 matrices. However,
practical problems such as vacuum stability of general scalar potentials require
precise expressions.

Motivated by these works, we study analytical expressions for certifying sym-
metric tensors to be copositive and positive definite. We confine our work to
4th order tensors since those from general scalar potentials are 4th order. We
provide analytical expressions for testing copositivity and positive definiteness
of 4th order 3- (or 2-) dimensional symmetric tensors. We employ argumen-
tation techniques reducing orders or dimensions, which may be important for
analyzing higher order tensors. These results can be applied to check vacuum
stability of general scalar potentials of two real singlet scalar fields and Z; scalar
dark matter.

2 Preliminaries and Basic Facts

A 4th order 3-dimensional real tensor A consists of 81 entries in R, ie., A =
(aijk)s @i € R, 4,5, k,1=1,2,3. Let x' denote the transpose of vector z. For
x = (1q,29,75)" € R3, Ax® is a vector in R3:

3 3 3 T
3 _
Ax® = E kT, E Aok T Ty E A3k T ;T T . (2.1

J:k,1=1 Jrk,1=1 Jik,l=1

Then z " (Ax?) is a homogeneous polynomial, denoted Ax?:

3
Azt =27 (Az3) = Z Qi ;T (2.2)
6,4,k l=1

Similarly, a 4th order 2-dimensional real tensor .4 consists of 16 entries in R,
and for z = (vy,7,)" € R?,

2
Art =2 (Ax?) = Z QT T ;T (2.3)

,3,k,1=1

A tensor A is symmetric if its entries a,;,; are invariant under any permutation
of indices. Each 4th order 2-dimensional symmetric tensor A determines a
homogeneous polynomial Ax? of degree 4 with 2 variables and vice versa.

Let ||| denote any norm on R™. The equivalent definitions of (strict) copositivity
and semipositive (positive) definiteness of a symmetric tensor in the sense of any
norm are given in [37, 39-41].
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Lemma 2.1. ([37, 41]) Let A be a symmetric tensor of order 4. Then: (i) A is
copositive iff Az* > 0 for all z € R? with ||| = 1; (ii) A is strictly copositive iff
Az* > 0 for all z € R? with x| = 1; (iii) A is semipositive definite iff Az* >0
for all z € R with x| = 1; (iv) A is positive definite iff Ax* > 0 for all z € R?
with |z|| = 1.

A quadratic Bernstein-Bézier polynomial p(¢) on [0, 1] is

p(t) = at? +2b(1 — t)t + c(1 —t)%, te]0,1]. (2.4)

Nadler [34] and Andersson-Chang-Elfving [1] independently showed:
Lemma 2.2. ([34, Lemma 1], [1, Lemma 2.1]) Let p(¢) be defined by (2.4).
Then p(t) > 0 (> 0) for all t € [0,1] iff

a>0(>0), ¢>0(>0), b++ac>0(>0) (2.5)

hold simultaneously.

For a quartic univariate polynomial f(¢) with real coefficients,

f(t) = agt* + 4a,t® + 6ayt? + dast + ay, (2.6)

Gadenz-Li [16], Ku [23], and Jury-Mansor [29] independently obtained positivity
conditions.

Lemma 2.3. ([16, 23, 29]) Let f(t) be defined by (2.6) with a; > 0 and a, > 0.
Define

F =9a3 + 12a,a3 — 3aga, + 4aga,as,
G = a3 — 24agasa; — 3aga,as + 2a3,
H = ayay — a?,
I = aga, — 4a a3 + 3a3,
J = agasa, + 2a,a5a5 — a3 — agal — alay,

A=1T13-27J%
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Then f(t) > 0foral 0 < |¢t| < oo iff: (1) A >0, H >0; (2) A >0, H <O,
F<0;(3)A=0,H>0,F=0,G=0.

For a quartic univariate polynomial g(¢) with real coefficients,

g(t) = at* + bt® + ct® + dt + e, (2.7)

Ulrich-Watson [49] proved nonnegativity conditions for ¢ > 0.

Lemma 2.4. ([49, Theorem 2]) Let g(t) be defined by (2.7) with a > 0 and
e > 0. Define

0 =ba-3e 1t B =ca 212 = dg-1Ae3/4)
A =4(B% — 3ay +12)% — (728 + 9aBy — 283 — 2702 — 272)2,
p=(a—=7)*—=16(a+ B+ +2),

n=(a—7)?2—4(8+2)VB—2(a+y+4/B—2).

Then: (i) g(t) > 0 forallt > 0iff 8 < —2 and A < 0 and o+ > 0; or
—2<p<b6and A<0O;orf>6and A<Oanda>0;or A>0and a+~vy >0
and v > 0 and n < 0.

iy : 2 2 )
(i) g(t)ZOforallt>01fa>—’8%and’y>—B%for5§6,ora>

—2v/fB—2and v > —2/8 — 2 for 5 > 6.

A quadratic multivariate polynomial F(1 — ¢, tv, tw) is defined by

F(1—t, tv, tw) = A(1—t)2+2(bw+cv)t(1—t)+(Bv*+2awv+Cw?)t?,  t,v € [0,1],
(2.8)

where w = 1 —v. Chang-Sederberg [8] provided the following result (see also
Nadler [34]).

Lemma 2.5. ([8, Theorem 1]) Let F(1 —¢,tv,tw) be defined by (2.8). Then
F(1—t,tv,tw) >0 (>0) for all t € [0,1], v € [0,1], and w =1 — v iff

A>0(>0), B>0(>0), C>0(>0),

b+VvVAC >0(>0), c+VAB>0(>0),
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VAB +VAC + VBC 4 a > 0(> 0),
VAB +VAC 4+ VBC —a > 0(> 0),

2(a + VBC)(b+VAC)(c + VAB) > 0(> 0). (2.9)

3 Copositivity of 4th Order Symmetric Tensors

Let A be a 4th order 2-dimensional symmetric tensor. For vector x = (2, 2,) ",

2
4_ _ 4 3 2,2 3 4
Az® = E Qg T % LT = Q111271401911 T8 601991 272544019001 T5 9909 T5 .
ik l=1
(3.1)

Take y = (1,0)" and z = (0,1)". Then Ay* = ay;; and Az* = ag99,. Thus,
@1111 > 0 and ag995 > 0 are necessary for positive definiteness of A.

Theorem 3.1. Let A be a symmetric tensor of order 4 and dimension 2 with
@111 > 0 and agg99 > 0. Then A is positive definite iff:

2 2 2
(1) a%111a1221 22 aa11, and (ay111G0990 — 4019111299 + 307997 — Q11101202 —
a121102292) %

2 2 2
(2) a%111a1221 2< aiarqs and (ayq11a9290 _?fla1211a1222 + 32%221 — (1111079222 —
a21102292) % With a1111a121101900 < @711 00200 + 24a71110191101201;

2 2 2
(3) C15111611221 2> aia11, and (ayq11a9290 _346‘1211%222 + 32a1221 — (111187222 —
A121102222)%, With aq1110121101920 = a7111 02922 + 24a711101911 01221 -

Proof. By Lemma 2.1, we can restrict « to |x| = |z;|+ |x,| = 1. Consider Ax*
with a;1;; > 0 and ag999 > 0 in three cases.

Case 1: #; =0 and x4 # 0. Then |z,] = 1, so Az* = ay999 > 0.
Case 2: x; # 0 and 5 = 0. Then |z;| =1, so Az* = ay;1; > 0.
Case 3: x; # 0 and z, # 0. Divide Az* by x5 to obtain

4 4 3 2

Ax q Ty xq xq

— =ay111 | — | +T4age | — | +606ag90 | == | +4aia00 | — | + ag200-
D) ) Lo Lo Ty

Let t = % and f(t) = 42 e,

T

J(#) = ayy i t* + 4,911 + 6a1991 12 + 40999t + Ag90s. (3.2)
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Clearly, f(t) > 0 iff Az* > 0. Define

_ 9,2 2
F =9a799) + 120999507911 — 30111102990 + 4G11110121101222,
_ 2 2
G = afg91 — 240111101921 01909 — 34111101211 01201 + 27909,
_ 2
H = a111101221 — @115

_ 2
I = a111109909 — 40121101929 + 307291,

_ 3 2 2
J = aq11101221 2922 + 20191101221 01220 — Q222 — G11110T222 — A121102222;

A=13-27J%

The conclusions follow directly from Lemma 2.3 with ag = a;111, @1 = 1911,
g = 991, (3 = G199, aNd 4y = Aggoy.

Remark 3.1. From the proof of Theorem 3.1, Ax* can be divided by z7, giving
F(t) = ayq1q +4ajgq1t + 6a19918% + 4019951 + ag990t?, Where t = i—f Thus the
conclusions still hold if @595 and a;;;; are interchanged.

Theorem 3.2. Let A be a symmetric tensor of order 4 and dimension 3.
Assume:

a1111 2 0, Q9999 >0, ag333 >0, ag199 >0, ag933 >0, age33 >0,
ay = 6a1531+31/A112001133 = 0, By = 2a1113+3/A1111G1122 = 0, Y1 = 2a9111+1/G1122G2933 = 0,
Qg = 2a3995+31/A920902933 > 0, By = 6a19931+31/A112209900 = 0, Yo = 2a1295+1/A112202233 = 0,

Q3 = 2a9333+31/A333309933 = 0, Bs = 2a13331+3/a111101133 = 0, 73 = 6a;933+3/a;1133a9033 = 0,
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71 = 3y/a11110112201133 + 601231 + /2018171 > 0,
Ty = 34/011220929209233 + 203090 + 1/ 2053575 2> 0,

T3 = 3/a11330333300233 + 209333 + 1/ 2038373 = 0.

Then A is copositive.

Proof. By Lemma 2.1, we can restrict = to |z| = 1 + 29 + 23 = 1 with z; > 0
for i = 1,2,3. Without loss of generality, let x; = 1—1¢, 2, = tv, x5 = tw for
t,v €[0,1] and w =1 —wv. Then

3
4 _
Ax®* = E A T T T4
0,5,k 1=1

= 1111 (1= 1) 4 Ggnp (10)* + az335 (tw) ! + 41995 (1 — 1) (t0)? + day 335(1 — 1) (tw)

+4ay11 (1 — )3 (tv) 4 daggzs (tv) (tw)? + dagy;1 (1 — )3 (tw) + daggg, (tv)? (tw)

461199 (1 — 1)%(t0)? + 6a,133(1 — £)? (tw)? + Bagyss(tv)? (tw)?

+12a, 951 (1—1)? (1) (tw) +12a1 935 (1—1) (tv)? (tw) +12a, 935 (1—1) (tv) (tw)?. (3.3)

Simple calculation yields

Axt = [ay;; (1—)242(2a3) 1, w+2091 1, 0)E(1—1)+(301 990> +1201 93, vw+3ay 33w )12 (1—1)?
+[3a1 199 (1—1)?+2(6a1 930 WH201 999 0)E(1—1) + (9091 +4a3990 VWHBag933w? )] (tv)?

+[3a1133(1—1)?+2(2a, 333w+6a19330)t (1—t) +(3ag9330° +4ag3330WFA3333w ) 12] (tw)?.
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Define

Fy (1=t tv, tw) = ayy1; (1—1)2+2(2a3) 1, w4209, 1, 0)t(1—)+ (31 1 290°+12a) 93, vw+3ay 3307 )12,
Fy(1—=t, tv, tw) = 3ay 95 (1—1)*+2(6a1930w+2019990)t (1—1) 4 (999 V° +40309 VW+3a9933w° )2,

Fy(1=t, tv, tw) = 3ay,33(1—1)*+2(2a,3335w+6a, 5330t (1—1)+(3a59330° +4ag55350w+ag555w% ).

For F,(1 —t,tv, tw), with assumptions a;1; > 0, aq799 > 0, ay133 > 0, a3 >0,
B1>0,9 >0, 7y >0, Lemma 2.5 gives F;(1 —t,tv,tw) > 0 for all ¢,v € [0, 1]
and w = 1 — . Similarly, F5(1 — ¢, tv, tw) > 0 and F5(1 — ¢, tv,tw) > 0 for all
t,v € [0,1] and w = 1 — v. Therefore,

Axt = Fy(1—t,tv, tw)(1—1)%2 + Fy (1 —t, tv, tw) (tv)? + F3 (1 —t, tv, tw) (tw)? > 0.

Thus Az* > 0 for all z > 0 with |z| = 1, i.e., A is copositive.

If “>” is replaced by “>” in all conditions of Theorem 3.2, strict copositivity
of A follows easily.

Theorem 3.3. Let A be a symmetric tensor of order 4 and dimension 3.
Assume:

a1111 > 0, Q9999 >0, a3333 >0, a9199 >0, ay933 >0, ag933 >0,
ay = 6a1531+31/0119001133 > 0, By = 2a1113+3/a1111G1122 > 0, Y1 = 2a9111+1/G1122G2933 > 0,
Qg = 2a399+31/A333300933 > 0, By = 6a1503+31/01192G2900 > 0, V5 = 2a1299+1/G17122G2933 > 0,

Q3 = 2a9333+31/A113300933 > 0, B3 = 2a1333+3/a1111G1133 > 0, V5 = 6a19331+31/Ag90009933 > 0,

Ty = 34/G11110112201133 + 601931 + /20,817, > 0,
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Ty = 34/011220929209233 + 203095 + 1/ 2058575 > 0,

T3 = 31/A11330333302233 + 2a0333 + /238373 > 0.

Then A is strictly copositive.

Remark 3.2. From the proofs of Theorems 3.2 and 3.3, we see the results are
obtained by reducing tensor order. That is, a 4th order 3-dimensional tensor
is decomposed into three 2nd order 3-dimensional tensors, and copositivity of
these 2nd order tensors is analyzed to obtain sufficient conditions. This may be
an important method for studying higher order tensors.

Theorem 3.4. Let A be a symmetric tensor of order 4 and dimension 2 with
@111 > 0 and agg99 > 0. Assume:

4a a
(1) ay991 < fA1111G0929, 522 + 4,/ T2 (3a1991 + \/G111102222) > 0, and
2222 2222
4aj59y 4 42222 3
a a a > 0;
o222 4, [ 7322 (30951 + (/01111 0g999) > 0;

(2) ajp9 > V0111102222, 201911 + \/6001221%111 = 2a3111y/@1111 02222 > 0, and
2a1999 + \/6a1221a2222 — 2099991/A1111 02222 > 0.

Then A is copositive.

Proof. By Lemma 2.1, restrict x = (z1,25)" tox; >0, 25 > 0, |2 = 2y +25 =
1. Consider Az?* with a;;;; > 0 and ayy95 > 0 in three cases.

Case 1: x; =0 and 2, # 0. Then z, = 1, so Azt = ag99y > 0.
Case 2: x; # 0 and z, = 0. Then z; =1, so Az* = ay;;; > 0.
Case 3: x; # 0 and x, # 0. Divide Az* by z3:

x
+4ay999 (;) + Q9999-

2

Let t = % and g(t) = Azt

g(t) = ayyy t* + 4ay901 1% + 601991 1% + 4019991 + g0 (3.4)

Clearly, g(t) > 0 iff Az* > 0. Let

o = dai91, B= 6a;99q  Aaggy
T1/4 3/4 7 *W’ 7= 3/4 1/4
Q111102222 111172222 111102222
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For assumption (1), @997 < \/G11110G9990 means f < 6. Multiply 4:21222121 +

4/ G Bz + \/A111102222) > 0 by 01110555 0 get a > —5 +2. Similanly,

A2222

4 ~1/4 1/4
multiply % + 4\/2???? (3a1991 + /@111102222) > 0 by a111/1 azézz to get vy >
—g + 2 for 5 <6.

Assumption (2) similarly gives a > —2y/f—2 and v > -2/ —2 for 8 > 6.
The conclusions follow from Lemma 2.4(ii).

Using Lemma 2.4(i), we obtain:

Theorem 3.5. Let A be a symmetric tensor of order 4 and dimension 2 with
@111 > 0 and ayy95 > 0. Then A is copositive iff:

1

(1) ajp9 < —35\/6‘1111%22% ajp1y > 0, and (aqyq1a9090 — 4a1211a21222 +
A111102292)° < 27(@111101291G0202 + 2012110122101900 — 1111471222 —
a21102292)%

1

(2) —5v@111102222 < 191 < /1111022225 3a1211 > 0, a9 > 0,
and (@yq1109099 — 4a121%@1222 ‘; a1111a22222) > 27(a11110129102920 +
20191101921 01292 — 111107922 — G211 02292) %

(3) aqg91 > V1111822225 A1211 > 0, a1290 > 0, and (@111 09099 — 40191101290 +

3 2
A111102292)° < 27(a111101291 00202 + 2012110120101220 — 111101202 —
311 09999)°, With additional conditions on a;9;; and ajegs.

Proof. Using the technique of Theorem 3.4, we need only consider nonnegativ-
ity of

g(t) = ayyt* +4ay9)1 1% 4 601991 8% + 44 999t + 999,

where t = 71, Let
2

o= dai91p = 6a;99 _ Aaggy
R T N R TTL TS 7T 3 12
111102292 1111%2222 111102222

A =4(B% —3ay +12)% — (728 + 9aBy — 283 — 2702 — 272)2,

p=(a—7)?—16(a+pf+7v+2),

n=(a—7)2—4B+2)VB—2(a+~y+4/3-2).

Assumption (1) means 8 < —2, A <0, and o+~ > 0. Similar calculations give
the conditions for cases (2) and (3). The conclusions follow from Lemma 2.4(i).

Now we give simpler sufficient conditions for (strict) copositivity.
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Theorem 3.6. Let A be a symmetric tensor of order 4 and dimension 2.
Assume:

ajpr; > 0(>0),  ag99 >0(>0), @119 >0(>0), ageg >0(>0),

3a1901 + /111102200 + 41/A111209001 = 0(>0).

Then A is (strictly) copositive.

Proof. By Lemma 2.1, restrict = (z1,25)" tox; >0, 25 > 0, |2 = 2y + 25 =
1. Let x; =t, z9 =1 —t for t € [0,1]. Then

Axt = ayyp1t +4ag, 53 (1—1) + 60199182 (1—1) + 4agge, t(1— 1) + G995 (1 _(t)4)-
3.5

For t € (0,1), rewrite (3.5) as

Azt = (\fay 17 — g (1 —1)%)% + 2t(1 — t)p(t),

where

p(t) = 2a1119t + (31991 + /a111109999)t(1 — 1) + 20599, (1 — 1),

The inequality 3a;59; + \/G111102995 + 44/G111202991 > 0(> 0) implies 3a,99; +
V0111102222 + 2\/”1112%221 > 0(>0). By Lemma 2.2, p(t) > 0(> 0), so

At = (\fay 117 — fagg (1 — 1)) 4+ 2t(1 — t)p(t) > 0(> 0).

Ift=0o0rt=1, Ax* = 9999 Or ay;1;- Thus Az* > 0(> 0) for all z > 0 with
|z| = 1. The conclusions follow from Lemma 2.1.

Theorem 3.7. Let A be a symmetric tensor of order 4 and dimension 2.
Assume:

ajyy; = 0(>0),  ag9e > 0(>0),

Va2 + Ya111102290 > 0(>0),  \/agge1 + \4/ 311109999 = 0(> 0),

(\/a1112 + {l/a1111a2222) (\/02221 + \4/ a§111a2222> > 0(>0).
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Then A is (strictly) copositive.
Proof. Using the same technique, for ¢ € (0, 1) rewrite (3.5) as

At = (a1t — g (1 — 1) +4 (/a1 19 + Va111109997) 12 (1 — 1)

+6(a1991 — \/A111109992) 87 (1 — 1) + 4 (\/%221 + \/ a1111a2222) t(1—1t)?

= (g1t — fagaen (1 — 1)) + (1 — t)p(t),

where

p(t) =4 (Var112 + $a111102202) t°+6(01901 = /1111 Gog2)t(1—1) +4 (\/%221 + 4/ annazzzz) (1—-1)2.

The assumptions ensure p(t) > 0(> 0) for all t € (0,1) by Lemma 2.2. For t =0
ort =1, Ax* = G999 Or ayyy;. Thus Az* > 0(> 0) for all x > 0 with ||z| = 1.
Therefore, A is (strictly) copositive.

From the proofs of Theorems 3.6 and 3.7, we obtain:

Corollary 3.8. Let A be a symmetric and strictly copositive tensor of order 4
and dimension 2. Then

211121/A2295 + (301901 + /1111 02922) /111102922 + 2G12921/1111 > 0. (3.6)

Proof. Strict copositivity implies a;;;; > 0 and ag999 > 0. For ¢ € (0,1) and
= (ta 1- t)T7

Axt = (/@) 1118° = /G999 (1=1)?)*+26(1—1) (211198 + (341991 + /111100929t (1 — 1) + 20999, (1 — 1)) .

_ V%2222 _ _ T * o .
Take t, = N T Then zq = (¢y,1 —t,)' satisfies

A(xg)* = 2t0(1=tg) (2111215 + (31991 + V/@111182992) 0 (1 — tg) + 2a9991 (1 — 15)?) > 0,

which yields the desired inequality.
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Now we give simpler sufficient conditions for (strict) copositivity of 4th order
3-dimensional tensors by reducing dimensions.

Theorem 3.9. Let A be a symmetric tensor of order 4 and dimension 3.
Assume:

ay111 = 0(>0), ag90 > 0(>0), azzs3 > 0(>0),
1123 > 0(>0), @y903 > 0(>0), aja33 > 0(>0),
N = 20119 + 4111109909 > 0(>0), 1y = 2a1113 +4/a111103333 > 0(> 0),

N3 = 209903 + 4/Ag99203333 > 0(> 0),

Hi = 201905 + 4\4/ 311109999 > 0(>0), iy = 20,335 + 4\4/ a3y11 3335 > 0(>0),
Mz = 209333 +4 \4/ 399903333 > 0(> 0),

01 = 3(2a;199 — V@111109202) + 4/Mi g = 0(> 0),

0y = 3(2a1133 — /a111103333) + 4y/Tapta > 0(> 0),

05 = 3(2a2933 — \/A222203333) + 4\/M3p3 = 0(> 0).
Then A is (strictly) copositive.

- T
Proof. For z = (z,, 24, 25) ",

4_ 4 4 4 3 2.2 3
Ax® = a1111 27 + A9009T5 + A333373 + 40111207T + 6011900775 + 49007175

3 2,2 3 3 2.2 3
+4a11132703 + 6011330725 + 40,3331 T3 + 4099937505 + 0099330523 + 4ag33375 77
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2 2 2
+12a,1930729%5 + 1201993712573 + 1209337, T925.

Define

91(T1, %) = @131 27 + 4011197305 + 6011208775 + 40199901 T3 4 U000 T5.
Then ¢;(zq,%5) is a homogeneous polynomial defined by a 4th order 2-

dimensional symmetric tensor B = (b)) with entries b1y = aq95,
bi112 = @11125 b1122 = G11925 D192 = Q1299, Dagon = Ggo90. That is,

2
_ p A _ T
91 (z1,29) = By* = E bz‘jklfixjxkxza for y = (x4, 7,)
3,4, k,l=1

The assumptions imply

bi111 = @111 =0, bagag = dggss >0,

V1112 + V/bi111b2990 = V1112 + V/a1111022220 =11 = 0,

1/r3 _ 4/ 3 _
biaga + A/ bT11102222 = V/@1292 + \/ AT111G2290 = H1 = 0,

3(b1120— b1111b2222>+4\/(\/b1112 + V/b111102292) (V/brogg + \4/ b311102990) = 61 > 0.

By Theorem 3.7, B is copositive, so g, (z,,7,) = By* > 0 forally = (z,,7,)" >
0.

Similarly,

_ 4 3 2,2 3 4
9o (1, T3) = ay11127 + 4ay11377T3 + 60115320775 + 4013337125 + ag33373 > 0,

_ 4 3 2,2 3 4
93(To, T3) = A9999T5 + 4090937575 + 6099337575 + 4ao333T9T3 + Ag33375 > 0.

Thus for all x = (21,29, 25)" >0,
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Axt = gy (21, 29)+go (21, T3)+95(Tg, T3)+120) 19325 T3 +120) 993 23234+12a,1 9330 2973 > 0,

so A is copositive. The proof for strict copositivity is identical.

Remark 3.3. Theorem 3.9 is proved by reducing tensor dimensions. A 4th
order 3-dimensional tensor is decomposed into three 4th order 2-dimensional
tensors, and copositivity of these 2-dimensional tensors is analyzed using The-
orem 3.7 to obtain sufficient conditions. Distinct sufficient conditions can be
established by applying Theorems 3.4, 3.5, or 3.6.

4 Checking Vacuum Stability of Scalar Potentials

4.1 Vacuum Stability of the Scalar Potential of Two Real Scalars and
the Higgs Boson

Recently, Kannike [25, 26] studied vacuum stability of general scalar potentials.
The most general scalar potential of two real scalar fields ¢, and ¢, is

V(hy,d9) = Agod1 + A310700 + Aga 705 + Aj30105 + Aot = Aot (4.1)

where A = (X, ;,) is the symmetric tensor of scalar couplings and ¢ = (¢, ¢,) "
is the field vector. The coupling tensor is defined by

A
_ _ _ _ _ __ 731
/\1111 - )‘407 /\2222 - )‘047 /\1112 - )‘1121 - )‘1211 - >‘2111 - 4 )
A
— — _ _ _ _ 122
)‘1122 - /\1212 - )‘1221 - )‘2112 - )‘2121 - >‘2211 - 6 ’
A
— — _ _ 713
)‘1222 - )‘2122 - )‘2212 - >‘2221 - 4 .

Vacuum stability of this potential is equivalent to positivity of polynomial
(4.1) [25], i.e., positive definiteness of A = (A;;;). By Theorem 3.1, with
AMi111 = Ao > 0 and Agggs = Agy > 0, A is positive definite iff (after clear-
ing denominators):
(1) 8AgoAaz — 3731 = 0, and (12040A04 — BAz1 A 13 + A35)° > (T2X40000004 +
931 A90A31 — 2/\31 - 27/\40)\31 - 27)\31/\04)2;
(2) 8A\10Age — 3A2, < 0, with additional inequalities;

(3) 8A1Ae — 3A3; > 0, with equality conditions.
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One of these cases guarantees vacuum stability of V(¢q, ¢5).

The most general potential of two real scalars ¢, ¢, and the Higgs doublet H
[25, 26] is

Vg1, o, [HI) = Mgl H|* + Xpog [ H P03 + Agod + Ag10300 + A1 [ HIPd1 0y

FAr02 [ H 93 + A130103 + Agud3 + Ao i3

= )‘H|H|4 + M2(¢17¢2)|H|2 + ‘7(¢1,¢2),

where

M?(¢y, d9) = Agao®i + 1161902 + Apo203,

‘7(¢1a Bg) =V (1, 02,0) = M@ + A31050y + Ag0dT 03 + X130, 05 + Aguds.

Let © = (¢y, ¢y, |[H|)T. Then V(¢y, ¢y, |H|) = Va*, where V = (v,) is a 4th
order 3-dimensional symmetric tensor with entries:

A
_ _ _ _ 31
V1111 = Aoy V2222 = Agas Usgzz = Ap,  VUrqip = A
A A A
_ AH20 _ AHO2 _ AH11 _ .
U133 = 5 Ugosgs = 5 Vyggs = 4 Vit =0 otherwise.

V(¢y,¢y) is a 4th order 2-dimensional tensor. Let ¢ = (¢,¢,)". Then
V(dy,¢9) = A¢*, where A is given by (4.2), a principal subtensor of V.
Conditions (a)-(c) ensure positive definiteness of A, i.e., V (¢, py) = Ag* > 0.

Moreover, M?(¢,,¢y) = ¢' M¢, where M is the symmetric matrix

)\ >‘H11
M = H20 2
AH11 by '
2 HO02

M is positive definite iff

Moo >0, Ao >0, 4\ pagA o2 — Aqy > 0. (4.4)
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Positivity of V(¢q, ¢o, | H]) is ensured by Ay > 0, (4.4), and conditions (a) or
(b) or (c). Therefore, vacuum stability conditions for V (¢, ¢,, |H|) are:

Mo >0, Aos >0, A >0, Ao >0, Apga >0, 4AgagAgea—AF1y > 0,
plus inequality system (a) or (b) or (c).

4.2 Vacuum Stability for Z; Scalar Dark Matter

Kannike [25,26] gave a physical example of scalar dark matter stable under a
Z4 discrete group. The most general scalar quartic potential of the SM Higgs
H,, an inert doublet H,, and a complex singlet S, symmetric under Z,, is

Vi(hy,hays) = M Hy[* + A | Ho|* + Ng|Hy 2| Hy|? + Ny (H] H,) (HIH,)

+As|S|* + Xs1 [SIP[H, |2 + Ago| SI?[Ho | + (>\51252HIH2 +h.c.)

= Athi +Ahs + Ashh3 + Ay p?hih + Agst + Ag1 82T + Ay 5°h3 —[Ag1alps” Ry g

= Agst 4+ M2(hy, hy)s® + V(hy, hy),

where

M?(hy, hy) = Ag1h? + Agahs — [Ag1alphy By,

V(hy, hy) = V(hy, hy,0) = A\ b + Aohs 4+ A\3h2h2 + A, p?h2h2,

with hy = [H,|, hy = |[Hy|, H2TH1 = hihype'®, S = se'?s, Ag15 = —[Ag1a], and
orbit space parameter p € [0, 1] from Cauchy inequality 0 < |H;H1\ < |Hy||H,).

Let & = (hy, hy,s)". Then V(hy, hy,s) = Va?, where V = (v;;,) is a 4th order
3-dimensional real symmetric tensor with entries:

L

_ _ _ _ 2
V1111 = A1y Uggon = A9, Usggz = Ag,  Upjop = 6 Az + Agp?),

As1 Ag2 |)\s12|f0

V1133 = 5 Ugo33 = 5 V1933 = 15 Vijki = 0 otherwise.
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By Theorem 3.3, strict copositivity conditions for V' (i.e., V(h;, hy,s) = Va? >
0) are:

AL >0, A>0, Ag>0, Ag+Ap2 >0, Ag; >0, Agy >0,

VAs1Asa — [As12lp >0,

VAsAs1Asy — ‘)‘512|p\/\/)‘81>‘52(\/>‘51>‘52 — [As12lp) > 0.

These conditions ensure the Z;-symmetric potential V' (hq, hy, s) is bounded from
below. They differ from those of Kannike [25, 26] and Chen-Huang-Qi [12].
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