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Abstract

The K-means algorithm is characterized by its simple implementation and fast
speed, making it the most widely used clustering algorithm. To address the
shortcomings of the K-means algorithm’ s sensitivity to initial cluster centers
and noise, the d-K-means algorithm (distance&density) is proposed. Based
on the K-means algorithm, it balances the influence of density and distance
on clustering, performs weighted processing on data, introduces the “min-max
principle” to select initial cluster centers based on weights, and automatically
determines the number of cluster centers. Experimental results demonstrate
that the d-K-means algorithm can achieve good clustering performance on both
low-dimensional and high-dimensional data, better handle data in low-density
regions, and more effectively select cluster centers.

Full Text

Preamble

D-K-means Algorithm Based on Distance and Density
Tang Zekun, Zhu Zeyu, Yang Yi, Li Caihong, Li Lian

College of Information Science & Engineering, Lanzhou University, Lanzhou
730000, China

Abstract: The K-means algorithm is the most widely used clustering algorithm
due to its simple implementation and fast speed. To address its sensitivity to ini-
tial clustering centers and noise, this paper proposes the d-K-means algorithm
(distance & density), which balances the influence of density and distance on clus-
tering by weighting the data. The algorithm introduces a “minimax principle”
for selecting initial clustering centers based on these weights and automatically
determines the optimal number of cluster centers. Experimental results demon-
strate that the d-K-means algorithm achieves superior clustering performance
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on both low-dimensional and high-dimensional data, better handles low-density
region data, and improves cluster center selection.

Keywords: clustering; K-means algorithm; minimax principle; number of clus-
ter centers

0 Introduction

Clustering is a data mining technique that partitions a collection of physical or
abstract objects into multiple groups of similar objects. The clusters generated
by clustering are sets of data objects where objects within the same cluster are
similar to each other and dissimilar to objects in other clusters. As the saying
goes, “birds of a feather flock together,” and classification problems abound in
both natural and social sciences [?].

The K-means algorithm has become the most widely used clustering method due
to its straightforward concept and ease of implementation. However, it suffers
from several limitations. First, the algorithm requires the number of clusters to
be specified in advance, making it difficult for users to provide an appropriate
value when they have insufficient knowledge about the data. Second, the random
initialization of cluster centers often leads to suboptimal local solutions and
unstable clustering results [?].

In recent years, researchers have proposed numerous optimizations to address
these deficiencies in the K-means algorithm [?, ?]. Reference [?] calculates the
arithmetic mean of all sample points to form the initial clustering centers, con-
sidering the distribution of the entire dataset and improving the randomness of
initial center selection, but this approach remains vulnerable to noise. Reference
[?] constructs a minimum spanning tree and uses pruning techniques to dynam-
ically select initial clustering centers based on data distribution, accounting for
sample density but significantly increasing computational overhead. Both [?]
and [?] select initial centers based on the overall sample distribution, ignoring
the fact that true cluster centers typically have high surrounding density, which
can lead to local optima. Reference [?] selects centers based on the principle
that the farthest sample points cannot belong to the same cluster, avoiding local
optima but neglecting density considerations, potentially selecting noise points
as initial centers. Reference [?] calculates outlier factors to sort the dataset in
ascending order, positioning centers toward the front while considering density,
and combines this with the “minimax principle” for center selection, preventing
local optima but potentially misclassifying low-density region data as outliers
and affecting final clustering quality. Reference [?] sorts data objects by density
and selects the midpoint between the densest point and its nearest neighbor as
a new cluster center, then excludes points within a specified radius from further
consideration, partially addressing [?]" s issues but still neglecting low-density
region data when the distance between low- and high-density regions is large.
All these algorithms require predetermined cluster numbers, which affects preci-
sion when researchers lack thorough understanding of the dataset. Reference [?]
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generates a candidate set of initial cluster centers based on density parameters,
then simulates clustering by traversing this set and selects points with optimal
inter-class separability and intra-class compactness, fully considering final clus-
tering quality, but suffers from high time complexity and unscientific density
parameter calculation that may assign identical density values to points with
significantly different actual densities, potentially removing high-density points
and reducing initial center quality. Reference [?] combines canopy algorithm
concepts with density to better handle low-density regions and automatically
determine the number of cluster centers, but only stops after traversing all data
points without considering clustering quality, likely classifying outliers and noise
points as separate classes and affecting both clustering effectiveness and center
count accuracy.

The principle for selecting cluster centers requires relatively dense surround-
ing points while maintaining sufficient distance between centers to ensure good
distribution and prevent local optima. To address initial center selection and
cluster number determination, this paper proposes the d-K-means algorithm
based on distance and density. The algorithm employs weighting to balance
the relationship between density and distance, solving globally to make center
selection more consistent with data distribution and reduce iteration counts. By
calculating dataset scale and inter-point distances, each point receives a distinct
weight. The d-K-means algorithm selects cluster centers based on the “mini-
max principle,” avoiding local optima caused by random initialization, better
handling outlier and low-density region data, and automatically determining
the number of cluster centers through weights and the BWP index [?]. Com-
parative experiments with four algorithms on five datasets validate that the
proposed algorithm significantly improves clustering quality and accuracy.

1.1 Canopy-Kmeans Algorithm

The Canopy clustering algorithm [?, ?] preprocesses data for K-means and can
approximate the number of cluster centers through the number of canopies gen-
erated when manual determination is impossible. Canopy processes the dataset
using two manually determined thresholds, ¢; and t,, to classify chaotic data
into several relatively regular piles. The classification effect is illustrated in
[Figure 1: see original paper]. The algorithm proceeds as follows:

1) Determine two thresholds ¢; and t, (t; > t5).

2) Randomly select a data point from the dataset and calculate its distance
to existing canopies (if no canopy exists, the point directly becomes a
canopy center).

3) If this distance is less than ¢;, mark the data with a weak label and add
it to this canopy (the data can also serve as a new canopy for calculating
distances to other points).

4) If the distance is less than ¢,, mark the data with a strong label and
remove it from the dataset, considering it sufficiently close to the canopy
to not form a new canopy.
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5) Repeat steps 2-4 until the dataset contains no remaining data.

For the problem of difficult cluster number determination, the Canopy-Kmeans
algorithm can approximate the number of cluster centers through the number
of generated canopies. However, in practical applications, the selection of initial
Canopy centers and region sizes significantly impacts clustering quality.

1.2 K-means++4 Algorithm

The K-means++ algorithm [?, ?] selects K initial cluster centers based on the
following principle: assuming n initial centers have been selected (0 < n <
K), points farther from the current n centers have higher probability of being
selected as the (n + 1)-th center. When selecting the first center (n = 1), the
method also randomly selects from existing sample points. This aligns with the
intuition that cluster centers should be far apart. Though simple and intuitive,
this improvement effectively addresses the randomness in K-means initial center
selection [?]. The probability calculation function is:

where X is the set of points in the clustering problem, and D(z) calculates the
distance from a point to its nearest selected cluster center. Analysis of this prob-
ability function reveals that noise points in low-density regions have relatively
high probability of being selected as cluster centers, resulting in too few points
belonging to such centers that are unlikely to change during subsequent K-means
iterations, thereby failing to achieve the desired classification effect with k cen-
ters. A dataset composed of two clusters, one containing a noise point, is shown
in [Figure 2: see original paper]. Experimental data from [Figure 3: see origi-
nal paper| and [Figure 4: see original paper] show that K-means++ produces
two possible partitions of the dataset. Notably, even ignoring the noise point,
K-means++ cannot obtain correct clustering results [?].

1.3 DBSCAN Algorithm

DBSCAN [?] is a density-based clustering algorithm that discovers high-density
connected regions, automatically determines the number of clusters, and handles
noise. It forms clusters by finding core objects and connecting them with their
neighborhoods. The main concepts are:

Definition 1 (Neighborhood): For a point o in sample set D, the neighborhood
of o is the d-dimensional hypersphere region centered at o with radius ¢.

Definition 2 (Core Object): An object whose e-neighborhood contains at least
manPts points.

Definition 3 (Directly Density-Reachable): In sample set D, if object ¢ lies
within the e-neighborhood of core object p, then ¢ is directly density-reachable
from p.

Definition 4 (Density-Reachable): In sample set D, if there exists a chain of
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points py,py,...,p, where p, € D (1 < ¢ < n) and p,_; is directly density-
reachable from p,, then p, is density-reachable from p;.

Definition 5 (Density-Connected): If there exists an object o such that both
objects p and ¢ are density-reachable from o, then p and ¢ are density-connected.

The advantage of DBSCAN is its ability to discover clusters of arbitrary shapes
based on density distribution, effectively overcoming K-means++ limitations.
However, its disadvantages [?] mirror those of most K-means improvements:
initial center selection assumes high density within a point’ s e-neighborhood,
marking low-density points as noise and potentially eliminating data of interest,
which affects final classification accuracy. Additionally, the settings for radius e
and minimum support minPts are highly sensitive.

2 d-K-means Algorithm
2.1 Basic Definitions

The d-K-means algorithm uses Euclidean distance for all distance calculations.
Following the greedy strategy from [?], the algorithm adaptively calculates the
radius ¢ for each data point p:

ep)=7 Y. dpi)

ick_nearest(k)

where k_nearest(k) represents the k nearest points to p;, and d(-) denotes
Euclidean distance. In two-dimensional clustering, k is typically set to 4 [?],
while in other cases it can be set to |n/25| [?] (where n is the total number
of data samples and |-| denotes floor rounding). The weight w,, of object p is
calculated based on distances to objects ¢ in its e-neighborhood, and processed
to obtain the center point indicator C;:

Cp:wpxep

where w,, reflects the neighborhood density of point p, and 6, is the distance
from p to its nearest existing center 4:

d
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where k is the number of existing centers, m is the number of data objects in
p’ s e-neighborhood, range represents the size of the dataset’ s vector space
(calculated similarly to Euclidean distance), x denotes dataset dimensionality,
max and min represent the maximum and minimum values of each dimension,
and | - |, denotes squared Euclidean distance. The range value is essentially
the magnitude of the full dimensional range of the dataset. Each data point
in p’ s e-neighborhood contributes a value between 0 and 1 to w,, with closer
points contributing more. A larger w,, indicates more concentrated data around
p. A larger ¢, indicates greater distance from existing cluster centers. The
center point indicator C),, obtained by multiplying w, and 6,, reflects higher
intra-cluster compactness and inter-cluster separability. Since K-means time
consumption is primarily determined by iteration count, selecting centers based
on C), effectively reduces iterations and improves time performance.

The d-K-means algorithm employs a new clustering validity index (called the
BWP index) from [?] to determine whether to continue center selection based
on changes in the average BWP value:

n

1 b(j, 1) — w(j,9)
BWP =~ ; max (b(j,7), w(j, 1))

where n is the dataset size, and b(j,4), w(j, ) are defined as follows: For dataset
S with n objects partitioned into k clusters, the inter-class distance b(j,4) for
object 7 in cluster j is the minimum average distance from this sample to objects
in other clusters, while the intra-class distance w(j,7) is the average distance
from the object to other objects within cluster j:

N

.. . 1 c j
b(j,i) = min — 3 Jzy’ — ],
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n;

. 1 - ; y
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where ¢ and j denote cluster labels, n, is the number of elements in cluster c,
xﬁ,c) represents the p-th data object in cluster ¢, and xij ) denotes the i-th object
in cluster j. As shown, larger b(j,¢) indicates better inter-class separability,
smaller w(j,4) indicates better intra-class compactness, and larger BWP values

indicate superior clustering quality.

2.2 d-K-means Algorithm Description

The d-K-means algorithm selects centers sequentially as follows: Based on the
“minimax principle,” it selects the data point with the maximum center indica-
tor value as an experimental cluster center for pre-classification, assigning all
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points to the nearest center’s cluster. It then compares the change in the average
BWP index before and after pre-classification. If the average BWP increases,
the point becomes a cluster center, and following the canopy algorithm concept,
points within this center’ s e-neighborhood are excluded from subsequent center
selection. Since new centers may change each point’ s nearest center, the algo-
rithm updates all center indicators after generating each center. If the average
BWP decreases or no points remain eligible for selection, the process terminates,
automatically determining k cluster centers.

The center selection approach achieves clustering effects where centers are suffi-
ciently separated while surrounded by dense points. The weight formula shows
that higher surrounding density yields larger w,. Applying the minimax princi-
ple to C,, means points with large weights and far distances from existing centers
have higher selection probability.

Initially, with no centers, C, cannot be computed due to missing 6 parameters.
Since more points within a spatial range indicate better convergence of the
objective function when that point serves as a center, the algorithm selects the
maximum-weight point as the first center to improve intra-cluster compactness.
This aligns with the center selection philosophy in [?, ?] and actual clustering
effects where centers have dense neighborhoods. The center selection process is
illustrated in [Figure 5: see original paper| through [Figure 8: see original paper].
The algorithm first selects the maximum-weight point as the initial center, then
selects two additional centers based on C,,. When selecting a fourth center would
decrease the average BWP, the process stops, yielding three centers.

The d-K-means algorithm balances distance and density influences through
weights and center indicators. The center indicator enables low-density region
data with large distances from current centers (but not necessarily large weights)
to become potential centers. The minimax principle and first-center selection
strategy eliminate randomness in initial center selection. Integrating the BWP
index with canopy concepts enables automatic cluster number determination
while avoiding the pitfall of classifying outliers as separate clusters, thereby
ensuring clustering quality.

2.3 d-K-means Algorithm Flow

Input: Set X of n data objects.

Output: k cluster centers.

The algorithm flow is shown in [Figure 9: see original paper].

a) Calculate ¢ radius and weights for n data points.

b) Select the point with maximum weight as the first cluster center.

¢) Compute each point’s center indicator and select the point with maximum
C, for pre-classification.

d) Calculate the average BWP index for n points after pre-classification.
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e) If the average BWP increases, the point becomes a cluster center; exclude
its e-neighborhood from further selection and proceed to step f. If the
average BWP decreases, proceed to step g.

f) If clusterable points remain, return to step c; otherwise, proceed to step
.

g) Execute K-means with the generated centers as initial cluster centers to
obtain final clustering results.

3 Experiments
3.1 Datasets

To validate the effectiveness of d-K-means in selecting initial cluster centers,
we used UCI datasets and U.S. weather bureau climate classification data
(Weather). UCI is a standard machine learning repository from the University
of California, Irvine, with clearly labeled categories enabling direct observation
of clustering quality. Experiments tested five datasets: Iris, Wine, Seeds, Pima,
and Weather. Performance metrics included BWP index, Rand index, silhou-
ette coefficient, Jaccard coefficient, iteration count, and accuracy, compared
against traditional K-means, K-means++, and algorithms from [?] and [?].
describes the dataset parameters.

3.2 Experimental Results

Different features in datasets often have different scales, affecting classification
results. To eliminate scale effects, we normalized data using Min-Max Scaling
to ensure each feature contributed equally to the algorithm. For a dataset with
1 features, each feature was normalized as follows:

. z — min(x)

mOTM T max(x) — min(x)

[Figure 10: see original paper] through [Figure 15: see original paper]| show
the BWP index, Rand index, silhouette coefficient, Jaccard coefficient, itera-

tion count, and accuracy for the proposed algorithm versus four comparison
algorithms on Iris, Wine, Seeds, and Pima datasets.

The results in [Figure 10: see original paper| through [Figure 13: see original
paper] demonstrate that d-K-means achieves significantly better BWP, Rand
index, silhouette coefficient, and Jaccard coefficient than traditional K-means,
K-means++, and [?]" s algorithm. K-means randomly selects initial centers,
while K-means++ incorporates distance but retains randomness. Algorithm
[?] selects centers based on density parameters without considering inter-point
distances, yielding unscientific density calculations that affect center quality. On
Iris, Wine, and Seeds, d-K-means performs similarly to [?], but outperforms it
on Pima due to that dataset’ s missing values and [?] s vulnerability to outliers.
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The results show d-K-means achieves better clustering with higher intra-class
compactness and inter-class separability.

Since K-means and K-means++ exhibit randomness in center selection, causing
unstable accuracy and iteration counts, we ran each 10 times and averaged the
results. [Figure 14: see original paper] and [Figure 15: see original paper| show
that except for slightly lower accuracy than [?] on Seeds, d-K-means achieves
optimal iteration counts and accuracy on all datasets, demonstrating effective
performance on both low- and high-dimensional data.

2) Weather Dataset Test

The Weather dataset includes September 12, 2018 measurements from U.S.
weather stations with discrete distributions and many low-density regions. Ex-
periments classified locations using normalized humidity and Fahrenheit temper-
ature features. presents the Weather data, and [Figure 16: see original paper]
shows its distribution. Comparing d-K-means with K-means, K-means++, and
algorithms [?] and [?], summarizes the clustering results and accuracy.

Due to high discreteness, the dataset’ s average distance is large, causing al-
gorithms [?] and [?] to fail in determining the correct number of clusters. K-
means randomly selected centers at (0.134,0.86), (0.413,0.873), (0.531,0.229),
and (0.912,0.875), but the first two centers attracted no data, yielding only two
clusters with 52.6% accuracy after three iterations. K-means++ selected points
4, 11, 10, and 6 as centers, achieving 57.9% accuracy after three iterations. Al-
gorithm [?] selected points 8, 16, and 1 as centers based on a fixed distance
threshold (average distance = 0.5235), generating three clusters with 68.4% ac-
curacy after two iterations. Algorithm [?] similarly selected points 8, 14, and 1,
also achieving 68.4% accuracy.

In contrast, d-K-means adaptively calculates each point’ s ¢ radius, making
neighborhood exclusion more scientific. Its weight calculation incorporates
inter-point distances, better reflecting density distribution than [?]" s density
parameters. The center indicator balances distance and density relationships.
d-K-means selected points 8, 13, 1, and 19 as centers, achieving 89.5% accuracy
after two iterations.

Experimental results across five datasets demonstrate that d-K-means consis-
tently achieves superior clustering quality, accuracy, and iteration speed for
low/high-dimensional and dense/discrete data.

4 Conclusion

As data rapidly expands and diversifies, automatic cluster number selection
becomes increasingly important. The d-K-means algorithm balances distance
and density through weights and center indicators. Compared to K-means’
vulnerability to local optima and manual cluster number selection, the proposed
algorithm automatically determines cluster numbers while improving clustering
quality, iteration speed, and classification accuracy.
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