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Abstract
D-S evidence theory is an effective approach for processing uncertain informa-
tion and has been widely applied across various domains. The D-S combination
method operates on basic probability assignments (BPA), and the generation of
BPA remains a critical and yet-to-be-resolved primary step in the application of
D-S theory. To address BPA generation, this paper proposes a BPA generation
method based on Kernel Density Estimation (KDE): training data is employed
to construct a data attribute model using kernel density estimation with opti-
mized bandwidth; subsequently, the kernel density model of the training data
is utilized to compute the density-distance-distribution values (Tri-D) for test
data, and a nested approach is used to allocate Tri-D values to obtain the BPA
corresponding to the test data; finally, D-S combination of the BPA yields the
final decision, and the effectiveness of the BPA generation method is assessed
through classification accuracy. Experiments conducted on UCI datasets, com-
paring classification accuracy with other methods, validate the effectiveness of
the proposed approach.
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Abstract: D-S evidence theory is an effective method for processing uncertain
information and has been widely applied across various domains. The D-S
combination rule operates on basic probability assignments (BPAs), yet how
to generate BPAs remains a critical and unresolved first step in applying D-S
theory. This paper proposes a BPA generation method based on kernel density
estimation (KDE). Training data is used to construct data attribute models via
KDE with optimized bandwidth. The kernel density models of training data are
then used to compute density-distance-distribution (Tri-D) values for test data,
from which BPAs are obtained through a nested allocation method. Finally, D-S
combination of these BPAs yields the final decision, with classification accuracy
serving as the metric for evaluating the effectiveness of the BPA generation
method. Experiments on UCI datasets, comparing classification accuracy with
other methods, validate the proposed approach.

Keywords: basic probability assignment (BPA); kernel density estimation; Tri-
D; bandwidth

0 Introduction
D-S evidence theory, proposed by Dempster1 and developed by Shafer2, is an
effective method for handling uncertain information and combining multiple
sources of evidence. Alongside classical Bayesian theory, it represents one of
two mainstream frameworks for data fusion. Compared to Bayesian theory,
D-S theory offers the advantage of assigning probability to both singleton and
compound subsets simultaneously. D-S theory has been successfully applied in
numerous fields including data fusion3, comprehensive evaluation4,5, classifica-
tion6,7, and evolutionary game theory8−10.

In applying the D-S framework, BPA generation is a critical and fundamental
first step that significantly influences final results. However, no universal solu-
tion for BPA generation has yet been established, prompting extensive research
and diverse proposed methods. Early work by Yager11 introduced an entire class
of fuzzy measures related to D-S belief structures and discussed their entropy.
Jiang et al.12−14 proposed methods for generating BPAs based on generalized
fuzzy numbers. Liu et al.15 combined fuzzy Naive Bayes with nearest-neighbor
mean classification to propose the WFDSF algorithm. Reference [16] presented
a method for obtaining BPAs using core examples from training data. Reference
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[17] proposed an approach based on classifier confusion matrices. Additionally,
there are methods for determining BPAs based on clustering18,19.

Analysis of these existing methods reveals that BPA generation essentially in-
volves determining the probability of possible events, and kernel density esti-
mation is precisely an effective non-parametric method for probability density
estimation based entirely on data itself. Therefore, this paper proposes a BPA
generation method based on KDE. First, training data is used to construct
KDE models with optimized bandwidth (hereinafter referred to as h). Kernel
density values for test data attributes are computed within these models, from
which Tri-D values are derived and BPAs are generated through nested alloca-
tion20. D-S combination of these BPAs yields the final decision, with validation
performed on UCI datasets.

1.1 D-S Evidence Theory
We first introduce the fundamental concepts of D-S evidence theory.

a) Frame of discernment.
Let Θ = {𝑐1, 𝑐2, ..., 𝑐𝑣} denote the frame of discernment, where the hypotheses
are exhaustive and mutually exclusive. The power set of Θ contains 2𝑣 subsets.

b) Basic probability assignment (BPA).
Let 𝑚 be a mapping from the power set 2Θ to [0, 1] satisfying Eq. (1). Then
𝑚 is called a basic probability assignment (hereinafter referred to as BPA), also
known as a mass function or evidence. Subsets with non-zero 𝑚 values are called
focal elements. The 𝑚 value represents the degree of support for a subset, with
larger values indicating greater support.

c) Combination rule.
For two pieces of evidence, the D-S combination rule is given by Eq. (3), where
𝐵𝑖 and 𝐶𝑗 are focal elements and 𝑘 is the conflict coefficient.

1.2 Pignistic Probability21

After D-S combination of BPAs, the hypothesis with maximum Pignistic prob-
ability is taken as the final result, calculated using Eq. (4), where |𝑋| denotes
the cardinality of set 𝑋.

Having introduced the fundamentals of D-S evidence theory, we briefly explain
its relationship to this work. Our objective is to transform data with different
features into BPAs of the form 𝑚(𝐴) = 0.3, 𝑚(𝐵) = 0.6, 𝑚(𝐶) = 0.1 that
satisfy Eq. (1), where 𝐴, 𝐵, 𝐶 are hypotheses in Θ (i.e., possible classes or
labels). These BPAs are then combined using Eqs. (3) and (4) to obtain a final
BPA. Thus, BPA generation is an indispensable step in D-S applications.
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1.3 Kernel Density Estimation (KDE)
Methods for estimating the distribution density of a given sample set include
parametric and non-parametric estimation. Kernel density estimation (also
known as the Parzen window method) belongs to the latter category. Unlike
parametric estimation, which requires the often-inaccurate assumption that data
follows specific distributions across possible classes, KDE—proposed by Rosen-
blatt22 and Parzen23—studies data distribution characteristics from the data
itself and has received significant attention in statistics and various application
fields.

For independent and identically distributed random variables 𝑥1, 𝑥2, ..., 𝑥𝑛, the
kernel density estimate of the true probability density function 𝑓(𝑥) is expressed
as:

̂𝑓(𝑥) = 1
𝑛ℎ

𝑛
∑
𝑖=1

𝐾 (𝑥 − 𝑥𝑖
ℎ )

where 𝐾(⋅) is the kernel function and ℎ is a predetermined positive number
called the bandwidth or smoothing parameter. For convenience, we denote
𝐾ℎ(⋅) = 1

ℎ 𝐾(⋅/ℎ).

As shown in Eq. (6), the density estimate ̂𝑓 depends not only on the given
sample set but also on the choice of kernel function and bandwidth parameter.
Common kernel functions include Gaussian, triangular, uniform, and Epanech-
nikov kernels, which we will not elaborate on here. This work focuses primarily
on the bandwidth parameter ℎ, whose value determines the smoothness of the
density curve. [Figure 1: see original paper] shows KDE curves for normally
distributed random data under different ℎ values.

As illustrated in [Figure 1: see original paper], when ℎ is too small, the curve
becomes overly steep and fluctuating, exhibiting overfitting. As ℎ increases,
the curve gradually smooths. When ℎ reaches 2, the curve becomes excessively
smooth, masking data characteristics. In summary, selecting an appropriate ℎ
is crucial. This paper employs an optimization method to select ℎ, detailed in
Section 2.1.

2 BPA Generation Method Based on Kernel Density Esti-
mation
The fundamental requirement for BPA generation is to satisfy subsequent com-
bination processes while extracting and utilizing as much data information as
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possible. Different attributes reflect data characteristics from different perspec-
tives; therefore, this work uses attributes as the basic unit for bandwidth opti-
mization and KDE attribute model construction. Subsequent BPA allocation
is also based on attribute models (note: the 𝑣 KDE sub-curves for 𝑣 classes
obtained under a one-dimensional attribute are collectively referred to as an
attribute model).

We now introduce our method under the following assumptions: there are
𝑣 possible hypotheses or final classes, i.e., the frame of discernment is Θ =
{𝑐1, 𝑐2, ..., 𝑐𝑣}. The dataset contains 𝑛 data instances, each with 𝑝 attributes,
and 𝑥𝑡 denotes a test instance.

2.1 Attribute KDE Model with Optimized Bandwidth

Existing bandwidth optimization methods are primarily based on minimizing
the mean integrated squared error (MISE)24, defined as:

MISE(ℎ) = 𝐸 [∫( ̂𝑓(𝑥) − 𝑓(𝑥))2𝑑𝑥] = ∫ [𝐸 ̂𝑓(𝑥) − 𝑓(𝑥)]
2

𝑑𝑥 + ∫ Var( ̂𝑓(𝑥))𝑑𝑥

The first term after decomposition represents the bias between the expected
and true values, while the second term represents the variance of the estimate.
Solving the above equation yields expressions for bias and variance. Through
derivation and minimization, the optimal bandwidth ℎ is obtained as (detailed
derivation in reference [24]):

ℎ𝑜𝑝𝑡 = 1.0593𝜎̂𝑛−1/5

where 𝜎̂ and 𝑛 represent the sample standard deviation and size, respectively.
Using Eq. (7), we can compute the optimal bandwidth ℎ𝑖𝑗 for attribute 𝑗
corresponding to class 𝑖 in the training data, ultimately obtaining an optimized
bandwidth matrix 𝐻∗ of size 𝑝 × 𝑣.

The training data is used to construct attribute KDE models as follows: training
data for attribute 𝑗 is partitioned by different classes. The optimal bandwidths
ℎ for different classes under different attributes have been calculated in 𝐻∗.
Kernel density estimation is performed using Eq. (6), resulting in 𝑣 sub-KDE
models under each one-dimensional attribute.

2.2 Density-Distance-Distribution Value (Tri-D)

With the KDE attribute models for training data constructed, density values
for test data attributes can be obtained. While larger density values for a test
instance under a particular class indicate higher likelihood of belonging to that
class, relying solely on density values for classification can lead to errors when
inter-class distances are small or density differences are subtle.
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Consider 10 data points randomly generated in interval [4,5] as class A and 4
points in [5.2,5.6] as class B. Their KDE curves are shown in [Figure 2: see
original paper]. The figure reveals substantial overlap between classes A and B
along the x-axis. As the inter-class distance decreases (moving curve A right-
ward or curve B leftward), the overlap increases, making density values alone
insufficient for correct classification.

In traditional classification and clustering algorithms, KNN uses distance to
select k-nearest neighbors, and K-means uses distance between instances and
centroids for clustering, demonstrating that distance is a crucial factor for class
determination. Moreover, distance distributions among points within the same
class should exhibit higher similarity. Therefore, combining density, distance,
and distribution characteristics, we propose the Tri-D value concept.

For test instance 𝑥𝑡, the Tri-D value for attribute 𝑗 regarding class 𝑖 in the
corresponding attribute model is defined as:

Tri-D𝑡
𝑖𝑗 = 𝑓𝑖𝑗(𝑥𝑗

𝑡) ⋅ 1
|𝑑𝑡

𝑖𝑗 − ̄𝑑𝑖𝑗|

where 𝑓𝑖𝑗(𝑥𝑗
𝑡) represents the density value of test instance 𝑥𝑡’s attribute 𝑗 on the

class 𝑖 curve; 𝑑𝑡
𝑖𝑗 denotes the distance from 𝑥𝑡’s attribute 𝑗 value to the centroid

of class 𝑖 data for attribute 𝑗 in the training set; and ̄𝑑𝑖𝑗 represents the mean
distance between any two points in class 𝑖 data for attribute 𝑗 of the training
data. The centroid matrix is obtained via the K-means++ algorithm25.

Analysis of this definition reveals: First, a larger 𝑓𝑖𝑗(𝑥𝑗
𝑡) value indicates higher

likelihood that 𝑥𝑡 belongs to class 𝑖 under attribute 𝑗. Second, the second com-
ponent comprises two distances: the distance from the test point to the training
class centroid, and the average distance between any two points in training
class 𝑖. Comparing these two distances incorporates distribution characteristics
—if they are similar (i.e., |𝑑𝑡

𝑖𝑗 − ̄𝑑𝑖𝑗| is small), we consider 𝑥𝑡 to have a distance
distribution similar to that class. Therefore, larger Tri-D values indicate higher
likelihood of 𝑥𝑡 belonging to class 𝑖 under attribute 𝑗, and vice versa.

2.3 Basic Probability Assignment Generation

Each attribute 𝑗 of test instance 𝑥𝑡 yields 𝑣 Tri-D values, resulting in a 𝑝×𝑣 Tri-
D value matrix. Using attribute 𝑗 of 𝑥𝑡 as an example, we explain our nested
allocation method20: attribute 𝑗 produces a vector Tri-D𝑡

𝑗 of 𝑣 Tri-D values,
with class vector 𝐶𝑑 = {𝑐1, 𝑐2, ..., 𝑐𝑣}. Sorting Tri-D𝑡

𝑗 in descending order yields
Tri-D𝑡′

𝑗 , with corresponding sorted class vector 𝐶′
𝑑. The allocation is performed

as:
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𝑚({𝐶′
𝑑[1]}) = 1 − Tri-D𝑡′

𝑗 [1]
𝑚({𝐶′

𝑑[1], 𝐶′
𝑑[2]}) = Tri-D𝑡′

𝑗 [1] − Tri-D𝑡′

𝑗 [2]
⋮

𝑚({𝐶′
𝑑[1], 𝐶′

𝑑[2], ..., 𝐶′
𝑑[𝑣]}) = Tri-D𝑡′

𝑗 [𝑣]

This allocation method simultaneously yields both singleton and compound BPA
focal elements. To satisfy Eq. (1), normalization is applied to obtain the final
BPA. Consequently, each attribute of 𝑥𝑡 produces one BPA, resulting in 𝑝 BPAs
from 𝑝 attributes, which are then combined to obtain the final BPA.

2.4 Algorithm Procedure

The algorithm flow is illustrated in [Figure 3: see original paper]. Details are as
follows: Data is split into training data for learning and model construction, and
test data for method evaluation. First, the KDE model is built from training
data, treating each attribute as an information source. For each attribute 𝑗
and class 𝑖, the optimal bandwidth ℎ∗

𝑖𝑗 is computed using Eq. (7), yielding the
optimal bandwidth matrix 𝐻∗. Kernel density estimation is performed for each
class’s data under each attribute using the corresponding optimized bandwidth
(Gaussian kernel is used in this work, see Section 4.2), constructing the KDE
model for attribute 𝑗.

For test data: Tri-D values are computed using Eq. (8) based on the trained
attribute models, yielding a value matrix for each test instance 𝑥𝑡. Allocation
using Eq. (9) produces 𝑝 BPAs, which are combined via D-S combination to
obtain the final BPA. The hypothesis with maximum Pignistic probability is
taken as the final result.

3 Experiments and Results Analysis
This section presents three groups of experiments on UCI datasets: Section
3.1 illustrates the experimental procedure using the Iris dataset; Section 3.2
determines kernel function selection and demonstrates bandwidth optimization
effectiveness; Section 3.3 validates the proposed method through classification
accuracy on UCI datasets.

[Figure 3: see original paper] shows the algorithm flow of the proposed method.

3.1 Experimental Example Using Iris Dataset

This section demonstrates the algorithm flow through classification of a test
instance from Iris. The Iris dataset is a benchmark classification dataset with
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three classes: Setosa (S), Versicolor (C), and Virginica (V). Each instance com-
prises four attributes: SL, SW, PL, PW, with 50 examples per class (150 total).
This example uses 80% training data. A test sample with true label C has
attribute values: SL=6.1cm, SW=2.9cm, PL=4.7cm, PW=1.4cm.

First, attribute KDE models are constructed from training data: optimal band-
widths for each attribute and class are computed using Eq. (7), as shown in
. [Figure 4: see original paper]–[Figure 7: see original paper] display the KDE
models and class-specific curves for each attribute. Second, Tri-D values are
computed: K-means++25 clustering yields class centroids for each attribute (),
and the Tri-D matrix is calculated (). Third, BPAs are generated: the nested
allocation method produces four BPAs corresponding to the four attributes ().
Conflict coefficients between any two BPAs are computed using Eq. (3), yield-
ing 𝑘12 = 𝑘13 = 𝑘14 = 𝑘23 = 𝑘24 = 𝑘34 = 0, indicating no conflict. Finally, D-S
combination produces the final BPA: 𝑚(𝑆) = 𝑚(𝑉 ) = 0, 𝑚(𝐶) = 1, correctly
classifying the test instance as class C.

3.2 Experiments on Kernel Function and Bandwidth Selection

KDE involves two critical factors—bandwidth ℎ and kernel function—both af-
fecting results. This section compares 5-fold cross-validation accuracy on UCI
datasets under varying configurations.

First, accuracy comparisons using different kernel functions are shown in [Figure
8: see original paper]. Overall, the Gaussian kernel performs best. Examining
individual datasets, performance is comparable across kernels for Iris, Heart,
and Australian, with slight differences for Zoo and Sonar.

Second, under Gaussian kernel, [Figure 9: see original paper] demonstrates
the impact of different bandwidths. Accuracy using optimized bandwidth sig-
nificantly exceeds that using default bandwidth, as optimized bandwidths are
specifically derived from data characteristics of different attributes and classes,
more accurately reflecting data features and yielding higher accuracy.

3.3 Classification Experiments on UCI Datasets

This experiment validates the proposed method by comparing with seven well-
known classifiers and three other BPA generation methods. As shown in , the
selected UCI datasets vary in instance count, class count, attributes, and missing
values, providing comprehensive validation. 5-fold cross-validation results are
presented in .

Results demonstrate that the proposed method achieves superior classification
accuracy across diverse UCI datasets compared to common classifiers and other
BPA generation methods. While all BPA generation methods perform relatively
poorly on the Sonar dataset—likely due to many features causing fusion devia-
tion during BPA combination—the proposed method remains effective overall,
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confirming its capability to generate BPAs from data with different features for
D-S fusion.

4 Conclusion
BPA generation remains an open problem in D-S evidence theory applications.
This paper proposes a KDE-based BPA generation method: first constructing
optimized KDE attribute models from training data, then computing and allo-
cating Tri-D values to obtain test data BPAs, and finally deriving results through
D-S combination. The method offers advantages of low subjectivity and minimal
BPA conflict. Experimental results validate its effectiveness, though limitations
exist for high-dimensional datasets. Future work will consider improved fusion
methods to address this issue.
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