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Abstract
This study addresses the problem in trajectory detection where target geograph-
ical positions obtained by detectors typically constitute indistinguishable multi-
target scenarios within the same frame, necessitating the reconstruction of indi-
vidual trajectories and target discrimination from positional information. A
method employing deep reinforcement learning for target trajectory restora-
tion is proposed. Based on the physical characteristics of target trajectories,
a mathematical model is extracted, and a Trajectory Osculating Circle (TOC)
reward function is introduced by incorporating trajectory direction, curvature,
and other attributes, enabling deep reinforcement learning to effectively restore
multi-target trajectories and distinguish individual targets. First, the multi-
target trajectory restoration problem is described and modeled into a frame-
work processable by deep reinforcement learning; the TOC reward function is
then applied to conduct experiments on this problem; finally, the mathemati-
cal derivation and physical interpretation of the reward function are presented.
Experimental results demonstrate that the deep reinforcement network driven
by the TOC reward function can effectively restore target trajectories, aligning
with actual target trajectories in both heading and speed.
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Abstract: In trajectory detection, detectors typically receive multiple target
geographical locations within a single frame that cannot be distinguished from
one another, necessitating the reconstruction of individual trajectories and tar-
get identification. This paper proposes a deep reinforcement learning approach
for trajectory recovery. Based on the physical characteristics of target trajecto-
ries, we extract a mathematical model and introduce a Trajectory Osculating
Circle (TOC) reward function that incorporates trajectory direction and cur-
vature, enabling deep reinforcement learning to effectively recover multi-target
trajectories and distinguish between targets. We first formulate the multi-target
trajectory recovery problem and model it for deep reinforcement learning pro-
cessing. We then conduct experiments on multi-target trajectory recovery using
the TOC reward function. Finally, we provide mathematical derivation and
physical interpretation of this reward function. Experimental results demon-
strate that the deep reinforcement learning network driven by the TOC reward
function can effectively reconstruct target trajectories that align well with actual
trajectories in terms of heading and speed.

Keywords: deep reinforcement learning; sequential decision; Q-function; tra-
jectory osculating circle

0 Introduction
Reinforcement learning has demonstrated outstanding performance in decision-
making problems and attracted considerable attention. The theoretical foun-
dation of reinforcement learning was proposed in [?], which simulates how or-
ganisms automatically adjust their actions based on environmental influences
to optimally adapt. Mnih et al. [?] successfully learned control policies from
high-dimensional input using deep learning models via reinforcement learning,
achieving success in Atari games. To simulate environmental adaptability, two
key problems must be addressed: (a) extracting effective environmental infor-
mation from high-dimensional inputs, such as identifying attack targets from
visual images in games; and (b) making effective decisions based on environ-
mental information to alter the environment toward favorable states and final
outcomes [?, ?]. Using Atari’s pixel information and game scores as input, rein-
forcement learning-trained decision-making can match the skills of professional
gamers. This demonstrates that for dynamic decision-making problems, opti-
mal final results do not necessarily require choosing the locally optimal action at
each step; instead, reinforcement learning can gradually learn decision-making
methods that optimize final outcomes through the learning process.

Before deep learning, reinforcement learning suffered from poor stability and
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was limited to low-dimensional input problems due to constraints in memory
complexity, computational complexity, machine learning algorithms, and sam-
pling complexity [?, ?]. Deep neural networks have more hidden layers and
hyperparameters than traditional neural networks [?], with activation functions
evolving from Sigmoid to ReLU [?]. The strong function approximation and
learning capabilities of deep neural networks provide powerful tools for rein-
forcement learning to solve high-dimensional complex problems. Reinforcement
learning combined with deep learning is known as deep reinforcement learning
(DRL) [?]. However, simple combination does not guarantee learning stability,
prompting a series of studies focused on stabilization. Current main approaches
include: (a) introducing replay mechanisms where agents periodically revisit
previously experienced games to strengthen learning of strategies for similar
environmental problems [?, ?], though this consumes significant memory for
storing historical game information; and (b) utilizing multiple parallel agents
with decoupled data to ensure environmental information stability for each agent
[?], while also leveraging GPU acceleration [?, ?] or adopting distributed deep
reinforcement learning architectures [?].

Deep reinforcement learning can handle more complex problems beyond the
reach of traditional reinforcement learning, with stability substantially improved
through increased memory space and parallel technology development. Using
deep neural networks to process high-dimensional visual information from Atari
games enables reinforcement learning to more stably address decision-making
problems in these games. AlphaGo’s success in defeating human players also
utilized deep reinforcement learning combined with classical search algorithms
[?]. Many other complex and difficult-to-operate games can be completed via
deep reinforcement learning, such as FlappyBird [?, ?] and TORCS [?]. These
experiments were conducted on the OpenAI Gym platform [?].

Target trajectory clustering problems [?] primarily aim to mine navigation tra-
jectories of various targets from massive trajectory data and cluster them based
on target attribute information, generally using target speed and distance infor-
mation to comprehensively determine the clustering results of points belonging
to each target. This problem can typically be addressed using clustering meth-
ods like K-means on spatial geographic location and identity information [?].
However, traditional clustering methods like K-means focus primarily on dis-
tance information during clustering [?], requiring more complex distance metric
functions to introduce other attributes or mapping input data to correspond-
ing high-dimensional spaces via kernel functions, though kernel function design
lacks intuitiveness. This paper uses reward function design in deep reinforce-
ment learning to intuitively introduce mathematical characteristics of geometric
properties of trajectories, resulting in a more intuitive and effective reward func-
tion that avoids the complex and non-intuitive design work of kernel functions
in clustering algorithms.

Deep reinforcement learning enables computers to effectively handle complex
decision-making games. Beyond gaming, trajectory recovery problems can also
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be solved via deep reinforcement learning. The trajectory recovery problem
addressed in this paper is as follows: detectors obtain geographical location
information of multiple targets at a certain frequency but cannot distinguish
between them. The goal is to draw trajectories for each target. Due to detector
limitations, missed detections and false alarms exist. This problem can be
characterized as a dynamic programming problem requiring decisions on how
to connect points at each moment. This paper employs deep reinforcement
learning to solve it.

1 Sequential Decision Problems and Reinforcement Learn-
ing
Reinforcement learning is a learning process that accumulates experience
through repeated environmental experiments to achieve intelligent decision-
making. Reinforcement learning involves an agent, environment, and reward,
with interactions between agent and environment completed through reward
mechanisms. At each time step, the environment is in some state. The agent
observes the environmental state and takes an action based on a certain policy.
This action affects the environment, causing it to transition to the next state.
The agent then obtains the new environmental state and a reward feedback for
its action from the changed environment. The selection of different policies for
environmental states at different times constitutes a typical sequential decision
problem. Mathematical descriptions between policies and environments require
state value functions and state-action value functions, while exploration and
exploitation are necessary during decision-making to obtain global optimal
solutions.

1.1 Sequential Decision-Making

Sequential decision-making refers to decisions made at each time point in chrono-
logical order based on environmental state conditions. Policies are formed from
decisions at each stage. During reinforcement learning, actions beneficial to
achieving goals are retained while detrimental actions are discarded based on
interactive data of rewarded environmental actions at each stage.

1.2 State Value Function

A policy is the basis for action selection. After adopting a certain policy, the
expected reward obtained is the state value function. The reinforcement learn-
ing process requires constructing an indicator function for each policy based on
previous experimental results, thereby gradually converging to the optimal pol-
icy according to this indicator. For example, the greedy policy selects the policy
that yields the maximum current state value at each decision step, though this
approach may not necessarily result in a globally optimal policy.
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1.3 State-Action Value Function

After taking a certain action, the corresponding reward value is the state-action
value function. This action is derived from the policy and determined by the
reward feedback from the environment under different actions in the current
state. Different policies lead to different actions in the same state. During opti-
mization, both state value functions and state-action value functions are needed
to guide agent learning toward better and ultimately optimal performance.

1.4 Exploration and Exploitation

Exploitation involves searching for optimal values within a specified region, but
this optimum may not be globally optimal. Therefore, exploration must be
introduced to develop unknown regions in hopes of finding the global optimum.
[Figure 1: see original paper] shows a function where we expect to find its
global minimum point within an interval. Assuming current exploitation is
limited to finding the minimum value at a certain point, the exploration process
can expand the search interval with a certain probability, thereby providing
opportunities to discover the global optimum.

Exploitation is the process of finding local optima within intervals, while ex-
ploration provides opportunities to escape local optima and find global optima.
Practical applications demonstrate that combining exploration and exploitation
can effectively locate global optima.

2 Multi-Target Trajectory Recovery Problem Modeling
[Figure 2: see original paper] illustrates the general reinforcement learning frame-
work. The agent needs to conduct a series of interactions with the environment.
At each moment, the environment is in some state. The agent selects a certain
action based on the current environmental state combined with its historical
behavioral criteria and policy. This action correspondingly affects the environ-
mental state, and the environment responds to the agent’s action by providing
the next state and a reward for the current action. This process repeats until
the environment no longer responds or changes, i.e., the task is completed.

Upon task completion, the agent further obtains a total score from the final out-
come. This total score differs from the reward value obtained after each action,
representing the overall evaluation based on task completion. This score corre-
sponds to completing one task and is therefore called the episodic score. The
agent’s task is to repeatedly complete multiple episodes to identify operations
that yield high episodic scores, hoping to achieve the highest possible score.

Reinforcement learning obtains strategies for responding to various environmen-
tal states and collects corresponding rewards through continuous trial and error,
ultimately achieving optimal performance.
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2.1 Multi-Target Trajectory Recovery Problem and Modeling Condi-
tion Analysis

Detectors obtain geographical locations of several target points at a certain
frequency. However, due to detector limitations, they cannot determine which
target each detected point corresponds to, while missed detections and false
alarms also exist. For example, detectors might capture information as shown
in [Figure 3: see original paper].

At each time moment, the detector locates target positions but cannot distin-
guish between targets from the detection results. For instance, the five detection
moments in [Figure 3: see original paper] show results where only four targets
were detected at one moment and six targets at another, corresponding to false
alarms and missed detections respectively. The multi-target trajectory detec-
tion problem involves integrating these detection results to obtain each target’
s trajectory, as shown in [Figure 4: see original paper].

In [Figure 4: see original paper], circled numbers represent various targets and
their corresponding trajectories. Arrows indicate reconstructed trajectory direc-
tions, solid circles at arrow tails denote target starting positions, hollow circles
indicate target termination positions, dashed hollow circles along arrow lines
represent positions where targets were detected during their path, gray circles
indicate detector false alarms, and gray dashed circles indicate missed detec-
tions. The multi-target trajectory recovery problem aims to reasonably judge
the overall trend of target trajectories, eliminate unreasonable false alarm points,
add reasonable missed detection points, and thereby reconstruct the true target
trajectories.

In practical scenarios, detector limitations mean only geographical location infor-
mation of multiple targets at each time point can be obtained, i.e., the detector
cannot provide which specific target each point in each frame corresponds to.
However, the targets of interest exhibit certain movement patterns rather than
purely random spatial motion. Target speeds remain relatively stable without
sudden fluctuations, and targets generally move along pre-planned trajectories
with minor adjustments rather than sharp turns. For the multi-target trajectory
recovery problem, the following assumptions are considered during modeling:

a) Regarding detector limitations, two main assumptions exist: (a) At each
detection time point (i.e., each frame), only geographical location informa-
tion of multiple targets is detected without inter-target distinguishability;
(b) Detected targets in each frame may contain false alarms or missed
detections, i.e., noise points exist within frames.

b) Regarding target movement regularity and rationality, three assumptions
are considered: (a) Target speed remains relatively stable without sudden
acceleration or deceleration in short periods; (b) Target trajectories are
relatively smooth without sharp turns; (c) Target trajectories exhibit pe-
riodic regular motion within a certain range, i.e., targets perform circuit
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tasks within specific regions.

Actual targets may not fully comply with these assumptions. On one hand, some
target speeds fluctuate. By adjusting the regularization coefficient of the corre-
sponding trajectory distance stability term in the subsequent reward function
design, the method can adapt to certain speed fluctuations. However, if speed
fluctuations are too large, errors in judging target distances based solely on ge-
ographical location information will increase accordingly. On the other hand, if
too many false alarm noise points exist in each frame of detection results, they
may be incorrectly considered as trajectories of other non-existent targets. This
performance can be controlled by reducing the regularization coefficient of the
target count term.

Further analysis of the speed stability assumption reveals that target speeds
do change in practice. In the scenarios considered in this paper, targets move
according to pre-planned trajectories without sharp acceleration or deceleration.
Therefore, this assumption corresponds to relatively stable target speeds, allow-
ing for minor changes but not drastic variations. The reward function term
designed for this assumption encourages reconstructed trajectories to maintain
speed stability, preventing target points with large distances between adjacent
frames from being assigned to the same target. Under this assumption, the
designed reward function allows target speeds to vary but minimizes drastic
changes, which aligns with actual target movement patterns. The goal is to
reconstruct target trajectories with speed variations within reasonable ranges
rather than dramatic fluctuations.

2.2 Environmental State

The currently detected target positions are regarded as the current system state,
denoted as 𝑠𝑡 at time 𝑡, with all states constituting the state space 𝑆.

As shown in [Figure 5: see original paper], each point 𝑠𝑖 represents the spatial
state of the system at different times. However, due to timing errors and limi-
tations in actual received data, the temporal sequence is unknown and requires
reasonable inference to select an appropriate trajectory point order.

2.3 Action

When the system is in environmental state 𝑠𝑡, the action space at time 𝑡 is
determined by the previous 𝑡−1 states, i.e., previously selected states no longer
participate in action selection. Therefore, the action 𝑎𝑡 at time 𝑡 serves as the tra-
jectory point at time 𝑡 in [Figure 6: see original paper], i.e., 𝑎𝑡 ∈ {𝑝𝑖|𝑖 = 1, 2, …},
meaning subsequent candidate points can only be selected from remaining un-
designated detection points.

At time 𝑡, assuming trajectory points have been selected for times 𝑡1 and 𝑡2, i.e.,
𝑠𝑡1

= 𝑝1 and 𝑠𝑡2
= 𝑝2, the action set becomes {𝑝3, 𝑝4, 𝑝5}.
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2.4 TOC Reward Function

Actual targets rarely change speed abruptly, while detection points for target
localization are obtained under fixed sampling rates. Therefore, under reason-
able trajectory conditions, distances between adjacent points should be similar.
Additionally, considering that target motion may not follow straight lines, direct
connections yield shorter distances than actual curved paths (the straight line
segment is the shortest connection between two points in a plane). Accordingly,
we define the reward obtained by taking action 𝑎𝑡 when the system is in state
𝑠𝑡 at time 𝑡 as:

reward𝑡(𝑠𝑡, 𝑎𝑡) = −Var({𝑑(𝑠𝑖, 𝑠𝑖+1)|𝑖 = 1, 2, … , 𝑡 − 1} ∪ {𝑑(𝑠𝑡, 𝑎𝑡)})

where Var denotes sample variance and 𝑑(⋅, ⋅) represents the distance between
two points, also simply denoted as 𝑑𝑖,𝑖+1. This term is called the trajectory
distance stability term.

Furthermore, if targets exhibit phased regular patterns—for example, moving
along certain curved trajectories for some time before switching to another reg-
ular curve—the reward may not need to consider variance across all previous
states but only within certain time windows. Thus, we define the reward func-
tion considering the previous 𝑛 states as:

reward𝑡(𝑠𝑡, 𝑎𝑡) = −Var({𝑑(𝑠𝑖, 𝑠𝑖+1)|𝑖 = 𝑡 − 𝑛, … , 𝑡 − 1} ∪ {𝑑(𝑠𝑡, 𝑎𝑡)})

When 𝑛 = 𝑡, this corresponds to considering all states.

Additionally, since targets rarely exhibit sharp turns, selecting actions that re-
sult in appropriate distances but sharp turns should receive negative rewards.
We characterize this using curvature, preferring trajectories with minimal curva-
ture. The corresponding reward function adds a curvature regularization term:

curv𝑡(𝑠𝑡−2, 𝑠𝑡−1, 𝑠𝑡, 𝑎𝑡) = 4
𝑑(𝑠𝑡−2, 𝑠𝑡−1) + 𝑑(𝑠𝑡−1, 𝑠𝑡) + 𝑑(𝑠𝑡, 𝑎𝑡)

This expression estimates target trajectory curvature using three adjacent sam-
pling points. It can be proven that when sampling intervals are sufficiently
small and three sampling points are sufficiently close, this estimate approaches
the true curvature of the target’s motion trajectory, consistent with the defini-
tion of the osculating circle in particle kinematics. The solution and explanation
of this expression are provided in the appendix.

Finally, considering that targets often move along relatively regular curves, the
curvature change rate should not be excessive. The incentive function requires
an additional regularization term using variance of historical curvature. Similar
to the trajectory distance stability term, considering variance of curvature over
the previous 𝑛 states yields the curvature stability term:

chinarxiv.org/items/chinaxiv-201905.00021 Machine Translation

https://chinarxiv.org/items/chinaxiv-201905.00021


curvstable𝑡 = Var({curv𝑖|𝑖 = 𝑡 − 𝑛, … , 𝑡})

Combining these factors based on actual target trajectory characteristics, the
reward function corresponding to taking action 𝑎𝑡 when the system is in state
𝑠𝑡 at time 𝑡 is:

𝑟𝑡(𝑠𝑡, 𝑎𝑡) = reward𝑡(𝑠𝑡, 𝑎𝑡) − 𝜆1 ⋅ curv𝑡 − 𝜆2 ⋅ curvstable𝑡

where 𝑛 represents the state order and 𝜆1, 𝜆2 are regularization coefficients.
When considering multiple targets, we further introduce the number of targets
as an additional regularization term to correct the reward function. Adding
a target count term to the above expression yields the Trajectory Osculating
Circle (TOC) reward function proposed in this paper.

2.5 Q-Function

The reward function only provides the reward feedback from the environment
after the agent takes the current action. What the agent needs to learn is not
maximizing the immediate environmental reward but achieving optimal final
results through sequential decision-making. Therefore, the agent’s strategy is
to select actions that maximize future rewards given a specific state 𝑠𝑡. The
future reward under specific state 𝑠𝑡 and action 𝑎𝑡 is called the Q-function,
expressed as 𝑄(𝑠𝑡, 𝑎𝑡). The agent’s task at time 𝑡 is to find the action 𝑎𝑡 that
maximizes 𝑄(𝑠𝑡, 𝑎𝑡).
However, in practical problems, the Q-function is difficult to express explicitly,
and identical Q-functions may not exist for every state-action pair. Therefore,
iterative methods are needed to gradually update the Q-function:

𝑄𝑘+1(𝑠𝑡, 𝑎𝑡) = 𝑄𝑘(𝑠𝑡, 𝑎𝑡) + 𝛼[𝑟𝑡 + 𝛾 max
𝑎′

𝑄𝑘(𝑠𝑡+1, 𝑎′) − 𝑄𝑘(𝑠𝑡, 𝑎𝑡)]

where 𝛼 represents the learning rate and 𝛾 represents the discount factor. In
deep reinforcement learning, this Q-function is represented by a deep learning
network called a Deep Q-Network (DQN) [?], with system state 𝑠𝑡 as input and
Q-values for each action as output. Additionally, deep reinforcement learning
defines a memory buffer that stores information about the current state, reward,
action, next transitioned state, and whether the state is terminal at specific
moments. Fixed-size memory segments are periodically and randomly selected
from this buffer for batch training of the Q-function’s deep neural network.
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3 Algorithm Flow
The overall algorithm flow is shown in [Figure 7: see original paper], primarily
comprising three processes: environment recognition, DQN, and action execu-
tion. First, a Convolutional Neural Network (CNN) performs state recognition
and corresponding reward function calculation for the environment. The rec-
ognized state is fed into a DQN trained on Q-values calculated via the reward
function to obtain Q-values for different actions in the current state, and the
action maximizing the Q-value is executed in the environment.

3.1 Environment Recognition

For deep reinforcement learning inputs, this problem primarily involves target
conditions after obtaining geographical location information. Considering that
an image should possess translation and rotation invariance—meaning the selec-
tion of coordinate origin and orthogonal directions in the target plane should not
affect trajectory discrimination—we adopt CNN for recognition. Environment
recognition uses CNN, placing target positions at each sampling moment into a
grid network of specified dimensions, using integer coordinates to represent each
sampling point’s location. The presence of target points in grids along with each
target’s speed and bearing information serves as CNN input, while the target’s
state is used as sample labels for CNN training. The resulting network can serve
as the agent’s visual module, providing the agent with current environmental
state information 𝑠𝑡 and corresponding reward 𝑟𝑡 after taking certain actions.
On the other hand, since the functional form of the environment’s reward was
designed in the previous section, we can directly construct the corresponding
neural network for this function without training a reward-generating network
from the environment.

The CNN identifies target positions in the current frame’s image data. Unlike
complex object detection problems where targets have intricate geometric struc-
tures, each frame’s data consists of detected data points. Therefore, we only
need to grid the input frame and output whether target points exist in each grid.
The CNN input is the gridded frame image with outputs equal to the number
of grids, each indicating target presence in the corresponding grid.

3.2 DQN

The environmental state includes position information connected to the cur-
rent target trajectory, as well as speed and bearing information, forming a
multi-dimensional vector 𝑠𝑡 = [𝑠𝑡1, 𝑠𝑡2, … , 𝑠𝑡𝑘]𝑇 . Thus, the system state is 𝑘-
dimensional, serving as DQN input with corresponding 𝑘-dimensional input
layer. The DQN’s purpose is to provide Q-function values for different actions
based on the environmental state. Therefore, we need to recursively calculate
Q-function values for each action under each state through rewards to train the
DQN, and access these data via a sample replay buffer for DQN training when
needed. The DQN network outputs Q-function values for each action in the
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current state, i.e., 𝑄(𝑠𝑡) = {𝑄(𝑠𝑡, 𝑎1), 𝑄(𝑠𝑡, 𝑎2), … , 𝑄(𝑠𝑡, 𝑎𝑙)}. Here, the action
set corresponds to the number of obtained target trajectory points 𝑙, making
the DQN output dimension 𝑙.

3.3 Action Execution

After calculating Q-function values for each action based on the current envi-
ronmental state, we must decide which action to execute in the environment.
The Q-function value represents an estimate of the current action considering
multi-step reward feedback, so we simply select the action corresponding to
the maximum Q-value to apply to the environment. The executed action is
𝑎𝑡 = arg max𝑎 𝑄(𝑠𝑡, 𝑎). After the environment changes accordingly, the envi-
ronment recognition CNN further learns the changed environmental state and
corresponding reward, repeating this cycle until all target point trajectory in-
formation is identified.

4 Experimental Analysis
We conducted experiments on the OpenAI Gym platform, which conveniently
enables deep reinforcement learning environment construction and DQN im-
plementation. To demonstrate the effectiveness of the proposed TOC reward
function, we experimentally evaluated the impact of each term in the TOC re-
ward function on learning results using simulated trajectory data, and presented
trajectory recovery results on real datasets.

4.1 Experimental Setup

When constructing the environment with OpenAI Gym, the environmental state
consists of target geographical locations detected by the detector, with actions
also being various positions. During reward function calculation, if the selected
action is already a trajectory point, the policy reward is 0; otherwise, the reward
value is calculated using the TOC reward function combined with points already
assigned to the trajectory.

The TOC reward function contains three regularization terms corresponding to
curvature magnitude, curvature stability, and target count. To demonstrate
the TOC function’s impact on deep reinforcement learning for multi-target
trajectory mining, we also treat the trajectory distance stability term as a reg-
ularization term in experiments. When adjusting one regularization coefficient,
all others are set to 1. The true target trajectories used in experiments are shown
in [Figure 8: see original paper], with latitude and longitude as horizontal and
vertical coordinates respectively.

[Figure 8: see original paper] shows four targets distinguished by four colors
and shapes, where targets 1 and 2 perform linear motion while targets 3 and
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4 perform circular motion. Each point on the trajectories represents the accu-
rate geographical location at different times. In reality, detector measurements
contain loss, false alarms, and missed detections. Here, random noise is added
as Gaussian noise with mean 0 and variance 0.01, while false alarm and missed
detection rates are both set at 5%, as shown in [Figure 9: see original paper].

The trajectories in [Figure 9: see original paper] represent simulated data after
noise addition, with missed detection points marked by crosses and false alarm
points marked by X symbols. Since missed detection points do not exist in
experimental data, they can be ignored. For completeness in trajectory recovery
experiments, we first consider both false alarm and missed detection points, with
results presented below.

4.2 Trajectory Distance Stability Term

[Figure 10: see original paper] shows recovery effects with regularization coeffi-
cients of 0.1 and 10 for the trajectory distance stability term. As the proportion
of the trajectory distance stability term in the reward function increases, the
reconstructed target trajectories increasingly tend toward equal distances be-
tween adjacent detection points for each target, potentially causing errors in
target count estimation when this regularization coefficient becomes too large.

4.3 Curvature Term

[Figure 11: see original paper] shows recovery effects with and without the
curvature term, and with increasing curvature regularization coefficients. The
curvature term describes trajectory curvature, as normal targets rarely exhibit
sharp turns. Larger regularization coefficients indicate stronger control toward
straight-line trajectories. Results show that as the curvature term increases, tar-
get trajectories become progressively straighter, often sacrificing accurate target
count estimation. In the right figure, most target trajectories are reconstructed
as straight lines.

Testing the proposed TOC reward function with comprehensive consideration
of trajectory distance stability, curvature, curvature stability, and target count
terms yields deep reinforcement learning results shown in [Figure 14: see original
paper].

4.4 Curvature Stability Term

[Figure 12: see original paper] shows recovery effects with and without the curva-
ture stability term, and with increasing curvature stability regularization coeffi-
cients. The curvature stability term describes phenomena when targets perform
circular motion—though curvature exists everywhere, it remains constant for
circular motion. This provides good descriptive capability for regularly moving
targets. Experimental results show that as this coefficient increases, target tra-
jectories are increasingly identified as circular motion (since circular curvature
is stable), often sacrificing accurate target count estimation.
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4.5 Target Count Term

[Figure 13: see original paper] shows recovery effects with and without the target
count term, and with increasing target count regularization coefficients. Target
count can be provided when known or automatically learned via deep reinforce-
ment learning, though this term’s regularization coefficient requires careful
tuning. If the target count is known, this term should be avoided. Results show
that as this coefficient increases, target trajectories tend to be connected as a
single target’s trajectory, i.e., the method expects fewer targets and mixes all
targets into one trajectory.

4.6 Comparative Analysis with Existing Trajectory Clustering Algo-
rithms

This section uses real target geographical location datasets to compare the pro-
posed TOC reward function method with trajectory clustering algorithms. Tra-
jectory clustering methods using spatial information rely primarily on spatial
distance for clustering, exhibiting obvious spatial limitations—mainly consider-
ing trajectory points within certain Euclidean distances. In contrast, the deep
reinforcement learning network based on the TOC reward function comprehen-
sively considers multiple indicators including trajectory distance, curvature, and
target count.

Furthermore, we compare target count determination performance with existing
trajectory clustering algorithms. Automatic target count selection in trajectory
clustering algorithms can be achieved by calculating clustering results under
different target counts, as shown in [Figure 16: see original paper]. The figure
shows that as target count increases, each target point is clustered into more cat-
egories, reducing clustering error within each category. Generally, the inflection
point is selected as the ideal category number, yielding a target count of 2 from
this algorithm. In contrast, the TOC reward function with deep reinforcement
learning accurately reconstructs 3 targets matching the actual count.

5 Conclusion
In practical applications, detectors often can only obtain target geographical
locations, requiring target distinction and trajectory reconstruction. This pa-
per constructs a mathematical model based on the physical meaning of target
trajectories and proposes the TOC reward function with mathematical proof.
Through comparative experiments on simulated data evaluating each TOC re-
ward function component and real-data experiments, we demonstrate the TOC
reward function’s effectiveness in measuring trajectory distance stability, cur-
vature, curvature stability, and target count. Experiments show that adjusting
coefficients for trajectory distance stability, curvature, curvature stability, and
target count terms can effectively control deep reinforcement learning perfor-
mance to reconstruct trajectories matching actual target behavior.
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Remaining issues include: (a) The TOC function exhibits training instability
when guiding deep reinforcement learning for trajectory recovery, sometimes
failing to converge to ideal results; (b) Additional physical information about
actual target trajectories should be considered to add more regularization terms
to the TOC function for identifying the most realistic trajectory among multiple
reasonable reconstructions. Due to detector limitations, this paper focuses on
scenarios where only geographical location information is known, introducing
other prior information such as speed and trajectory features for recovery. The
proposed TOC reward function primarily targets spatial geographical informa-
tion. Incorporating more physical information would yield more accurate and
reasonable trajectory reconstruction.

Currently, additional physical information that could be considered includes:
(a) Heading information, which depends on detection methods and is obtain-
able through many detection approaches, allowing comprehensive consideration
and design of heading parameter regularization terms to be added to the TOC
reward function; (b) Target type information, which requires other detection
methods. If target types are known, they can further distinguish targets within
the same frame, enabling reasonable association of known-type target trajecto-
ries and improving reconstruction accuracy. In practical problems where phys-
ical information such as target type can accurately distinguish targets, this
information can be used to pre-identify distinguishable targets, after which the
proposed method can process remaining indistinguishable targets to achieve bet-
ter trajectory reconstruction results.
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Appendix: Derivation of Curvature Stability Term in TOC
Reward Function
For a smooth curve, curvature is defined as 𝐾 = 𝑑𝜙

𝑑𝑠 , where 𝑑𝑠 is the arc length
differential and 𝑑𝜙 is the tangential angle differential. When the curve is ex-
pressed in Cartesian coordinates as 𝑦 = 𝑦(𝑥), curvature can be expressed as
𝐾 = 𝑦″

(1+𝑦′2)3/2 , yielding the curvature radius 𝑅 = 1
𝐾 .

In our problem, we can only obtain discrete points on the curve at relatively
large intervals. We can approximate curvature using the circumradius of three
points on the curve. We first present the method for calculating the circumradius
given three points, then clarify its relationship with the curvature radius in the
limit.

As shown in [Figure 17: see original paper], for three given points, assume point
𝐴 is the previously taken strategy 𝑠𝑡−2, point 𝐵 is the current system state 𝑠𝑡−1,
and point 𝐶 is the taken action 𝑎𝑡. The corresponding circumradius 𝑅 satisfies
the law of sines:

𝑎
sin 𝐴 = 𝑏

sin 𝐵 = 𝑐
sin 𝐶 = 2𝑅

where 𝑎 = 𝑑(𝑠𝑡−2, 𝑠𝑡−1), 𝑏 = 𝑑(𝑠𝑡−1, 𝑎𝑡), and 𝑐 = 𝑑(𝑠𝑡−2, 𝑎𝑡). The circumradius
formula is:

𝑅 = 𝑎𝑏𝑐
√(𝑎 + 𝑏 + 𝑐)(−𝑎 + 𝑏 + 𝑐)(𝑎 − 𝑏 + 𝑐)(𝑎 + 𝑏 − 𝑐)

In the limit state where Δ1, Δ2 → 0, this approximation converges to the true
curvature radius. This conclusion aligns with particle kinematics, where the
osculating circle of a particle’s trajectory is defined as the limit of the circum-
circle.

Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv —Machine translation. Verify with original.
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