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Abstract
In practical communication environments, the complexity of the propagation
environment leads to a large number of coherent signals in space, resulting in
rank deficiency of the source covariance matrix. To restore the matrix rank
to equal the number of signal sources and solve the coherent source Direction
of Arrival (DOA) estimation problem, a hybrid MUSIC algorithm is proposed.
The algorithm preprocesses the antenna array through forward-backward spatial
smoothing techniques, and applies the obtained new covariance vector matrix
to an improved IMUSIC algorithm for signal data processing and analysis, yield-
ing DOA angle estimates of coherent signals. Simulation results demonstrate
that under conditions of low signal-to-noise ratio, small signal separation, and
the presence of correlated signals, the hybrid MUSIC algorithm can accurately
estimate the source DOA, thereby validating the algorithm’s high resolution
and high performance.
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Abstract: In practical communication environments, the complexity of propa-
gation leads to numerous coherent signals in space, causing rank deficiency in
the source covariance matrix. To restore the matrix rank to equal the number
of signal sources and solve the direction-of-arrival (DOA) estimation problem
for coherent sources, this paper proposes a hybrid MUSIC algorithm. The algo-
rithm preprocesses the antenna array using forward-backward spatial smooth-
ing techniques and applies the resulting new covariance vector matrix to an
improved IMUSIC algorithm for signal data processing and analysis, yielding
DOA angle estimates for coherent signals. Simulation results demonstrate that
the hybrid MUSIC algorithm can accurately estimate source DOA under low
SNR conditions with small signal separation and correlated signals, verifying its
high resolution and superior performance.

Keywords: coherent signal; multiple signal classification; spatial smoothing;
direction of arrival estimation

0 Introduction
Direction-of-arrival (DOA) estimation of spatial signals is a critical problem in
array signal processing, widely applied in radar, sonar, and wireless communica-
tions for target localization, tracking, and spatial filtering. Under the research
efforts of numerous scholars, various DOA estimation algorithms have been pro-
posed. Reference [1] first introduced the Multiple Signal Classification (MUSIC)
algorithm, which constructs a spatial spectrum function based on the orthogo-
nality between signal direction vectors and the noise subspace, performing DOA
estimation through spectral peak searching. The MUSIC algorithm offers high
resolution, estimation accuracy, and stability under specific conditions, and is
applicable to various array configurations. Subsequent evolutions include eigen-
space-based DOA estimation algorithms, modified MUSIC, improved MUSIC,
Root-MUSIC, and weighted MUSIC algorithms.

Reference [2] proposed a modified MUSIC algorithm that essentially takes the
subarray count as 1 in forward-backward spatial smoothing, making the sub-
array length equal to the number of array elements. This approach does not
reduce array aperture and maintains high resolution even at low SNR. Refer-
ences [3–5] presented a Root-MUSIC algorithm based on eigen-decomposition,
which converts the spatial spectrum peak search into a polynomial solving pro-
cess, offering high direction-finding accuracy and superior performance with
small sample sizes. Reference [6] proposed an improved MUSIC algorithm that
preprocesses the signal covariance matrix to ensure orthogonality between the
noise and signal subspaces obtained from decomposition, thereby reducing noise
interference. Reference [7] derived a weighted MUSIC (w-MUSIC) algorithm
using maximum likelihood methods, obtaining the overall spatial spectrum by
combining weighted MUSIC spectra from subarrays. Reference [8] proposed an
eigen-space-based DOA estimation algorithm that combines spatial smoothing
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techniques to quickly obtain the signal subspace from a submatrix of the array
covariance matrix without requiring eigenvalue or singular value decomposition,
reducing computational complexity and improving DOA estimation efficiency.

Coherent signals cause rank deficiency in the source covariance matrix, ren-
dering conventional signal subspace algorithms ineffective for DOA estimation.
Current solutions primarily focus on effectively restoring the rank of the signal
covariance matrix or reconstructing a matrix whose rank equals the number of
signal sources. The spatial smoothing algorithm was first proposed by Evans et
al. [9,10], with the core principle of dividing a uniform linear array into several
overlapping subarrays with identical array manifolds. The covariance matrices
of these subarrays can be averaged to achieve decoherence. References [11–
13] improved spatial smoothing algorithms for effective preprocessing of coher-
ent sources. Reference [11] used multiple cyclic correlations (MCC) combined
with in-phase spatial smoothing for DOA estimation, achieving highest accuracy
with two cyclic correlation matrices and corresponding cyclic backward matrices
(2MCC-CB), enhancing DOA estimation performance. Reference [12] proposed
the forward-backward spatial smoothing (FBSS) algorithm, which forms back-
ward spatial smoothing by conjugate reversal of forward smoothing subarrays
and combines them. Spatial smoothing techniques and their improvements of-
fer ideal performance for coherent source DOA estimation with low computa-
tional complexity, but at the cost of reduced effective array elements and aper-
ture loss, with poor performance at low SNR. References [14–15] proposed an
improved forward/backward spatial smoothing Root-MUSIC algorithm that re-
duces computational complexity by utilizing eigenvalue decomposition (EVD) of
real-valued covariance matrices. Reference [16] proposed an improved weighted
spatial smoothing (IWSS) technique for coherent source DOA estimation, ob-
taining weight matrices through nested spatial smoothing algorithms to achieve
high resolution and estimation performance without prior information or prelim-
inary angle estimates. Reference [17] proposed a real-valued MUSIC algorithm
using FB techniques, converting the direction-finding process to the real domain
to significantly reduce computation. Reference [18] proposed the I-MMUSIC
algorithm combining forward-backward spatial smoothing with MMUSIC for
automotive collision avoidance radar.

Based on the above analysis, this paper proposes a hybrid MUSIC algorithm
building upon classical MUSIC and existing decoherence algorithms. The algo-
rithm integrates forward-backward spatial smoothing with improved IMUSIC,
and MATLAB simulations compare it with forward-backward spatial smooth-
ing, improved IMUSIC, and conventional MUSIC algorithms. Simulation results
demonstrate that the hybrid MUSIC algorithm offers high direction-finding ac-
curacy and resolution for coherent source DOA estimation.

chinarxiv.org/items/chinaxiv-201904.00063 Machine Translation

https://chinarxiv.org/items/chinaxiv-201904.00063


1.1 Uniform Linear Array Signal Model
[Figure 1: see original paper] illustrates a uniform linear array consisting of
𝑀 antenna elements with element spacing 𝑑, signal wavelength 𝜆, forming an
array antenna. Assuming 𝑝 narrowband signal sources impinge on the array as
plane waves with DOAs 𝜃𝑖, the signal model for the 𝑡-th sampling point can be
expressed as:

X(𝑡) = AS(𝑡) + N(𝑡)

where X(𝑡) = [𝑥1(𝑡), 𝑥2(𝑡), … , 𝑥𝑀(𝑡)]𝑇 is the 𝑀 -element data matrix; S(𝑡) =
[𝑠1(𝑡), 𝑠2(𝑡), … , 𝑠𝑝(𝑡)]𝑇 is the source matrix with 𝑠𝑖(𝑡) representing the complex
amplitude of the 𝑖-th plane wave; N(𝑡) = [𝑛1(𝑡), 𝑛2(𝑡), … , 𝑛𝑀(𝑡)]𝑇 is the noise
matrix where 𝑛𝑖(𝑡) is white noise with variance 𝜎2 and uncorrelated with signal
sources; A = [a(𝜃1), a(𝜃2), … , a(𝜃𝑝)] is the direction matrix. The array response
vector can be expressed as:

a(𝜃𝑖) = [1, 𝑒−𝑗 2𝜋𝑑
𝜆 sin 𝜃𝑖 , … , 𝑒−𝑗 2𝜋(𝑀−1)𝑑

𝜆 sin 𝜃𝑖]
𝑇

where 𝜃𝑖 is the DOA of source 𝑖 (𝑖 = 1, 2, … , 𝑝).

1.2 MUSIC Algorithm Principle
Based on the uniform linear array signal model above, the array signal covariance
matrix can be obtained from Equation (1) as:

R = 𝐸{X(𝑡)X𝐻(𝑡)} = A𝐸{S(𝑡)S𝐻(𝑡)}A𝐻 + 𝐸{N(𝑡)N𝐻(𝑡)} = AR𝑆A𝐻 + 𝜎2I

where R𝑆 is the signal covariance matrix; 𝜎2I is the noise covariance matrix;
and I is the 𝑀 × 𝑀 identity matrix. Eigen-decomposition of R yields:

R = U𝑆�𝑆U𝐻
𝑆 + U𝑁 �𝑁U𝐻

𝑁

where U𝑆 is the signal subspace spanned by eigenvectors corresponding to large
eigenvalues; U𝑁 is the noise subspace spanned by eigenvectors corresponding
to small eigenvalues; and �𝑆 is a diagonal matrix of 𝑝 large eigenvalues.

Since each column vector in the direction matrix A is orthogonal to the noise
subspace, and considering the actual received data matrix has finite length, the
maximum likelihood estimate of the data covariance matrix is:
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R̂ = 1
𝑁

𝑁
∑
𝑡=1

X(𝑡)X𝐻(𝑡)

Eigen-decomposition of R̂ yields the noise subspace eigenvector matrix. Based
on the orthogonality between noise eigenvectors and signal vectors, the array
spatial spectrum function is:

𝑃MUSIC(𝜃) = 1
a𝐻(𝜃)Û𝑁Û𝐻

𝑁a(𝜃)

From Equation (6), when a(𝜃) is orthogonal to each column of Û𝑁 , the denom-
inator becomes zero. However, due to noise presence, sharp peaks appear, and
DOA estimation is achieved by locating these peaks.

1.3 Impact of Coherent Sources on DOA Estimation
Based on the coherent signal source mathematical model, we study the impact
on DOA estimation. For two stationary signals 𝑠𝑖(𝑡) and 𝑠𝑗(𝑡), their correlation
coefficient is defined as:

𝜌𝑖𝑗 = 𝐸{𝑠𝑖(𝑡)𝑠∗
𝑗(𝑡)}

√𝐸{|𝑠𝑖(𝑡)|2}𝐸{|𝑠𝑗(𝑡)|2}

By the Schwarz inequality, the correlation coefficient satisfies |𝜌𝑖𝑗| ≤ 1. The
correlation between different signals can be expressed as: when 𝜌𝑖𝑗 = 0, 𝑠𝑖(𝑡)
and 𝑠𝑗(𝑡) are uncorrelated; when 0 < |𝜌𝑖𝑗| < 1, they are partially correlated;
when |𝜌𝑖𝑗| = 1, they are coherent. For coherent sources, the mathematical rep-
resentation shows they differ only by a complex constant. Assuming 𝑛 coherent
sources, i.e., 𝑠𝑖(𝑡) = 𝛼𝑖𝑠0(𝑡) for 𝑖 = 0, 1, 2, … , 𝑛, where 𝑠0(𝑡) is the generating
source producing 𝑛 coherent signals impinging on the array. The coherent signal
source model yields:

X(𝑡) = AS(𝑡) + N(𝑡) = A𝛼𝑠0(𝑡) + N(𝑡)

where 𝛼 = [𝛼1, 𝛼2, … , 𝛼𝑛]𝑇 is an 𝑛-dimensional vector of complex constants.
According to this model, with 𝑝 incident signal sources, the array signal can be
expressed as shown in the coherent source mathematical model.

[Figure 2: see original paper] shows the division of subarrays. The signal matrix
received by the 𝑙-th forward subarray is:
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X𝑓
𝑙 (𝑡) = [𝑥𝑙(𝑡), 𝑥𝑙+1(𝑡), … , 𝑥𝑙+𝑚−1(𝑡)]𝑇

The source autocorrelation matrix is R𝑆 = 𝐸{S(𝑡)S𝐻(𝑡)}, and the source cor-
relation matrix is:

R𝑆 =
⎡
⎢⎢
⎣

𝜎2
1 𝜌12𝜎1𝜎2 ⋯ 𝜌1𝑝𝜎1𝜎𝑝

𝜌21𝜎2𝜎1 𝜎2
2 ⋯ 𝜌2𝑝𝜎2𝜎𝑝

⋮ ⋮ ⋱ ⋮
𝜌𝑝1𝜎𝑝𝜎1 𝜌𝑝2𝜎𝑝𝜎2 ⋯ 𝜎2

𝑝

⎤
⎥⎥
⎦

where D is a diagonal matrix and 𝜎2
𝑖 is the power of the 𝑖-th source. When

𝑝 signals are completely coherent, rank(R𝑆) = 1, where both 𝑝 and 𝑛 are less
than or equal to 𝑀 . The array received data covariance matrix rank reduces
to 1, causing the signal subspace dimension to be smaller than the number of
signal sources, thus preventing correct source direction estimation. Therefore,
the core problem in DOA estimation with coherent signals is restoring the rank
of the signal covariance matrix R𝑆 to equal the number of signal sources 𝑝.

2 Improved Algorithm
The hybrid MUSIC algorithm essentially combines forward-backward spatial
smoothing with improved IMUSIC. First, array elements undergo forward and
backward smoothing preprocessing to restore the array covariance matrix rank
to the number of signal sources. The resulting new covariance vector matrix is
then processed using the improved IMUSIC algorithm to obtain DOA angle esti-
mates for coherent signals. The following sections detail the array preprocessing
and implementation steps.

Forward-backward spatial smoothing combines forward spatial smoothing with
conjugate backward spatial smoothing to increase the effective number of an-
tennas. The array preprocessing is achieved through forward-backward spatial
smoothing. When two coherent signals enter the antenna array simultaneously,
they reduce the signal subspace vector count of the array covariance matrix.
However, if two coherent signals enter different antenna arrays, the sum of
these arrays’covariance matrices yields a signal subspace vector count equal to
the target number. Based on this principle and using the translation invariance
of uniform linear arrays, the array is divided into several overlapping subar-
rays with identical array manifolds. The covariance matrices of these subarrays
can be summed and averaged to replace the original covariance matrix, thereby
achieving decoherence.

When the subarray element number 𝑚 ≥ 𝑝 + 1, the forward spatial smoothing
data covariance matrix R𝑓 is full rank [18]. Analyzing the reversed uniform lin-
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ear array, the backward smoothing subarray received data is similarly obtained
as:

X𝑏
𝑙 (𝑡) = [𝑥∗

𝑀−𝑙+1(𝑡), 𝑥∗
𝑀−𝑙(𝑡), … , 𝑥∗

𝑀−𝑙−𝑚+2(𝑡)]𝑇

The covariance matrix for each backward smoothing subarray is:

R𝑏
𝑙 = 𝐸{X𝑏

𝑙 (𝑡)(X𝑏
𝑙 (𝑡))𝐻} = A𝑙DA𝐻

𝑙 + 𝜎2I

The backward spatial smoothing covariance matrix is:

R𝑏 = 1
𝐿

𝐿
∑
𝑙=1

R𝑏
𝑙

where R𝑏 is the conjugate reversed matrix of R𝑓 . Based on conjugate reversal
invariance, the forward-backward smoothing covariance matrix is defined as:

R𝑓𝑏 = 1
2(R𝑓 + R𝑏)

The advantage of conjugate reversal invariance lies in increasing the number of
subarrays and overcoming limitations of eigen-decomposition-based DOA algo-
rithms.

The forward-backward data covariance R𝑓𝑏 is then applied to the improved
IMUSIC algorithm for coherent source DOA estimation. The improved IMUSIC
algorithm reconstructs the received signal covariance matrix to restore its rank
to 𝑝, enabling effective DOA estimation.

Let J be the 𝑀 × 𝑀 reverse identity matrix:

J =
⎡
⎢
⎢
⎢
⎣

0 0 ⋯ 0 1
0 0 ⋯ 1 0
⋮ ⋮ ⋱ ⋮ ⋮
0 1 ⋯ 0 0
1 0 ⋯ 0 0

⎤
⎥
⎥
⎥
⎦

The improved signal correlation matrix is defined as:

R1 = 1
2(R + JR∗J)

where R∗ is the conjugate of R. Now R1 becomes a Hermitian Toeplitz matrix
and is an unbiased estimate of R.
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Performing singular value decomposition on R1 yields the noise subspace U𝑁 :

[U𝑆, �, V] = svd(R1), U𝑁 = U(∶, 𝑝 + 1 ∶ 𝑀)

For large-scale matrices, a low-rank matrix can approximate a known matrix
through matrix decomposition, i.e., decomposing matrix R into R = R1 + R2
where both correspond to accurate incident angles. The hybrid MUSIC algo-
rithm shows significantly larger spectral values than other algorithms, indicating
all three methods can handle coherent signals but the hybrid MUSIC algorithm
demonstrates superior performance.

The matrix low-rank decomposition problem can be converted to the following
optimization:

min
R1,R2

rank(R1) + 𝜆‖R2‖𝐹 s.t. R = R1 + R2

where ‖ ⋅ ‖𝐹 denotes the Frobenius norm and 𝜆 controls rank approximation.
Performing SVD on the new covariance matrix R2 and repeating the steps
reconstructs the noise subspace U𝑢

𝑁 .

Taking the average of the two noise subspace vectors yields:

Uavg
𝑁 = 1

2(U𝑁 + U𝑢
𝑁)

The spatial spectrum is then constructed as:

𝑃Hybrid MUSIC(𝜃) = 1
a𝐻(𝜃)Uavg

𝑁 (Uavg
𝑁 )𝐻a(𝜃)

Based on the above discussion, the hybrid MUSIC algorithm steps are summa-
rized as:

a) For an 𝑀 -element antenna array, the signal model for the 𝑡-th sampling
point is given by Equation (1).

b) Divide the antenna array using forward-backward spatial smoothing to
obtain forward data vector X𝑓

𝑙 and backward data vector X𝑏
𝑙 . Compute

corresponding covariance matrices R𝑓
𝑙 and R𝑏

𝑙 using Equations (16) and
(20).

c) Compute the average covariance matrices R𝑓 and R𝑏 for 𝐿 subarrays
from step b).
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d) Obtain the forward-backward data covariance matrix R𝑓𝑏 from the mean
of R𝑓 and R𝑏.

e) Let J be the 𝑀 × 𝑀 reverse identity matrix. Reconstruct the received
signal covariance matrix to make R1 a Hermitian Toeplitz matrix using
Equation (24).

f) Perform SVD on R1 to obtain noise subspace U𝑁 .

g) Replace full-rank matrix R1 with a low-rank matrix to construct new
covariance matrix R2. Repeat steps to reconstruct noise subspace U𝑢

𝑁 .

h) Compute the average of noise subspaces to obtain Uavg
𝑁 .

i) Construct the spatial spectrum function.

3 Simulation and Analysis
To visually demonstrate algorithm performance, MATLAB simulations were
conducted. Signals satisfy far-field and narrowband conditions, with array ele-
ment noise being stationary zero-mean Gaussian white noise with variance 𝜎2

and uncorrelated with target sources.

Experiment 1

The simulation model uses an 8-element uniform linear array with element spac-
ing 𝑑 = 𝜆/2. Three signal sources impinge on the array from directions −45∘,
0∘, and 30∘, with 0∘ and 30∘ signals fully coherent. SNR is 10 dB for all signals,
with 1,024 snapshots. Results are shown in [Figure 3: see original paper].

[Figure 3: see original paper] clearly shows that for coherent signals, classical
MUSIC performance degrades severely and cannot resolve source DOAs. The
other three algorithms exhibit three distinct spectral peaks, all corresponding to
accurate incident angles, with the hybrid MUSIC algorithm showing significantly
larger spectral values, demonstrating superior performance in handling coherent
signals.

Experiment 2

The simulation model uses an 8-element uniform linear array with 𝑑 = 𝜆/2.
Three signal sources from directions [−2∘, 0∘, 2∘] are fully coherent, with SNR =
30 dB and 1,024 snapshots. Results are shown in [Figure 4: see original paper].

[Figure 4: see original paper] demonstrates that with small angular separation
and coherence, classical MUSIC and improved IMUSIC completely fail. Under
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the same conditions, the hybrid MUSIC algorithm more accurately resolves ad-
jacent coherent sources compared to forward-backward spatial smoothing alone.

Experiment 3

The simulation model uses an 8-element uniform linear array with 𝑑 = 𝜆/2.
Three fully coherent sources from −5∘, 0∘, and 5∘ are simulated at SNR values
of 30 dB, 20 dB, 10 dB, and 5 dB, with 1,024 snapshots. Results are shown in
[Figure 5: see original paper]–[Figure 8: see original paper].

[Figure 5: see original paper]–[Figure 8: see original paper] show that as SNR
decreases, all algorithms’resolution degrades to varying degrees. At SNR =
30 dB, improved IMUSIC, forward-backward spatial smoothing, and hybrid
MUSIC can all estimate DOA. At SNR = 20 dB or 10 dB, improved IMUSIC
fails to resolve signals and forward-backward spatial smoothing shows estimation
bias, while hybrid MUSIC maintains correct resolution. At SNR = 5 dB, with
small separation, low SNR, and full coherence, hybrid MUSIC still accurately
estimates signal DOA, proving its high performance and stability across different
SNR conditions.

Experiment 4

The simulation model uses an 8-element uniform linear array with 𝑑 = 𝜆/2.
Two fully coherent sources from 0∘ and 5∘ are simulated with 100 snapshots.
Subarray element count is 6 (3 smoothing operations for forward smoothing, 6
for double smoothing). With SNR varying from −10 dB to 30 dB, the estimation
performance curves are shown in [Figure 9: see original paper]–[Figure 11: see
original paper].

[Figure 9: see original paper] shows that as SNR increases, all four algorithms’
success probabilities improve significantly. Overall, hybrid MUSIC achieves the
highest success probability at low SNR, followed by forward-backward spatial
smoothing, while classical MUSIC performs worst. [Figure 10: see original
paper] shows that at high SNR, all algorithms have small estimation bias (high
accuracy), while at low SNR, hybrid MUSIC maintains low bias. [Figure 11:
see original paper] shows hybrid MUSIC has the smallest estimation standard
deviation, indicating better stability.

In summary, the hybrid MUSIC algorithm has a lower SNR threshold, lower
estimation bias and standard deviation, and higher estimation accuracy and
stability, particularly when spatial sources are closely spaced and SNR is low.

4 Conclusion
This paper proposes a hybrid MUSIC algorithm for coherent source DOA es-
timation. The algorithm integrates forward-backward spatial smoothing with
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improved IMUSIC, preprocessing the antenna array through forward-backward
smoothing and applying the resulting covariance vector matrix to improved
IMUSIC for signal processing. Numerical simulations compare the hybrid MU-
SIC algorithm with forward-backward spatial smoothing and improved IMU-
SIC algorithms. Results show that the hybrid MUSIC algorithm offers high
direction-finding resolution, effectively estimating DOAs of both independent
and coherent sources. Even under low SNR, small signal separation, and strong
correlation, the hybrid MUSIC algorithm accurately estimates signal DOA, ver-
ifying its high resolution and superior performance.
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