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Abstract

Improving the semantic independence of latent features while preserving the in-
terpretability of Non-negative Matrix Factorization (NMF) is an open research
problem. To prevent feature co-adaptation, we propose utilizing cosine simi-
larity to reduce the correlation between latent features, thereby enhancing the
independent feature learning capability of NMF. Furthermore, to achieve favor-
able sparsity in the decomposed matrices, we propose introducing an L_ {2,1/2}
sparsity constraint into the traditional NMF model, which enhances the algo-
rithm’ s local learning capability and robustness. Consequently, the semantic
information within the latent features becomes more pronounced, and the repre-
sentation of the latent space becomes more discriminative. Experimental results
on document clustering using the fetch_ 20newsgroups dataset demonstrate that
the proposed INMF algorithm outperforms traditional NMF, SNMF, and other
algorithmic models across a series of evaluation metrics.
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Abstract: Improving the semantic independence of latent features while main-
taining the interpretability of Non-negative Matrix Factorization (NMF) is an
open research problem. To prevent feature co-adaptation, we propose utilizing
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cosine similarity to reduce correlation between latent features, thereby enhanc-
ing the independent feature learning capability of NMF. Furthermore, to achieve
better sparsity in the factorized matrices, we introduce sparse constraints into
the traditional NMF model, which enhances the algorithm’ s local learning abil-
ity and robustness. Consequently, the semantic information in latent features
becomes more pronounced, and the representation in the latent space becomes
more discriminative. Experimental results on document clustering using the
fetch_ 20newsgroups dataset demonstrate that the proposed INMF algorithm
outperforms traditional NMF, SNMF, and other algorithms across a series of
evaluation metrics.

Key words: non-negative matrix factorization; sparse; independent feature
learning; cosine similarity

0 Introduction

The purpose of NMF is to decompose an original high-dimensional data ma-
trix into two low-dimensional matrices, where the product of these two low-
dimensional matrices approximates the original high-dimensional data matrix
as closely as possible.

Let X = [21,%,...,7] € RY*M be an original data matrix. NMF seeks to
decompose X into a non-negative basis matrix U = [uy, uy, ..., ux| € RY*X and
a non-negative coefficient matrix V = [vy, vy, ..., vx] € RE*M where K is the
number of latent features. This can also be written in the equivalent vector
form x; ~ Zil u;v;;. Typically, K < min(M, N) is used for dimensionality
reduction, where v; represents the weight coeflicient of the original data vector

z; in the columns of U. NMF decomposes the data matrix into a basic linear

combination of vectors.

Many researchers have attempted to adopt different cost functions to measure
NMF performance, with their focus being on finding factor matrices that min-
imize the loss function. Currently, numerous methods have been proposed to
improve NMF, such as incremental non-negative matrix factorization based on
Fisher discriminant analysis [1], multi-view joint non-negative matrix factoriza-
tion based on Hessian regularization [2], and incremental learning algorithms
for sparse constrained graph regularized non-negative matrix factorization [3].
Han et al. [4] proposed imposing L; and L, norm sparse constraints on the
column vectors of the basis matrix during non-negative matrix factorization to
first mine the low-dimensional data structure embedded in high-dimensional
data and achieve low-dimensional representation, then applied the K-Means al-
gorithm, which performs well in low-dimensional data clustering, to cluster the
sparsely reduced data. Sun et al. [5] proposed a multi-constraint non-negative
matrix factorization algorithm based on feature fusion, which considers not only
label information and sparse constraints for a small number of known samples
but also graph regularization, and fuses image features with different sparsity
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degrees after decomposition to enhance clustering performance and effective-
ness.

However, the inherent correlation between latent features makes traditional
NMF algorithms lack discriminative power and increases the difficulty of min-
imizing the loss function. Moreover, traditional NMF algorithms do not fully
utilize matrix sparsity and ignore useful information about correlations between
different features.

Sparse feature selection aims to apply various sparse models to achieve feature
selection and obtain sparse data representation. Many studies [15-17] have
extended the L, norm (0 < p < 1) to achieve better sparsity. In references
(18, 19], Xu et al. concluded that when p = 1/2, the L;,, norm has the best
sparsity. In reference [20], Nie et al. introduced joint L, ;-norm minimization
for loss functions and regularized feature selection. However, the L, ; norm does
not have good sparsity because it is based on the L; norm. Recently, Wang et
al. [21] proposed extending the L, ,-matrix norm to select joint, sparser features,
and this model has better robustness than the L, ; norm. Experiments have
shown that when p = 1/2, the L, ; Jo-matrix norm achieves the best performance.
Therefore, this paper applies the L, ; ,-matrix norm model to NMF to achieve
sparse constraints.

This paper proposes utilizing cosine similarity to reduce correlation between la-
tent features, thereby improving the independent feature learning capability of
NMF. Additionally, we introduce L ;/, sparse constraints into INMF. Conse-
quently, the semantic information in latent features becomes clearer, and the rep-
resentation in the latent space becomes more discriminative. We compare these
methods with several basic NMF models for document clustering and present ex-
perimental results comparing our algorithm with traditional algorithms on real
datasets. The main contributions of this work can be summarized as follows:

a) The proposed INMF improves NMF by introducing cosine similarity to
prevent feature co-adaptation;
b) Adding L, ; p-norm sparse constraints on the basis matrix in feature space

not only achieves sparse data representation and simplifies computation
but also improves the algorithm’ s local learning ability and robustness.

1 Related Work

Researchers have improved NMF from different perspectives, such as con-
strained NMF [6-9], structured NMF [10, 11], and generalized NMF [12-14].
The most common constrained NMF is sparse NMF, where sparsity constraints
help improve decomposition uniqueness and obtain local-based representations,
typically achieved through the L, norm [6] for feature selection and sparse data
representation. Orthogonal NMF performs well because its results correspond
to sparse regions in a unique solution region, learning the most salient features
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[7]. Graph regularized NMF (GRNMF) improves performance in clustering
tasks such as documents and images by constructing nearest neighbor graphs
on scattered data points to model manifold structure [8, 9]. Formula weighting
is a common improvement method for learning algorithms that can emphasize
the relative importance of different components. Weighted NMF is popular
in collaborative filtering and clustering tasks because they incorporate prior
knowledge into the loss function based on instance connections [10, 11]. For
tasks with complex and heterogeneous information sources, generalized NMF
has been proposed, such as Semi-NMF [12], non-negative tensor decomposition
[13], and non-negative matrix-set factorization [14].

A special method, dropout NMF [22], can prevent mutual adaptation of hidden
units by altering the update process of latent features. Since fixed co-adaptation
is broken, hidden units can still learn from others but with less dependency.
Inspired by these approaches, this paper proposes a novel NMF that works by
minimizing cosine similarity between latent features. We find that NMF can
be improved by breaking correlations between latent features. Therefore, in the
next chapter, we incorporate cosine similarity into NMF. Additionally, L, ; /2
sparse constraints added to the coefficient matrix U are used to select the most
discriminative sparse features.

2 Methods

The purpose of NMF is to make the product of coefficient matrix U and basis
matrix V approximate the original data matrix X as closely as possible. The
NMEF formula is as follows:

X~UV
2.1 Sparse Non-negative Matrix Factorization for Independent Fea-
ture Learning

NMF can be represented as a linear neural network because the input x is
represented by a linear combination of basis vectors in U:

K
T~ E ULy,

k=1

where v, is the k-th latent feature.

Since latent features in NMF are correlated, co-adaptation refers to the state
where updates stop at a saddle point where the loss L can still be further opti-
mized until reaching maximum iterations. Researchers have attempted to avoid
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co-adaptation by performing improved NMF under different initialization strate-
gies on the same dataset, which brings significant computational complexity [18].
Therefore, this paper proposes a novel NMF where, in each iteration, features
are updated independently by minimizing cosine similarity between latent fea-
tures, making them gradually uncorrelated.

2.1.1 Sparse Constraint Although NMF can reduce the dimensionality of
original data, selecting discriminative features and achieving sparse data repre-
sentation remains challenging. Therefore, the L, , Jo-norm sparse constraint is
introduced as an additional condition on the basis matrix U. It can be expressed
as:

1%

- X 1/4
|2,1/2 = Z (Z u?t)
t=1

i=1

2.1.2 Cosine Similarity Measure Theodoridis et al. [24] defined cosine
similarity measure as:

. Ty
cosine(, 4) = To1ly]

where |z| = \/22:1 z? and |ly| = \/Zizl y? are the lengths of vectors z and y,

respectively; both x and y are [-dimensional vectors. Since cosine similarity is
easy to interpret and simple to compute for sparse vectors, it is widely used in
text mining and information retrieval [25].

2.1.3 Iterative Update Rules Considering the above factors, we define the
objective function for Sparse Non-negative Matrix Factorization for Independent
Feature Learning as follows:

L=|X-UV]E+alVIE+ BlUly, /0 + 92 cos? (u;, ;)

,J

where «, 8, and 6 are non-negative parameters that balance the weights of the
reconstruction error terms, with o and § being sparsity parameters and 6 being
the cosine similarity parameter.

To optimize this objective function, we can transform the objective function in
equation (7) into:

L=Tr(XXT)2Te(XVUD)+Tr(UVVUT)+aTr(VVT)+BTe(UTQU)+0Tr (UT SU)
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where @ is a diagonal matrix whose i-th diagonal element can be calculated as:

32

P e
Y4 [l

To avoid overflow, a sufficiently small constant € is added when defining matrix
@, so equation (8) can also be written as:

G = 3/2
Y dmax([ul,, €)
In this paper, we adopt the squared Euclidean distance loss function:

L=|X-UV|z

The iterative update rules using gradient descent algorithm are as follows:

XvT +0SU
Ve UOmyT i sou
Urx

Veveo 2 X
CVOuTov T av

where ©® denotes element-wise multiplication. The elements of matrix S can be
calculated as:

Sij = Z cos(Up, ujy,)
k

To obtain the iterative update rules for basis matrix U and coefficient matrix
V', we take the partial derivatives of L:

L
S—U = 2XVT 4 20VVT +238QU + 20SU

oL

= 2UTX 4+2U0TUV + 2aV
v + + 2«

The iterative update rules for basis matrix U and coefficient matrix V' are shown
as follows:

(XVT)mk
(UVVT + 8QU + 0SU),,.;.

Umk — Umk:
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V. <V,
kn UTUV 4 aV),,

2.2 Convergence Analysis

This section analyzes the convergence of the algorithm, proving that the objec-
tive function in equation (7) monotonically decreases under the iterative update
rules in equations (14)-(15). We first analyze the convergence of the iterative
update rule in equation (14).

Lemma 2.1 [26]: By solving equations (22) and (23) simultaneously, we know
that h* is a local minimum of equation (23), and h* is the corresponding local
minimum point.

Proof: From Lemma 2.1, we have:
G(h,h) = F(h)
We define a function as follows:
1
G(h,h')=F(h)+ (h—h)ITVE() + §(h —hW)TK(W)(h—h)

From this, we can obtain inequality (19):

F(htT) < G(RPL R < G(hY, hY) = F(hY)
Combining equation (15) and inequality (18), we can obtain:

F(ht+1> S F(ht)

Therefore, the objective function in equation (6) monotonically decreases under
the iterative update rule in equation (14). Next, we continue to analyze the
convergence of the iterative update rule in equation (15).

Definition 2.1: G(h,h’) is an auxiliary function of F(h) if it satisfies:

G(h,h') > F(h), G(h,h) = F(h)

Lemma 2.2: If G is an auxiliary function, then F' is non-increasing under the
update:

hitl = arg min G(h, ht)
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Lemma 2.3: The function G(V,V?) is convergent.

Proof: We can clearly prove that:

GV, VH) > F(V)
and
GVLVY) =F(V)
Therefore, F'(V) is monotonically decreasing under equation (15). The func-

tion G(V,V?) is an auxiliary function, so F' decreases monotonically through
equation (15).

3 Experiments
3.1 Dataset

We select the publicly available corpus fetch_20newsgroups dataset for experi-
ments. This dataset contains approximately 20,000 news documents uniformly
divided into 20 different topic categories. Originally collected by Lang, it con-
tains 18,846 documents, and after preprocessing in this paper, only 1,000 terms
are retained. Each document is converted into a vector x € R'9%0. We ap-
ply standard NMF, sparse NMF (SNMF), and our new algorithm to this data
matrix X € R18846x1000 for comparative study of algorithm accuracy and recall.

3.2 Experimental Setup

Evaluation Metrics: In this paper, we use three evaluation metrics—precision,
recall, and F-measure (Fl-score)—to assess the clustering performance of the
aforementioned algorithms. The formulas are as follows:

.. 7]
precision = —=
’,’L .
j
recall =
n

i

2 x precision x recall

F-measure = —
precision + recall

where n,;; is the number of documents from known category ¢ that belong to

cluster j; n; is the number of documents in known category i; and n; is the

number of documents in cluster j.
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The F-measure simultaneously considers both precision P and recall r to com-
pute its score. It is a composite metric where higher values indicate better
clustering performance.

Parameter Settings: For the fetch 20newsgroups dataset, the parameters
a, B, and 0 for the new NMF are selected from the range {0.01~0.1}, and the
regularization balance parameters for SNMF are the same as above. To verify
algorithm performance under different numbers of topics, K is set to {5, 10,
15, 20} respectively. We compare the INMF algorithm with traditional NMF
and SNMF algorithms, with detailed experimental results analyzed in the next
section.

3.3 Clustering Results

Tables 1-4 show the clustering results of the two baseline methods compared
with our method on the fetch_ 20newsgroups dataset, comparing precision, re-
call, and Fl-score metrics under different K values. The best performance
among the three methods is shown in bold. The results indicate that regard-
less of the K value, our proposed new method consistently outperforms tradi-
tional methods, demonstrating the effectiveness of our approach in preventing
co-adaptation of latent features.

Results on k=5 datasets

Results on k=10 datasets
Results on k=15 datasets
Results on k=20 datasets

Figures 1-3 intuitively show the comparison of clustering results between our
proposed INMF method and the other two methods as K values change, evalu-
ated from precision, recall, and F-measure respectively.

As shown in Figure 1, when k takes values of 5, 10, 15, and 20, INMF is
compared with traditional NMF and SNMF in terms of precision. Through bar
chart comparison, we can more intuitively see that under different K values, the
precision of our INMF algorithm is superior to the other two algorithms.

[Figure 1: see original paper] Accuracy comparison of NMF, SNMF and INMF
under each K values

As shown in Figure 2, when k takes different values, INMF is compared with
traditional NMF and SNMF in terms of recall. The bar chart comparison clearly
shows that the recall rate of our INMF algorithm is better than the other two
algorithms, and the advantage becomes more pronounced as K increases.

[Figure 2: see original paper] Comparison of recall rates of NMF, SNMF and
INMF under each K values

As shown in Figure 3, when k takes different values, INMF is compared with
traditional NMF and SNMF in terms of F-measure. The bar chart comparison
shows that the F-measure of our INMF algorithm is superior to the other two
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algorithms, but the overall performance decreases as K increases because larger
datasets with more topics are more difficult for clustering.

[Figure 3: see original paper] Comparison of F-measure of NMF, SNMF and
INMF under each K values

3.4 Parameter Selection and Convergence Analysis

When p is set to {0.1, 0.3, 0.5, 0.7, 0.9} respectively, we compare the convergence
curves of traditional NMF, SNMF, and our algorithm on the dataset at k = 5.

[Figure 4: see original paper| Convergence Curves of NMF, SNMF and INMF
on fetch_ 20newsgroups

Considering both clustering performance and time consumption, we set the most
appropriate parameters. The comparative analysis shows that all algorithms
tend to converge within 20 iterations. On the fetch_ 20newsgroups dataset,
NMF and SNMF require approximately 18 and 19 iterations respectively for the
objective function to stabilize, while INMF can converge at 15 iterations. This
is because after our improvements, more latent features become uncorrelated
after each iteration, and the cumulative effect leads to better performance.

4 Conclusion

This paper analyzes the impact of correlations between latent features in
traditional NMF on algorithm performance and proposes an Independent
feature learning sparse Non-negative Matrix Factorization method (INMF).
This method can not only utilize cosine similarity of vectors but also effectively
learn local information of targets. In INMF, latent features are updated
by minimizing cosine similarity in each iteration. The proposed algorithm
effectively prevents feature co-adaptation, making latent features more explicit
and discriminative. Additionally, the L, ;,, sparse constraint as a condition
in NMF can make the decomposed matrices have good sparsity, enhancing
the algorithm’ s local learning ability and robustness. From the experimental
results above, we can conclude that the proposed algorithm achieves good
performance in both precision and recall. In the future, we will explore NMF
with other loss functions and constraints, and apply the proposed new method
to different domains such as computer vision, speech recognition, network
security, and biomedical engineering.
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