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Abstract
To address the discrete-time flocking motion problem for multi-leader networked
systems, containment control algorithms for first-order/second-order networked
systems are proposed. Employing analytical tools such as modern control the-
ory, algebraic graph theory, and linear matrix inequalities, a theoretical analysis
of the proposed control algorithms is conducted, yielding convergence conditions
for multi-leader networked systems with disturbances to achieve flocking motion
within finite time under discrete-time settings. Finally, numerical simulations
utilizing the LMI toolbox are performed to obtain the range of positive defi-
nite matrices, thereby determining the stability of the linear system. System
simulations validate the correctness of the derived conclusions.
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Abstract: This paper proposes containment control algorithms for first-
order/second-order networked systems to address discrete-time flocking motion
problems in multi-leader networked systems. Using modern control theory,
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algebraic graph theory, and linear matrix inequalities as analytical tools, we
derive convergence conditions for achieving flocking motion within finite time
for multi-leader networked systems with disturbances under discrete-time
conditions. Finally, numerical simulations utilize the LMI toolbox to determine
the range of positive definite matrices, thereby establishing the stability of the
linear system. The simulation results verify the correctness of the obtained
conclusions.

Keywords: multi-agent systems; flocking motion; finite time; disturbances

0 Introduction
Multi-agent systems, as a major branch of distributed systems, have attracted
widespread attention from researchers for their applications in unmanned aerial
vehicle formations, robot control, distributed sensor networks, and other fields.
The flocking motion of multi-agent systems has become a crucial research topic
in distributed systems. Researchers have primarily focused on coordinated con-
trol problems such as consensus, flocking motion, and dynamic formation in
multi-agent systems.

Numerous studies have addressed consensus problems in continuous-time multi-
agent systems [1-4, and references therein]. Reference [1] investigated consensus
in multi-agent systems with a dynamic leader and heterogeneous communica-
tion delays. Reference [2] studied distributed containment control for linear
multi-agent systems and proposed an effective algorithm for designing H∞-type
Riccati-based control gain matrices. Reference [3] examined leader-following
consensus control for second-order multi-agent systems based on uniform sam-
pling control. Reference [4] investigated distributed containment control for mo-
bile agents with multiple stationary or dynamic leaders under fixed and switch-
ing directed networks. However, these results primarily focused on asymptotic
convergence over infinite time, whereas practical engineering applications re-
quire systems to reach desired objectives within finite time—that is, systems
must achieve stability within a finite time interval.

Regarding finite-time convergence for multi-agent systems, reference [5] stud-
ied finite-time control problems for multi-agent systems with general linear dy-
namics. Reference [6] designed control protocols for multi-agent systems and
analyzed finite-time consensus for leader-following systems in detail. Reference
[7] proposed a continuous-time nonlinear distributed cooperative control proto-
col to investigate finite-time consensus for heterogeneous multi-agent systems.
Reference [8] discussed finite-time consensus problems for multi-agent systems
both with and without leaders. Reference [9] designed active disturbance ob-
servers to estimate disturbances for each agent and established output feedback
control based on disturbance feedforward compensation, proposing an output
consensus control algorithm for multi-agent systems with multiple disturbance
sources. For finite-time containment control of second-order systems with mis-

chinarxiv.org/items/chinaxiv-201901.00188 Machine Translation

https://chinarxiv.org/items/chinaxiv-201901.00188


matched disturbances, reference [10] designed nonlinear observers to estimate
unknown system states and disturbances, and based on these state estimates,
constructed cooperative control algorithms for multi-agent systems using dis-
turbance observers. The aforementioned literature primarily focused on motion
consensus within finite time for multi-agent systems but neglected the influence
of external disturbances.

In practical engineering applications, physical systems employ discrete-time sys-
tems for data transmission. The presence of uncertain factors such as exter-
nal disturbances significantly affects the motion trajectories of discrete-time
multi-agent systems. Research on consensus problems for discrete-time systems
with disturbances includes reference [11], which utilized network communica-
tion protocols and performance Laplacian matrices to equivalently transform
the motion control problem of continuous-time linear multi-agent systems into
a stability problem for discrete-time linear systems. Reference [12] proposed
dilated LMI characteristics for robust finite-time control of discrete-time uncer-
tain linear systems. The containment control problem for multi-agent systems
essentially represents a class of flocking motion in networked systems. In recent
years, few studies have investigated flocking motion in discrete-time multi-agent
systems, particularly regarding finite-time containment control for multi-leader
networked systems with external disturbances.

This paper employs modern control theory and linear matrix inequalities to
study flocking motion problems for multi-agent systems with disturbances un-
der discrete-time conditions. The innovations of this paper are: proposing finite-
time containment control based on discrete-time multi-agent systems, and in-
vestigating fast target tracking control for dynamic networked systems with
multiple leaders. We design state feedback control protocols for first-order and
second-order networked systems separately, and analyze the finite-time conver-
gence conditions under which the system can achieve group tracking in bidirec-
tional communication network structures. Finally, numerical simulations verify
that the entire system achieves stability within finite time.

1 Algebraic Graph Theory and Related Lemmas
This paper investigates flocking motion in dynamic multi-agent systems where
agents communicate via sensors. Assuming each agent is a point and mutual
sensing between agents constitutes connections, the dynamic multi-agent system
forms a bidirectional communication network topology graph.

Let 𝒢 = (𝒱, ℰ, 𝒜) be a weighted undirected graph with 𝑛 nodes, where 𝒱 =
{1, 2, … , 𝑛} is the vertex (or node) set, and ℰ ⊆ 𝒱 × 𝒱 is the edge set. The
adjacency matrix is 𝒜 = [𝑎𝑖𝑗] ∈ ℝ𝑛×𝑛, where 𝑎𝑖𝑗 ≥ 0 for 𝑖 ≠ 𝑗, and 𝑎𝑖𝑖 = 0
(assuming no self-loops). The neighbor set of node 𝑖 is defined as 𝑁𝑖 = {𝑗 ∈
𝒱 ∣ (𝑖, 𝑗) ∈ ℰ}. The degree matrix is 𝐷 = diag(𝑑1, 𝑑2, … , 𝑑𝑛) ∈ ℝ𝑛×𝑛, where
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𝑑𝑖 = ∑𝑗∈𝑁𝑖
𝑎𝑖𝑗 for 𝑖 = 1, 2, … , 𝑛. The Laplacian matrix of graph 𝒢 is 𝐿 =

𝐷 − 𝒜 ∈ ℝ𝑛×𝑛.

Remark 1: If the network formed by 𝑛 followers is an undirected connected
graph and at least one follower is connected to a leader, then 𝐿ℱℱ is a positive
definite matrix.

Definition 1: Let 𝑋 = {𝑥1, 𝑥2, … , 𝑥𝑛} be a subset of real vector space ℝ𝑛.
The convex hull of set 𝑋 is defined as co(𝑋) = {∑𝑛

𝑖=1 𝛼𝑖𝑥𝑖 ∣ 𝑥𝑖 ∈ 𝑋, 𝛼𝑖 ≥
0, ∑𝑛

𝑖=1 𝛼𝑖 = 1}.

Definition 2: For the networked system (2), if there exists 𝑥𝑖(𝑘) ∈ co{𝑥𝑗(𝑘) ∣
𝑗 ∈ Γ} for all 𝑖 ∈ ℱ, then the networked system achieves containment control.

Lemma 1 (Finite-Time Boundedness): The discrete-time linear system
𝑥(𝑘 + 1) = 𝐴𝑥(𝑘) + 𝐺𝑤(𝑘), 𝑤(𝑘 + 1) = 𝐹𝑤(𝑘) is finite-time bounded if there
exist positive definite matrices 𝑃1 and 𝑃2 satisfying:

[𝐴𝑇 𝑃1𝐴 − 𝛾𝑃1 𝐴𝑇 𝑃1𝐺
𝐺𝑇 𝑃1𝐴 𝐺𝑇 𝑃1𝐺 − 𝛾𝑃2

] < 0

where 𝑅, 𝛿𝑥, 𝛿𝑤, and 𝜀 are positive scalars with 0 < 𝛿𝑥 < 𝜀, 𝛿𝑤 ≥ 0, and 𝛾 > 1.

2 First-Order Discrete-Time System Flocking Motion Con-
trol
2.1 First-Order Discrete-Time Networked System Containment Con-
trol Algorithm Model

Consider a networked system consisting of 𝑛 followers and 𝑚 leaders, with fol-
lower set ℱ = {1, 2, … , 𝑛} and leader set Γ = {𝑛 + 1, 𝑛 + 2, … , 𝑛 + 𝑚}. The
system dynamics are modeled as:

̇𝑥𝑖(𝑡) = 𝑢𝑖(𝑡) + 𝑤𝑖(𝑡), 𝑖 = 1, 2, … , 𝑛 + 𝑚
where 𝑥𝑖(𝑡) ∈ ℝ represents the position state of agent 𝑖, 𝑢𝑖(𝑡) ∈ ℝ is the control
input of agent 𝑖, and 𝑤𝑖(𝑡) ∈ ℝ𝑛 denotes the disturbance affecting agent 𝑖. This
paper assumes system states are in real space ℝ𝑛, but the conclusions can be
extended to ℝ𝑛𝑚 using the Kronecker operator. Assuming static leaders with
zero velocity, the discrete-time multi-agent system can be described as:

𝑥(𝑘 + 1) = 𝑥(𝑘) + 𝑇 𝑢(𝑘) + 𝐺𝑤(𝑘), 𝑤(𝑘 + 1) = 𝐹𝑤(𝑘)
where 𝑇 is the sampling period and 𝐺 is the disturbance system matrix. The
disturbance system satisfies ‖𝐹‖ ≤ 1.

Let the control protocol for the multi-leader discrete-time system be:

𝑢𝑖(𝑘) = ∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗(𝑥𝑗(𝑘) − 𝑥𝑖(𝑘)), 𝑖 ∈ ℱ
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which can be written in compact form as 𝑢(𝑘) = −𝐿𝑥(𝑘). Define 𝑥ℱ(𝑘) =
[𝑥1(𝑘), 𝑥2(𝑘), … , 𝑥𝑛(𝑘)]𝑇 and 𝑥Γ(𝑘) = [𝑥𝑛+1(𝑘), 𝑥𝑛+2(𝑘), … , 𝑥𝑛+𝑚(𝑘)]𝑇 , then the
system dynamics become:

𝑥ℱ(𝑘 + 1) = 𝑥ℱ(𝑘) − 𝑇 𝐿ℱℱ𝑥ℱ(𝑘) − 𝑇 𝐿ℱΓ𝑥Γ(𝑘) + 𝐺𝑤(𝑘)

Let 𝑦(𝑘) = 𝑥ℱ(𝑘) + 𝐿−1
ℱℱ𝐿ℱΓ𝑥Γ(𝑘). Then the system can be transformed into:

𝑦(𝑘 + 1) = (𝐼 − 𝑇 𝐿ℱℱ)𝑦(𝑘) + 𝐺𝑤(𝑘), 𝑤(𝑘 + 1) = 𝐹𝑤(𝑘)

2.2 First-Order Discrete-Time Networked System Containment Con-
trol Algorithm Analysis

Theorem 1: Consider a multi-leader networked system with 𝑛 followers and 𝑚
leaders. Assume the network topology formed by the 𝑛 followers is undirected
and connected, with at least one follower receiving information from the lead-
ers. The discrete-time multi-leader networked system (2) with disturbances can
achieve finite-time boundedness under control protocol (3) if there exist positive
definite matrices 𝑃1 and 𝑃2 satisfying:

[(𝐼 − 𝑇 𝐿ℱℱ)𝑇 𝑃1(𝐼 − 𝑇 𝐿ℱℱ) − 𝛾𝑃1 (𝐼 − 𝑇 𝐿ℱℱ)𝑇 𝑃1𝐺
𝐺𝑇 𝑃1(𝐼 − 𝑇 𝐿ℱℱ) 𝐺𝑇 𝑃1𝐺 − 𝛾𝑃2

] < 0

where 𝛾 > 1.

Proof: Assuming leaders are unaffected by disturbances, the discrete-time
linear system becomes 𝑦(𝑘 + 1) = (𝐼 − 𝑇 𝐿ℱℱ)𝑦(𝑘) + 𝐺𝑤(𝑘). Construct the
Lyapunov function 𝑉 (𝑘) = 𝑦𝑇 (𝑘)𝑃1𝑦(𝑘) + 𝑤𝑇 (𝑘)𝑃2𝑤(𝑘), where 𝑃1 and 𝑃2 are
positive definite matrices. Then:

Δ𝑉 (𝑘) = 𝑉 (𝑘 + 1) − 𝑉 (𝑘) = [𝑦(𝑘)
𝑤(𝑘)]

𝑇
Ω [𝑦(𝑘)

𝑤(𝑘)]

where:

Ω = [(𝐼 − 𝑇 𝐿ℱℱ)𝑇 𝑃1(𝐼 − 𝑇 𝐿ℱℱ) − 𝑃1 (𝐼 − 𝑇 𝐿ℱℱ)𝑇 𝑃1𝐺
𝐺𝑇 𝑃1(𝐼 − 𝑇 𝐿ℱℱ) 𝐺𝑇 𝑃1𝐺 − 𝑃2

]

According to Theorem 1’s condition, we have Δ𝑉 (𝑘) < −𝛾𝑉 (𝑘) for some
𝛾 > 0. Through iterative application, we obtain 𝑉 (𝑘) < 𝛾𝑘𝑉 (0). By Lemma
1, the discrete-time multi-agent system achieves finite-time boundedness with
respect to (𝛿𝑦, 𝛿𝑤, 𝑅, 𝑁, 𝜀). Furthermore, using the relationship 𝑦(𝑘) = 𝑥ℱ(𝑘) +
𝐿−1

ℱℱ𝐿ℱΓ𝑥Γ(𝑘) and the condition that 𝐿ℱℱ is positive definite, we can con-
clude that the system achieves finite-time asymptotic stability, i.e., finite-time
containment control.

Corollary 1: For the multi-leader networked system described in Theorem 1,
if there exist positive definite matrices 𝑃1 and 𝑃2 satisfying the LMI condition
(7), then the discrete-time multi-agent system achieves containment control in
finite time under control protocol (3).
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3 Second-Order Discrete-Time System Flocking Motion
Control
3.1 Second-Order Discrete-Time Networked System Model

This section considers containment control for second-order discrete multi-agent
systems. Let the follower set be ℱ = {1, 2, … , 𝑛} and the leader set be Γ =
{𝑛 + 1, 𝑛 + 2, … , 𝑛 + 𝑚}. The system dynamics are modeled as:

{𝑥𝑖(𝑘 + 1) = 𝑥𝑖(𝑘) + 𝑇 𝑣𝑖(𝑘)
𝑣𝑖(𝑘 + 1) = 𝑣𝑖(𝑘) + 𝑇 𝑢𝑖(𝑘) + 𝑤𝑖(𝑘)

where 𝑥𝑖(𝑘) ∈ ℝ represents the position state, 𝑣𝑖(𝑘) ∈ ℝ represents the velocity
state, 𝑢𝑖(𝑘) ∈ ℝ is the control input, and 𝑤𝑖(𝑘) ∈ ℝ𝑛 is the disturbance. We
assume static leaders with zero velocity. The control protocol for the multi-
leader discrete-time system is:

𝑢𝑖(𝑘) = ∑
𝑗∈𝑁𝑖

𝑎𝑖𝑗[(𝑥𝑗(𝑘) − 𝑥𝑖(𝑘)) + (𝑣𝑗(𝑘) − 𝑣𝑖(𝑘))], 𝑖 ∈ ℱ

The system can be written in compact form as:

{𝑥ℱ(𝑘 + 1) = 𝑥ℱ(𝑘) + 𝑇 𝑣ℱ(𝑘)
𝑣ℱ(𝑘 + 1) = 𝑣ℱ(𝑘) − 𝑇 𝐿ℱℱ𝑥ℱ(𝑘) − 𝑇 𝐿ℱΓ𝑥Γ(𝑘) − 𝑇 𝐿ℱℱ𝑣ℱ(𝑘) − 𝑇 𝐿ℱΓ𝑣Γ(𝑘) + 𝐺𝑤(𝑘)

Define 𝑦1(𝑘) = 𝑥ℱ(𝑘) + 𝐿−1
ℱℱ𝐿ℱΓ𝑥Γ(𝑘) and 𝑦2(𝑘) = 𝑣ℱ(𝑘) + 𝐿−1

ℱℱ𝐿ℱΓ𝑣Γ(𝑘).
The system becomes:

{𝑦1(𝑘 + 1) = 𝑦1(𝑘) + 𝑇 𝑦2(𝑘)
𝑦2(𝑘 + 1) = (𝐼 − 𝑇 𝐿ℱℱ)𝑦2(𝑘) + 𝐺𝑤(𝑘)

Definition 3: For the second-order networked system, if there exists 𝑥𝑖(𝑘) ∈
co{𝑥𝑗(𝑘) ∣ 𝑗 ∈ Γ} for all 𝑖 ∈ ℱ, then the second-order networked system achieves
containment control.

Definition 4: A second-order multi-agent system is said to achieve finite-time
consensus-based containment control if there exists a time 𝑇0 ∈ [0, +∞) such
that the final states of all agents satisfy lim𝑘→∞ 𝑦1(𝑘) = 0 and lim𝑘→∞ 𝑦2(𝑘) = 0
for 𝑘 ≥ 𝑇0.

3.2 Second-Order Discrete-Time Networked System Containment
Control Algorithm Analysis

Theorem 2: Consider a multi-leader networked system with 𝑛 followers and 𝑚
leaders. Assume the network topology formed by the 𝑛 followers is undirected
and connected, with at least one follower receiving information from the lead-
ers. The discrete-time multi-agent system (20) under control protocol (21) can
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achieve finite-time boundedness if there exist positive definite matrices 𝑃1 and
𝑃2 satisfying:

[𝐴𝑇 𝑃1𝐴 − 𝛾𝑃1 𝐴𝑇 𝑃1𝐺
𝐺𝑇 𝑃1𝐴 𝐺𝑇 𝑃1𝐺 − 𝛾𝑃2

] < 0

where 𝐴 = [𝐼 𝑇 𝐼
0 𝐼 − 𝑇 𝐿ℱℱ

] and 𝛾 > 1.

Proof: Assuming leaders are unaffected by disturbances, the discrete-time lin-
ear system can be written as 𝑦(𝑘 + 1) = 𝐴𝑦(𝑘) + 𝐺𝑤(𝑘). Let the Lyapunov
function be 𝑉 (𝑘) = 𝑦𝑇 (𝑘)𝑃1𝑦(𝑘) + 𝑤𝑇 (𝑘)𝑃2𝑤(𝑘). Following a similar proof
procedure as Theorem 1 and applying Lemma 1, we can conclude that the
discrete-time second-order multi-agent system achieves finite-time boundedness
with respect to (𝛿𝑦, 𝛿𝑤, 𝑅, 𝑁, 𝜀). Using the transformation relationships and the
positive definiteness of 𝐿ℱℱ, the system achieves finite-time asymptotic stabil-
ity, i.e., finite-time containment control.

Corollary 2: For the second-order multi-leader networked system described in
Theorem 2, if there exist positive definite matrices 𝑃1 and 𝑃2 satisfying the LMI
condition (23) with 𝛾 = 1, then the discrete-time multi-agent system achieves
containment control in finite time under control protocol (21).

4 Numerical Simulations
4.1 First-Order Discrete-Time Networked System Simulation

Consider a second-order multi-agent network with three leaders and five follow-
ers [Figure 1: see original paper], where agents 6, 7, and 8 are leaders and the
remaining agents are followers. Assume all edge weights in the topology graph
are 1. The Laplacian matrix is:

𝐿 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

2 0 0 −1 0 −1 0 0
0 2 0 0 −1 0 −1 0
0 0 2 −1 0 0 0 −1

−1 0 −1 3 0 0 0 −1
0 −1 0 0 2 0 0 −1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Assume the initial states of the five followers are 𝑥1(0) = (0, 4), 𝑥2(0) = (4, 0),
𝑥3(0) = (0, 2), 𝑥4(0) = (2, 0), and 𝑥5(0) = (0, 0). The leaders’initial states are
𝑥6(0) = (6, 8), 𝑥7(0) = (8, 8), and 𝑥8(0) = (8, 6). The disturbance is 𝑤(𝑘) =
0.1 sin(𝑘𝑇 ). Using the LMI toolbox, we obtain 𝑃1 = 10.14 and 𝑃2 = 21.66 with

parameters 𝐺 = 0.6, 𝐹 = 1, 𝛾 = 1, 𝑅 = [1 0
0 1], 𝛿𝑦 = 1.3, 𝛿𝑤 = 0.01, and

𝜀 = 1.6.
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The system trajectory is shown in [Figure 2: see original paper]. It can be
observed that despite disturbances, all followers asymptotically converge to the
triangular region formed by the three leaders’positions, demonstrating that the
multi-leader system achieves containment control. [Figure 3: see original paper]
shows the state errors of the five followers in the first-order multi-agent system.
Starting from their initial states, the followers’state errors eventually converge
to zero, indicating that the relative state distance between followers and leaders
becomes zero. This simulation verifies that the proposed algorithm achieves
containment control within finite time, with a convergence time of 25 seconds.

4.2 Second-Order Discrete-Time Networked System Simulation

Consider the same network with three leaders and five followers [Figure 1: see
original paper]. Assume the initial states of the five followers are 𝑥1(0) = (0, 4),
𝑥2(0) = (4, 0), 𝑥3(0) = (0, 2), 𝑥4(0) = (2, 0), and 𝑥5(0) = (3, 0), with initial
velocities 𝑣𝑖(0) = (0, 0) for all followers. The leaders’initial states are 𝑥6(0) =
(6, 8), 𝑥7(0) = (8, 8), and 𝑥8(0) = (8, 6). The disturbance is 𝑤(𝑘) = sin(𝑘𝑇 ).
Using the LMI toolbox, we obtain the positive definite matrices 𝑃1 and 𝑃2
satisfying condition (23).

The system trajectory is shown in [Figure 4: see original paper]. Despite distur-
bances, all followers asymptotically converge to the triangular region formed by
the three leaders’positions, demonstrating that the multi-leader system achieves
containment control. [Figure 5: see original paper] shows the state errors of the
five followers in the second-order multi-agent system. Starting from their initial
states, the followers’state errors eventually converge to zero, indicating that
the relative state distance between followers and leaders becomes zero. This
simulation verifies that the proposed algorithm achieves containment control
within finite time, with a convergence time of 37 seconds.

5 Conclusion
This paper studied discrete-time containment control motion problems for multi-
leader systems, considering finite-time control algorithms for multi-agent sys-
tems with external disturbances. We designed coordinated control protocols
for first-order and second-order discrete-time networked systems and investi-
gated flocking motion for discrete-time multi-agent systems with disturbances
using theoretical tools such as Lyapunov functions and algebraic graph theory.
Finally, computer simulations demonstrated that the multi-agent systems can
rapidly converge to the region surrounded by multiple leaders.
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