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Abstract

In psychological research, Structural Equation Modeling (SEM) is widely em-
ployed to test causal effects among latent variables, with estimation methods
comprising two categories: frequentist approaches (e.g., maximum likelihood
estimation) and Bayesian approaches. In recent years, due to the popularity
of Bayesian statistics and its advantages in structural equation modeling—such
as ease of handling small samples, missing data, and complex models—Bayesian
structural equation modeling has developed rapidly; however, its application
in the domestic field of psychology remains insufficient. This paper primarily
introduces the methodological foundations and advantageous characteristics of
Bayesian structural equation modeling, as well as several commonly employed
Bayesian structural equation models and their current application status, aim-
ing to present a new research tool for applied researchers.
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Abstract: Structural Equation Modeling (SEM) is widely used in psychological
research to examine causal effects among latent variables. Model estimation can
be performed using either frequentist approaches (e.g., maximum likelihood esti-
mation) or Bayesian methods. In recent years, due to the popularity of Bayesian
statistics and its advantages in handling small samples, missing data, and com-
plex models within SEM, Bayesian Structural Equation Modeling (BSEM) has
developed rapidly. However, its application in domestic psychology research
remains insufficient. This paper primarily introduces the methodological foun-
dations and desirable properties of BSEM, as well as several commonly used
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Bayesian structural equation models and their current applications, aiming to
provide applied researchers with a new research tool.

Keywords: structural equation modeling; Bayesian estimation; maximum like-
lihood estimation

1. Introduction

In psychological, behavioral, and other social science research, investigators of-
ten study abstract constructs, traits, or factors such as intelligence, personality,
attitudes, and abilities through latent variables (LVs) that cannot be directly
observed. A latent variable typically corresponds to several related, directly
observable manifest variables. Latent variables can be viewed as abstractions
and generalizations of their corresponding manifest variables, while manifest
variables serve as reflective indicators of specific latent variables. Structural
Equation Modeling (SEM) is widely recognized as one of the most powerful
modern statistical methods for analyzing relationships among latent variables
and represents one of the most commonly used analytical approaches in psychol-
ogy, education, and behavioral sciences (Hou, Wen, & Cheng, 2004; Lee & Song,
2012; Wang, 2014). A key reason for SEM’ s popularity lies in its flexibility—
many models, including confirmatory factor analysis models, mediation models,
and latent growth curve models, can be expressed within the SEM framework.

Traditional SEM comprises two components: a measurement model and a struc-
tural model. The measurement model links manifest variables to their corre-
sponding latent variables, typically taking the form of a Confirmatory Factor
Analysis (CFA) model, which is primarily used to examine the factor structure
of latent variables. It is defined as follows:

y,=p+Aw; +e;, i=12,..,n (1)

where y,(p x 1) represents the observed values of the i-th subject on p related
manifest variables, p(p x 1) is the intercept term, A(p x ¢) is the factor load-
ing matrix reflecting the relationship between manifest variables y, and latent
variables w;(¢ x 1), and €,(p x 1) is the measurement error term for manifest
variables, which follows a N[0, ¥_] distribution. The model includes the follow-
ing assumptions: no correlation exists between measurement errors and latent
variables; the variance-covariance matrix of measurement errors W, is a diag-
onal matrix, meaning no correlation among measurement errors. Traditional
measurement models also typically assume that the number of latent variables
and the relationships between latent and manifest variables are known, and that
each manifest variable loads on only one latent variable without cross-loadings.

The structural model is primarily used to analyze the “causal effects” among
latent variables. It is defined as follows: Let w;, = (n?,ﬁ?)T, where 7,(q; x 1)
represents endogenous latent variables and £, (gy x 1) represents exogenous latent
variables:
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where A, = (IL,T), II(¢; x q;) and I'(g; X ¢y) are path coefficient matrices. II
reflects effects among endogenous latent variables, while I" reflects effects of ex-
ogenous latent variables on endogenous latent variables. &, follows a N0, (I)E]
distribution, and §;(g; x 1) is the residual term, which follows a N0, U] distri-
bution.

The analytical steps for structural equation modeling typically include model
specification and identification, model fit assessment, model modification, and
parameter estimation. Compared with traditional path analysis methods, struc-
tural equation modeling accounts for measurement errors in manifest variables,
providing more accurate estimates of relationships among latent variables (Li,
2011).

2. Bayesian Structural Equation Modeling

The primary estimation methods for structural equation models include frequen-
tist approaches (e.g., maximum likelihood estimation) and Bayesian methods.
Although frequentist methods are currently more widely applied, research on
Bayesian structural equation modeling has grown steadily in recent years due
to the popularity of Bayesian methods and their numerous advantages in sta-
tistical modeling. In particular, since 2012, the number of applied studies us-
ing Bayesian structural equation modeling has increased substantially (Van de
Schoot et al., 2017).

The essential difference between Bayesian and frequentist approaches lies in
their treatment of unknown parameters: frequentist methods treat unknown
parameters as fixed constants and estimate population parameters from sample
parameters, whereas Bayesian methods treat unknown parameters as random
variables, with the goal of obtaining the posterior distribution of unknown pa-
rameters. When analyzing SEM using Bayesian methods, researchers can specify
prior distributions for unknown parameters or latent variables based on theory
or previous research findings. When precise prior information is unavailable,
non-informative prior distributions (e.g., uniform distributions) or vague infor-
mative prior distributions (e.g., normal distributions with large variances) can
be specified. According to Bayes’ theorem, combining prior distributions with
the data likelihood function yields the posterior distribution of unknown pa-
rameters and latent variables. Markov Chain Monte Carlo (MCMC) algorithms
(e.g., Gibbs sampling and Metropolis-Hastings algorithms) are then used to iter-
atively draw a large number of samples from the posterior distribution. These
samples are used to estimate the mean, credible intervals, and other statistics
of the posterior distribution for statistical inference (Li, 2011).

The specific steps for analyzing SEM using Bayesian methods include:
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(1) Model specification and providing prior information for un-
known parameters: Let k = 1,...,p, h = 1,...,¢q;. Conjugate prior
distributions for different unknown parameters in SEM can be specified
as follows (Li, 2011):

B~ N(Uov Huo)v Ak ~ N(AOIw HOk)v Awh ~ N<A0wh’ HOwh)v P~ WiSh?r;(Rm pO)
3

where Ag is the k-th row of the loading matrix A, Agh is the h-th row of the
path coefficient matrix A, and pg, Aoy, Mg, P and positive definite matrices
Ry, H o, Hy,, Hy,,, are hyperparameter values specified based on theory or pre-
vious research findings, reflecting prior information and researchers’ confidence
in its accuracy.

(2) Setting MCMC algorithm iteration numbers and assessing con-
vergence before model fit evaluation and parameter estimation.
Convergence can be assessed through autocorrelation plots, trace plots,
and potential scale reduction factors (see Wang et al., 2017 for details).

(3) Overall model-data fit can be evaluated through Posterior Pre-
dictive Checking. This yields the Posterior Predictive p-value (PPp-
value), which differs from p-values in hypothesis testing. It represents the
proportion of iterations in MCMC algorithms where a test statistic based
on the theoretical model exceeds the test statistic from the sample data.
Therefore, a PPp-value around 0.5 (close to the random probability of
1/2) indicates good model fit. Posterior predictive checking also provides
a 95% confidence interval for the difference in test statistics between sam-
ple data and model-generated data. When the lower bound of this interval
is negative and 0 falls near the center of the interval, the model fits well
(Muthén & Asparouhov, 2012).

(4) To avoid the influence of subjectivity in prior information, re-
searchers can conduct Sensitivity Analysis (Greenland, 2001) to
examine whether estimation results remain stable under differ-
ent prior specifications, thereby enhancing result reliability.

Compared with traditional methods, Bayesian structural equation modeling of-
fers numerous advantages: (1) Bayesian sampling-based methods are less reliant
on large-sample asymptotic theory than frequentist methods, thus performing
well even with small samples (Muthén & Asparouhov, 2012); (2) Bayesian SEM
analysis is based on raw observed values rather than covariance matrices, mak-
ing it easier to handle complex model and data situations such as missing data
and nonlinear relationships among latent variables, where traditional methods
often encounter model identification problems (Li, 2011); (3) Bayesian methods
can provide more effective statistics for model fit assessment, model compari-
son, and parameter estimation (Pan, Ip, & Dubé, 2017); (4) Bayesian methods
can flexibly incorporate prior information, such as pilot studies and previous
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research findings, into model estimation, and effective prior information can
yield more accurate parameter estimates (Yuan & MacKinnon, 2009; Zhang,
Hamagami, Wang, & Nesselroade, 2007).

Despite these advantages that can better meet applied researchers’ needs in em-
pirical studies—such as handling complex models and small sample problems—
Bayesian structural equation modeling remains underutilized in domestic psy-
chology research. This paper introduces several commonly used Bayesian struc-
tural equation models and their application progress, including confirmatory
factor analysis, structural equation models, mediation models, latent growth
curve models, multiple-group models, and multilevel models, aiming to intro-
duce new research tools to applied researchers and promote their application in
domestic psychology research.

3.1.1 Bayesian Confirmatory Factor Analysis

Confirmatory factor analysis is commonly used to verify relationships between
manifest and latent variables based on theoretical hypotheses. In traditional
CFA models, the local independence assumption requires that manifest variables
be uncorrelated after conditioning on latent variable values, meaning all off-
diagonal elements in the measurement error variance-covariance matrix ¥, are
constrained to 0. Additionally, traditional CFA models generally do not permit
cross-loadings. However, in practical research, these strict constraints often
lead to poor model fit or even model rejection (Muthén & Asparouhov, 2012).
Some researchers have noted that restrictions imposed by traditional methods
are overly strict and even unnecessary, as they can easily reject models that
actually fit the data well in large samples (Lu, Chow, & Loken, 2016; Marsh
et al., 2009; Muthén & Asparouhov, 2012). Moreover, studies have found that
imposing excessive constraints in actual data analyses can reduce the accuracy
of unknown parameter estimates (Asparouhov & Muthén, 2009; Hsu, Troncoso
Skidmore, Li, & Thompson, 2014).

In traditional methods, to address problems caused by these restrictions, re-
searchers often combine theoretical considerations with modification index rec-
ommendations (Modification Index; Sérbom, 1989) to add cross-loadings or cor-
relations among measurement errors to the model. However, this modification
index-based approach has several limitations: (1) the modification process is
time-consuming and tedious when many parameters require modification, as
they must be adjusted individually; (2) it can easily lead to model overfitting
and reduce generalizability (Maccallum, Roznowski, & Necowitz, 1992); (3) it
is difficult to find a globally optimal model (Chou & Bentler, 1990); and (4) it
can increase Type I error rates (Draper, 1995).

Muthén and Asparouhov (2012) innovatively proposed a Bayesian confirmatory
factor analysis model that combines exploratory and confirmatory approaches,
relaxing restrictions on measurement error correlations or cross-loadings. In tra-
ditional methods, cross-loadings and measurement error correlations are strictly

chinarxiv.org/items/chinaxiv-201812.00865 Machine Translation


https://chinarxiv.org/items/chinaxiv-201812.00865

ChinaRxiv [$X]

constrained to 0, both for model parsimony and because freely estimating these
parameters can lead to model non-identification. However, Muthén and As-
parouhov’s (2012) method maintains model identifiability while relaxing these re-
strictions by providing cross-loadings with a normal prior distribution with mean
0 and extremely small variance, or by providing appropriate inverse Wishart dis-
tributions for error term matrices. Simulation studies have shown that when
relaxing restrictions on cross-loadings or measurement error correlations, this
method yields fewer significant cross-loadings or measurement error correlations
than the modification index approach, and satisfactory model fit can be achieved
in a single analysis, whereas traditional methods typically require multiple mod-
ifications.

However, Muthén and Asparouhov’ s (2012) method, while relaxing model re-
strictions, can also produce numerous non-zero cross-loadings or measurement
error correlations (Lu, Chow, & Loken, 2016), resulting in overly complex factor
loading or error term matrices. Consequently, models are prone to overfitting,
complicating the interpretation and replication of research findings.

Lu et al. (2016) noted that Muthén and Asparouhov’ s (2012) method essen-
tially applies Bayesian Ridge regularization to CFA models. To address the
aforementioned problems, Lu et al. (2016) introduced another Bayesian regular-
ization method: by providing spike-and-slab prior distributions for the loading
matrix, important cross-loadings are retained while other weak cross-loadings
are shrunk toward zero. This approach avoids the model overfitting that Ridge
regularization may cause and prevents excessive shrinkage of important cross-
loadings.

Pan et al. (2017) introduced the covariance Lasso (Least absolute shrinkage
and selection operator) regularization method for error term variance-covariance
matrices in CFA models. By estimating a sparse error covariance matrix, this
method relaxes restrictions on measurement error correlations while shrinking
weak, unimportant measurement error correlations toward zero, avoiding model
overfitting or non-positive definite error term matrices caused by excessive mea-
surement error correlations. Their empirical research found that allowing “a
small number” of measurement error correlations satisfied both model parsimony

and fit.

Since the introduction of this relaxed restriction approach, applied research us-
ing Bayesian CFA for data analysis has increased substantially. Leveraging
Bayesian methods’ excellent properties in handling complex models, Golay, Re-
verte, Rossier, Favez, and Lecerf (2013) reanalyzed the four-factor structure of
the Wechsler Intelligence Scale, testing both second-order and bifactor models,
with results showing that Bayesian methods performed better than maximum
likelihood estimation in both model identification and estimation. Falkenstréom
et al. (2015) found that when examining the structural validity of the patient
version of the Working Alliance Inventory, maximum likelihood estimation in-
dicated poor model fit, but Bayesian methods that relaxed restrictions on mea-
surement error correlations showed good model-data fit. Additionally, because
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Bayesian methods provide more accurate parameter estimates in small samples
(Muthén & Asparouhov, 2012), Crenshaw, Christensen, Baucom, Epstein, and
Baucom (2016) used Bayesian CFA to revise the Communication Patterns Ques-
tionnaire in a clinical small-sample study (52 subjects, 18 unknown parameters
including 9 factor loadings and 9 measurement error variances). Furthermore,
since Bayesian methods estimate factor scores more accurately than traditional
maximum likelihood methods in small samples (Muthén & Asparouhov, 2012),
Alessandri and De Pascalis (2017) used Bayesian CFA to estimate factor scores
for the “life orientation” factor in 51 subjects in an EEG experimental study,
which were then used in subsequent analyses of relationships among factors.

3.1.2 Bayesian Structural Equation Models

Building upon measurement models, structural models are used to examine
“causal effects” among latent variables unaffected by measurement error. As
described in Section 2 of this paper, when estimating structural equation models
using Bayesian methods, appropriate prior distributions can be specified for
unknown parameters and latent variables, which are then combined with data
to obtain their posterior distributions for statistical inference.

With relaxed restrictions on measurement models, estimation of unknown pa-
rameters in structural models also becomes more accurate. Pan et al. (2017)
employed Bayesian Lasso methods to estimate error covariance matrices when
establishing measurement models and found that, compared with traditional
methods, Bayesian Lasso produced smaller estimation bias for path coefficients
in structural models.

Moreover, in structural model estimation, Bayesian methods can provide prior
distributions for all path coefficients. Similar to Bayesian confirmatory factor
analysis, Muthén and Asparouhov (2012) suggested that path coefficients origi-
nally fixed at 0 could be relaxed by providing them with normal prior distribu-
tions with mean 0 and extremely small variance, enabling simultaneous model
exploration and validation in a single estimation.

To facilitate researchers’ application of this method, we provide a detailed de-
scription of the implementation steps for using informative priors in both mea-
surement and structural models simultaneously, using Muthén and Asparouhov’
s (2012) Bayesian structural equation model as an example. This study reana-
lyzed Kaplan’ s (2009) longitudinal research, which collected data from 6,677
public school tenth-grade students. The established model is shown in Figure 1
[Figure 1: see original paper]. The model included the following hypotheses: stu-
dents’sixth-grade science achievement and family socioeconomic status influence
their science achievement through tenth-grade science achievement; teachers’ sci-
ence certification level influences students’ science achievement through student
engagement, which affects perceived curriculum challenge, ultimately impacting
science achievement through tenth-grade science achievement.

Figure 1. Structural equation model of science achievement (adapted from

chinarxiv.org/items/chinaxiv-201812.00865 Machine Translation


https://chinarxiv.org/items/chinaxiv-201812.00865

ChinaRxiv [$X]

Kaplan (2009))

The researchers found poor model fit using traditional maximum likelihood es-
timation, with the hypothesized model being rejected (RMSEA = 0.081, CFI =
0.844). Modification indices suggested numerous parameters requiring modifica-
tion. Under non-informative priors, Bayesian estimation yielded similar results,
with posterior predictive checking intervals not including zero, indicating poor
model fit (95% CI [1644, 1720]).

Based on the previously described approach of relaxing model restrictions, after
standardizing the data, Muthén and Asparouhov (2012) provided normal prior
distributions with mean 0 and variance 0.01 for 11 parameters originally fixed
at 0 in the structural model, allowing 95% of the variation in these parameters
to fall within (-0.2, 0.2). Since the data were standardized, these prior distribu-
tions theoretically covered the range of potentially omitted effects well. The re-
searchers also provided the same prior distributions for 18 path coefficients from
three variables (sixth-grade science achievement, family socioeconomic status,
and teacher science certification level) to six observed indicators. In traditional
methods, freely estimating these path coefficients would imply differential item
functioning across the six observed indicators. Here, however, the researchers
merely relaxed strict restrictions by providing normal prior distributions with
mean 0 and extremely small variance.

Additionally, the researchers relaxed restrictions on cross-loadings and measure-
ment error correlations for the six observed indicators. Cross-loadings received
normal prior distributions with mean 0 and variance 0.01, while error term matri-
ces received inverse Wishart distributions IW(I, 30). The corresponding Mplus
code for the model can be found in the supplementary materials of Muthén and
Asparouhov (2012).

Results showed improved model fit compared to the model without relaxed re-
strictions, with posterior predictive checking intervals including 0 (95% CT [-24,
44]) and a posterior predictive p-value of 0.276. The analysis also identified six
significant structural model parameters and 11 significant measurement error
correlations, though their estimates were all small'. Muthén and Asparouhov
(2012) noted that the relaxed model would be non-identifiable using traditional
maximum likelihood estimation, but this could be avoided within the Bayesian
framework. They also noted that convergence rates decreased after relaxing
model restrictions, requiring more iterations and longer computation times to ob-
tain model estimates. Interested readers may refer to Muthén and Asparouhov
(2012) for further discussion of these issues.

Furthermore, an increasing number of applied researchers have begun adopting
this approach in empirical studies. Scherer, Siddig, and Teo (2015), based
on conceptual overlap among the latent variables studied, argued that cross-
loadings must be considered in modeling, but traditional methods encounter
model identification or estimation problems when adding too many cross-
loadings. Drawing on Bayesian structural equation modeling principles, Scherer
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et al. (2015) used Bayesian methods to relax measurement model restrictions
and subsequently established structural models to examine relationships
between teachers’ use of information technology and teacher characteristics.
Salarzadeh, Moghavvemi, Wan, Babashamsi, and Arashi (2017) similarly
employed this method to study factors influencing students’ intention to use
e-learning platforms, comparing maximum likelihood and Bayesian estimation
results and finding that Bayesian estimation yielded more accurate model
estimates with smaller root mean square errors and absolute mean errors.

3.1.3 Bayesian Mediation Models

Mediation analysis plays a crucial role in psychology, as it can explain the
mechanisms through which independent variables affect dependent variables,
facilitating the validation of existing theories and the construction of new ones
(Luo & Jiang, 2014). When testing mediation effects, the key is to examine the
significance of indirect effects—that is, whether the independent variable “sig-
nificantly” affects the dependent variable through the mediator. Before Yuan
and MacKinnon’ s (2009) Bayesian mediation modeling approach, most medi-
ation analyses in psychological research were conducted within the frequentist
framework (Nuijten, Wetzels, Matzke, Dolan, & Wagenmakers, 2015).

Currently, commonly used methods for testing indirect effect significance in the
frequentist framework include the Sobel test and Bootstrap method. The Sobel
test directly examines the significance of the product of direct effect coefficients
(H : ab = 0; where a and b are the two direct effect coefficients), but this method
requires the assumption that the product of coefficients follows a normal distri-
bution; otherwise, estimates will be biased. This assumption is often difficult to
satisfy in actual data analysis, but the Bootstrap method avoids this problem
by constructing interval estimates (Wen & Ye, 2014).

Mediation analysis within the Bayesian framework uses MCMC methods for pa-
rameter estimation based on samples drawn from posterior distributions. After
obtaining posterior distributions of direct effect coefficients, various functional
forms of parameters can be easily estimated, such as the product of two di-
rect effect coefficients, and credible intervals for indirect effects can be readily
constructed (Yuan & MacKinnon, 2009). Therefore, Bayesian methods eas-
ily handle complex mediation models, such as Bayesian serial mediation mod-
els (Tofighi & Mackinnon, 2016) and moderated mediation models (Wang &
Preacher, 2015), whereas traditional methods often encounter model identifi-
cation and estimation problems with complex models (Kenny, Korchmaros, &
Bolger, 2003).

Moreover, Bayesian mediation models do not require the assumption that the
product of coefficients follows a normal distribution. Previous research has
found that, except under non-informative prior conditions where Bayesian and
traditional methods produce similar results, Bayesian methods demonstrate
higher statistical power and more accurate parameter estimation under informa-
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tive and vague informative prior conditions (MacKinnon, Lockwood, & Williams,
2004; Tofighi & MacKinnon, 2011; Tofighi & Mackinnon, 2016), and perform
better in small samples (Mioc¢evi¢, MacKinnon, & Levy, 2017).

Due to the importance of mediation analysis and the excellent properties of
Bayesian mediation models, an increasing number of studies have adopted
Bayesian methods to test mediation effects. Given that Bayesian analysis
does not rely on normal distribution assumptions for parameters, Shuck,
Zigarmi, and Owen (2015) used Bayesian multiple mediation models to test the
mediating effects of work engagement, employee dedication, and work passion
in the relationship between basic psychological needs and work intentions. Due
to small sample sizes, Zeman, Dallaire, Folk, and Thrash (2017) similarly used
this method to test the mediating effect of children’ s emotion regulation in the
relationship between incarceration risk experiences, environmental risk, and
childhood mental disorders. Additionally, combining Bayesian mediation mod-
eling with Bayesian CFA methods that relax measurement model restrictions,
Jacobson, Lord, and Newman (2017) verified that anxiety affects depressive
symptoms through the mediation of emotional intelligence.

3.2 Bayesian Latent Growth Curve Models

Longitudinal research, also known as tracking research, involves long-term
follow-up observations of research subjects with repeated measurements of
relevant variables, enabling observation of relatively complete developmental
processes and identification of key turning points in development. Compared
with cross-sectional research, the greatest advantage of longitudinal research
design is its ability to reasonably infer causal relationships among variables,
making it an important research method in psychology (Liu & Meng, 2003).

Currently, among structural equation modeling approaches for analyzing longi-
tudinal data, Latent Growth Curve Models (LGCM; Bollen & Curran, 2006)
are widely applied. These models can analyze not only overall average change
trends but also individual differences in developmental trajectories and how
these differences are influenced by predictor variables.

LGCM is suitable for longitudinal research data observed at several fixed time
points (Liu & Meng, 2003). A simple unconditional linear latent growth curve
model is defined as follows (Wang, Wang, & Jiang, 2011):

Yoo = Mo T >‘t7)1i + €y (4)
Noi = o T Cog (5)
M; =M + Cli (6)
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where y,, is the observed variable data for individual ¢ at time point ¢, n,, and
n,; are random coefficients describing characteristics of change over time (also
called growth factors), A, is the time score, and ¢,; is the composite error term
at time point ¢, representing random measurement error and individual-specific
time effects for subject 7. In equations (5) and (6), 1, and 7, reflect the average
initial level and average rate of change of the variable, respectively; thus 7, and
n,, are called latent intercept and latent slope growth factors. The variances of
Cp; and ¢, reflect between-individual variation among research subjects.

Additionally, researchers can incorporate predictor variables into the model to
predict these two latent growth factors. If the developmental trajectory is non-
linear, nonlinear trajectories can be examined by introducing second-order or
higher-order functions of time scores or by specifying free time scores (Meredith
& Tisak, 1990).

Bayesian methods offer many advantages over traditional estimation methods
when estimating latent growth curve models. First, longitudinal data situations
are often complex, with unequal measurement intervals, nonlinear developmen-
tal trajectories, and non-normal data distributions, sometimes requiring com-
plex data transformations. Bayesian estimation relies on raw observed values
rather than variance-covariance matrices, making it easier to handle such data
transformations (Gelman, Carlin, Stern, Dunson, Vehtari, & Rubin, 2014). Sec-
ond, traditional methods often encounter estimation problems or even model
identification issues when handling complex LGCMs, whereas Bayesian meth-
ods can estimate complex models more effectively (Zhang, Hamagami, Wang,
& Nesselroade, 2007). Third, missing data are common in longitudinal research
(Ye, Tang, Zhang, & Cao, 2014), and Bayesian methods perform better in han-
dling missing data (Li, 2011). Additionally, Bayesian methods perform better
in small-sample situations (Gelman, Carlin, Stern, & Rubin, 2003). Zhang et
al. (2007) found that Bayesian methods could estimate latent growth curve mod-
els with as few as 20 subjects measured at four different time points, making
Bayesian methods extremely valuable for application.

In empirical research, Winans-Mitrik et al. (2014) noted that Bayesian methods
provide more stable inferences than traditional frequentist methods that rely on
hypothesis testing, better meeting clinical assessment requirements. They used
Bayesian LGCM to verify the promoting effect of an aphasia intervention pro-
gram on language comprehension, finding reliable and sustained therapeutic ef-
fects after four measurements of subjects’aphasia severity. Additionally, because
Bayesian methods perform better with small samples and non-normal data (Gel-
man et al., 2014), Maier, Bohlmann, and Palacios (2016) used Bayesian LGCM
to analyze cross-language associations in children’ s language development, find-
ing that the interaction between English and Spanish vocabulary expression
abilities affected the growth of English vocabulary expression ability. We use
this study as an example to detail the modeling steps for Bayesian LGCM.

The study’ s subjects were 177 preschool children from low- to middle-income
families in the Los Angeles area. Researchers followed up with them at three
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time points: the beginning of the fall semester, four months later, and six months
later. At each follow-up, children’ s English and Spanish vocabulary expression
and reception abilities were measured through language tests and behavioral
coding by coders, and multiple covariates were assessed, including children’ s
demographic variables, teacher and classroom characteristics, and classroom
and home language environments.

Researchers handled missing values using Bayesian methods, treating missing
observations as unknown values to be estimated. In modeling analyses, uncon-
ditional latent growth curve models were first established separately for four
outcome variables: English vocabulary reception ability, English vocabulary ex-
pression ability, Spanish vocabulary reception ability, and Spanish vocabulary
expression ability (Figure 2 [Figure 2: see original paper]).

The model constructed two growth factors for each variable, with the covariance
between intercept and slope factors freely estimated. Each factor had measure-
ments at three time points as their observed indicators. For slope factors, factor
loadings at the three time points were fixed at 0, 0.4, and 1 according to linear
relationships based on measurement intervals. Residuals for observed indicators
at the three time points were allowed to be freely estimated. The means of inter-
cept and slope growth factors reflected the overall average initial values and rates
of change for the variables, while factor variances reflected between-individual
differences. In model estimation, researchers used Bayesian estimation in Mplus
6.11 with default non-informative prior distributions. After establishing uncon-
ditional models, researchers further incorporated covariates into the models to
predict intercept and slope factors, establishing conditional latent growth curve
models.

Results showed that the four unconditional models for English vocabulary re-
ception ability, English vocabulary expression ability, Spanish vocabulary re-
ception ability, and Spanish vocabulary expression ability all fit well, with PPp
values of 0.56 (95% CI [-13.51, 10.46]), 0.26 (95% CI [-8.38, 16.85]), 0.53 (95%
CI [-11.33, 9.66]), and 0.48 (95% CI [-12.67, 11.81]), respectively. All slope fac-
tor estimates were greater than 0, indicating that all four vocabulary abilities
increased over time. Significant between-individual differences were observed in
both initial levels and rates of change across the four abilities (i.e., variances of
intercept and slope factors were significantly different from 0).

Conditional models with covariates showed PPp values of 0.31 (95% CI [-26.96,
52.53]), 0.21 (95% CI [-23.84, 58.95]), 0.29 (95% CI [-32.40, 51.26]), and 0.34
(95% CI [-28.35, 52.86)), respectively, all indicating good model fit. Parameter
estimation results showed that age positively predicted intercept factors in all
four conditional models, indicating that older preschool children tended to have
higher initial vocabulary levels. English exposure levels in the home also posi-
tively predicted children’ s English vocabulary abilities but negatively affected
initial Spanish vocabulary abilities. Additionally, due to Bayesian methods’ ad-
vantages in estimating factor scores, researchers obtained each subject’ s values
on intercept and slope factors under Bayesian LGCM to further explore inter-
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connections between English and Spanish vocabulary abilities, though detailed
discussion is omitted here due to space limitations.

Figure 2. Unconditional latent growth curve model (using English vocabulary
reception ability as an example)

The above example briefly introduces the application of Bayesian methods in
latent growth curve models. Currently, in most studies employing Bayesian
LGCM, researchers simply change the estimation method to Bayesian estima-
tion and often provide software-default non-informative priors for parameter
estimation. Future research could examine the impact of appropriate prior dis-
tributions on parameter estimation in latent growth curve models to further
leverage Bayesian methods’ advantages in model fit and parameter estimation.

3.3 Bayesian Multiple-Group Structural Equation Models

In empirical research, researchers often divide populations into multiple groups
based on certain variables, such as gender groups. In such cases, data typically
consist of few groups with many observations per group, where within-group
observations are independent—i.e., multiple-group data. In structural equa-
tion modeling of multiple-group data, researchers can study similarities and
differences among models across groups by establishing group-specific models.
Multiple-group structural equation modeling focuses on testing various invari-
ance assumptions across groups (Li, 2011).

Invariance assumption testing must first be conducted in measurement models,
i.e., measurement invariance assumptions. Testing measurement invariance can
be performed through a series of nested steps, sequentially including configural
invariance (same factor structure across groups, meaning scale items load on
the same latent variables across groups), metric invariance (equal item loadings
across groups), scalar invariance (equal item intercepts across groups), and error
variance/covariance invariance (equal item error variances across groups) (Van-
denberg & Lance, 2000). Measurement invariance forms the basis for comparing
latent variable-level parameters across groups, i.e., testing structural invariance,
which includes factor variance/covariance invariance and factor mean structure
invariance (Wang et al., 2011). When models do not meet cross-group scalar
invariance, differences in factor scores across groups typically cannot clearly
reflect true differences at the latent variable level (Schmitt & Kuljanin, 2008).

When testing invariance, traditional methods first require establishing a base-
line model for each group, then constructing a configural model that integrates
the baseline models across groups. Corresponding parameters (e.g., loadings,
intercepts) are then constrained to be invariant across groups in the configural
model. Model fit changes are used to determine whether parameters violate
cross-group invariance. If model fit changes significantly, parameters must be
modified according to modification index recommendations (Wang et al., 2011).
When the proportion of parameters violating invariance is small relative to the
number of parameters constrained to be invariant, such modifications have mini-
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mal impact on parameter estimation accuracy. However, when many groups are
involved, parameters violating invariance are typically numerous. In such cases,
model modifications can easily lead to biased parameter estimates. Addition-
ally, traditional methods require modifying parameters individually according
to modification indices, resulting in a tedious modeling process, complex mod-
els, and often poor model fit and biased parameter estimates (Asparouhov &
Muthén, 2014).

Bayesian methods handle situations with many groups effectively. They relax
strict cross-group invariance restrictions by providing appropriate prior distri-
butions for parameter differences across groups (e.g., normal distributions with
mean 0 and extremely small variance), allowing small cross-group differences
to exist to some extent. This avoids problems of poor model fit caused by
overly strict restrictions while providing more accurate parameter estimates
(Asparouhov & Muthén, 2014). Additionally, Bayesian methods perform better
with small-sample multiple-group data (Kim et al., 2017).

Considering that traditional methods impose excessive restrictions that can lead
to poor model fit, Fong (2014) combined Bayesian multiple-group modeling with
Bayesian CFA methods that relax measurement model restrictions to test cross-
group invariance of Hospital Anxiety and Depression scores between male and
female groups, finding that female anxiety levels were significantly higher than
male levels.

De Bondt and Van Petegem (2015), building on this approach and following
Asparouhov and Muthén’ s (2014) recommendations, relaxed strict parame-
ter invariance restrictions by providing prior distributions for parameter dif-
ferences across groups to test gender invariance of the Over-Excitability Ques-
tionnaire. They found that multiple-group models rejected under traditional
methods showed good fit after relaxing strict parameter restrictions, satisfying
measurement invariance. We use this study as an example to detail the imple-
mentation steps for Bayesian multiple-group structural equation modeling.

De Bondt and Van Petegem (2015) used Bayesian multiple-group structural
equation modeling to test gender invariance of the Over-Excitability Question-
naire. The study collected data from 516 college students who completed the
online questionnaire, which includes five dimensions (psychomotor, sensual, in-
tellectual, imaginational, and emotional) with 50 items.

The researchers first established measurement models for male and female
groups separately, using both traditional frequentist and Bayesian estimation
methods. In the Bayesian approach, restrictions on measurement error corre-
lations and cross-loadings were relaxed: cross-loadings received normal prior
distributions with mean 0 and variance 0.01, while observed indicator error
covariance matrices received inverse Wishart prior distributions IW(I, 56).
Results showed that corresponding models for both genders fit poorly under
traditional methods (CFI values < 0.8), while measurement models for both
genders fit well under Bayesian methods, with model PPp values of 0.905 and
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0.767, respectively, and 95% intervals including zero, satisfying cross-group
configural invariance.

Building on this foundation, the researchers established five multiple-group mod-
els to compare cross-group invariance across the five dimensions of the Over-
Excitability Questionnaire between males and females. As a reference group,
factor means and variances in the male group were fixed at 0 and 1, respec-
tively, while factor means and variances in the female group and covariances
between male and female groups received non-informative prior distributions
—normal priors with mean 0 and extremely large variance—allowing free esti-
mation to compare factor mean differences across groups. Furthermore, the
researchers relaxed strict restrictions not only on measurement error correla-
tions and cross-loadings but also on loading invariance and scalar invariance by
providing normal prior distributions with mean 0 and variance 0.01 for group
differences in factor loadings and intercepts. The corresponding Mplus code for
the model can be found in the supplementary materials of De Bondt and Van
Petegem (2015).

Multiple-group model results were as follows: the Over-Excitability Question-
naire met cross-group scalar invariance across all five dimensions, meaning item
loadings and intercepts were equivalent across male and female groups, with
good model fit (intellectual dimension: PPp = 0.540; imaginational dimension:
PPp = 0.392; emotional dimension: PPp = 0.500; sensual dimension: PPp
= 0.598; psychomotor dimension: PPp = 0.518). By comparing factor mean
differences across groups, female factor means were significantly higher than
male means in emotional and sensual dimensions, while male factor means were
significantly higher than female means in the psychomotor dimension. No cross-
gender differences in factor means were found in other dimensions.

3.4 Bayesian Multilevel Structural Equation Models

Cluster sampling is a commonly used sampling method in psychological research.
It involves dividing a population into clusters (groups) based on certain criteria,
randomly selecting some clusters, and using some individuals within those clus-
ters as the sample. Data generated by this sampling method have a multilevel
(nested) structure—for example, student-level data nested within classroom-level
data when sampling students from different classrooms. The longitudinal data
mentioned above can also be considered a type of multilevel data, where different
measurement time points are nested within the individual level.

For such data structures, traditional analytical methods would ignore the nested
structure information and violate independence assumptions, as variables within
the same cluster may be correlated. Multilevel models can decompose variance
across levels and explore relationships among variables at different levels. In
latent variable modeling, Multilevel Structural Equation Modeling (MSEM) al-
lows models to have different variances and covariances from between-group
and within-group levels and can handle nested data with more than two levels
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(Rabe-hesketh, Skrondal, & Pickles, 2004).

However, due to the complexity of multilevel data structures and modeling, tra-
ditional maximum likelihood estimation often encounters problems with param-
eter estimation, model convergence, and fit. Moreover, as the average sample
size per level decreases, parameter estimation accuracy and model convergence
rates decline (Hox, Maas, & Brinkhuis, 2010; Li & Beretvas, 2013; Meuleman
& Billiet, 2009; Preacher, Zhang, & Zyphur, 2011). Additionally, the Intraclass
Correlation Coefficient (ICC)—the ratio of between-group variability to total
variability—affects parameter estimation quality. In MSEM analysis, when low
ICC coincides with small average sample sizes per level, non-positive definite
covariance matrices and incorrect parameter estimates can easily occur, such as
negative residual variances (Depaoli & Clifton, 2015; Li & Beretvas, 2013).

Compared with maximum likelihood estimation, Bayesian estimation performs
better in multilevel structural equation modeling: First, Bayesian methods pro-
vide more accurate parameter estimates (Asparouhov & Muthén, 2010; Bald-
win & Fellingham, 2013). Second, providing certain prior information for pa-
rameters can prevent problems such as negative variance estimates or model
non-convergence (Chung, Rabe-Hesketh, Dorie, Gelman, & Liu, 2013). Third,
Bayesian methods more easily handle complex models, such as three-level mod-
els with ordered categorical variables (Asparouhov & Muthén, 2012). Finally,
the most common problem in MSEM is small sample sizes at the second level,
and Bayesian methods can still provide accurate parameter estimates in small-
sample situations (Asparouhov & Muthén, 2010; Baldwin & Fellingham, 2013).

In empirical research, Johnson, Schoot, Delmar, and Crano (2015) used Bayesian
multilevel structural equation modeling to explore the mutual influence and pro-
motion between two interpersonal processes in group cooperation—discussion
and argumentation. Tamminen, Gaudreau, Mcewen, and Crocker (2016) es-
tablished Bayesian MSEM to test factors influencing athletes’ enjoyment levels,
avoiding problems with model non-convergence common in traditional methods,
and found that athletes’ personal emotion regulation strategies, team climate
at the group level, and peer relationships were all related to enjoyment levels.

To facilitate researchers’ application of this method, we use Prem, Scheel,
Weigelt, Hoffmann, and Korunka’ s (2018) study as an example to demonstrate
how to apply this method to actual data analysis. Prem et al. (2018) used
Bayesian multilevel structural equation modeling to explore the mediating
mechanisms through which job characteristics influence workplace procras-
tination. The study collected data from 110 employees who completed
questionnaires three times daily for 12 days.

The questionnaire included four variables: the independent variable (job char-
acteristics) comprising three dimensions (time pressure, problem solving, and
planning and decision-making); two mediating variables (cognitive appraisal pro-
cesses and self-regulatory effort), where cognitive appraisal processes included
challenge appraisal and hindrance appraisal dimensions; the dependent variable
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(workplace procrastination); and control variables (sleep quality and occupa-
tional self-efficacy). Within-person and between-person level hypotheses were
consistent, as shown in Figure 3 [Figure 3: see original paper]: Hypothesis 1
proposed that job characteristics reduce workplace procrastination by increas-
ing challenge appraisal, thereby reducing self-regulatory effort; Hypothesis 2
proposed that job characteristics increase workplace procrastination by increas-
ing hindrance appraisal, thereby increasing self-regulatory effort.

Due to the nested data structure, the researchers used multilevel structural
equation modeling for analysis, decomposing variable variance into between-
person and within-person components. Compared with other multilevel medi-
ation analyses, structural equation modeling produces less bias. Additionally,
since indirect effects at the within-person level often exhibit skewed distribu-
tions, Bayesian estimation can better test indirect effects (Preacher, Zyphur, &
Zhang, 2010).

The researchers used Mplus 8.0 for Bayesian multilevel structural equation mod-
eling analysis, with results indicating good model fit (PPp = 0.460). Parameter
estimation results showed that at the within-person level, all three dimensions of
job characteristics had negative sequential indirect effects on workplace procras-
tination—that is, they affected workplace procrastination by increasing challenge
appraisal and reducing self-regulatory effort (time pressure: indirect effect = -
0.004, 95% CT [-0.009, -0.000]; problem solving: indirect effect = -0.011, 95% CI
[-0.023, -0.002]; planning and decision-making: indirect effect = -0.004, 95% CI
[-0.009, -0.000]). Additionally, time pressure had a positive sequential indirect ef-
fect on workplace procrastination—that is, it affected workplace procrastination
by increasing hindrance appraisal and increasing self-regulatory effort (indirect
effect = 0.006, 95% CI [0.002, 0.012]). At the between-person level, however,
these sequential indirect effects did not hold. Therefore, this study revealed
a close relationship between job characteristics and workplace procrastination,
primarily realized through cognitive appraisal and self-regulatory effort at the
within-person level.

Figure 3. Conceptual model diagram of the study

4. Model Evaluation and Fit Indices

Traditional model fit indices are not suitable for Bayesian estimation. There-
fore, the following indices are needed for effective model assessment when using
Bayesian methods.

4.1 Posterior Predictive p-value

Model-data fit can be assessed through posterior predictive checking (Gelman,
Meng, Stern, & Rubin, 1996). Posterior predictive checking compares differences
between actual data and data generated by the hypothesized model, enabling
evaluation of model fit to actual data. Posterior predictive checking yields the
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Posterior Predictive p-value (PPp-value). Unlike p-values in hypothesis test-
ing, the PPp-value represents the proportion of iterations in MCMC algorithms
where a test statistic based on the theoretical model exceeds the test statistic
from the sample data. Therefore, a PPp-value around 0.5 (close to the random
probability of 1/2) indicates good model fit. Posterior predictive checking also
provides a 95% confidence interval for differences in test statistics between sam-
ple data and model-generated data. When the lower bound of this interval is
negative and 0 falls near the center of the interval, the model fits well (Muthén
& Asparouhov, 2012).

4.2 Bayes Factor

The Bayes Factor is an important statistic for model comparison and can be
used to compare non-nested models. It compares the probabilities of supporting
two models, M, and M, given a dataset. This comparison does not rely on
hypothesis testing and does not tend to support the alternative hypothesis M;
even with large sample sizes (Li, 2011). Kass and Raftery (1995) proposed
criteria for interpreting Bayes Factors. For example, a Bayes Factor between 1
and 3 indicates similar support for both models from the data, in which case
the principle of “parsimony” should be considered in model selection or other
indices should be combined for judgment.

4.3 Bayesian Information Criterion

Like the Akaike Information Criterion (AIC), the Bayesian Information Crite-
rion (BIC; Schwarz, 1978) considers model complexity when evaluating model
fit, penalizing complex models, with BIC imposing stronger penalties on com-
plex models than AIC. Smaller BIC values indicate better model fit. However,
BIC is a relative fit index and cannot evaluate the significance of differences in
fit between two models.

4.4 Deviance Information Criterion

Like BIC, the Deviance Information Criterion (DIC) is used to compare com-
peting models (Spiegelhalter, Best, Carlin, & Van der Linde, 2002). Smaller
DIC values indicate better model fit. However, because DIC aligns more closely
with the concept of Bayesian Deviance (Kaplan & Depaoli, 2012), it is more
commonly applied. In contrast, BIC is more often used for model comparison
in frequentist methods.

5. Software Introduction

Although Bayesian estimation of SEM offers many advantages, its application
has lagged, partly because it appears to require researchers to have a strong
foundation in Bayesian statistics (Muthén & Asparouhov, 2012). In reality,
current software capable of analyzing SEM using Bayesian methods can not
only meet most researchers’ needs but is also easy to learn and use. The main
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commonly used software includes the following, with all except Mplus being free
and open-source:

(1) Mplus (Muthén & Muthén, 1998-2017) is currently the most popular la-
tent variable analysis software. Its programming language is simple and
easy to learn. Due to its many default settings, researchers generally
only need to change the estimation method from maximum likelihood to
Bayesian estimation and provide corresponding prior information. If no
prior information is provided, Mplus typically provides non-informative
prior distributions by default. However, Mplus 8.0 cannot estimate some
special models, such as latent moderation models (i.e., models where the
moderator is a latent variable). When researchers set the estimation
method to Bayesian, Mplus 8.0 can provide PPp-values, DIC, and BIC
values as model fit and evaluation indices.

(2) WinBUGS (Windows version of Bayesian Inference Using Gibbs
Sampling; Lunn et al., 2000) is a software package specifically designed
for Bayesian statistical inference. Compared with Mplus, it requires
researchers to have a higher level of Bayesian statistical knowledge. Some
default estimation settings in Mplus need to be specified by researchers
themselves in WinBUGS, but it is powerful and can flexibly estimate
complex models. WinBUGS can provide DIC values as model fit and
evaluation indices.

(3) Stan (Stan Development Team, 2014) can estimate complex BSEMs (such
as latent moderation models, multilevel models, etc.) and can interface
with the most popular data analysis languages (e.g., R, Matlab, Python).

(4) The blavaan package in R software (Merkle & Rosseel, 2015) cannot yet
estimate some special models, such as latent moderation models or models
with ordered categorical variables. However, users can export JAGS (Just
Another Gibbs Sampler; Plummer, 2005) code to estimate complex and
special models as needed. Additionally, Mplus software can be interfaced
with blavaan through the mplus2lavaan() function. Blavaan can provide
PPp-values and DIC values as model fit and evaluation indices.

Among the applied studies introduced in this paper, most used Mplus software
for Bayesian structural equation modeling (e.g., Crenshaw et al., 2016; Falken-
strom et al., 2015; Golay et al., 2013; Zeman et al., 2017), while two studies
used R and JAGS software for modeling (Praetorius et al., 2017; Winans-Mitrik
et al., 2014). Researchers can choose appropriate analysis software according to
their modeling needs.

6. Discussion

Bayesian methods have irreplaceable advantages in structural equation model-
ing, demonstrating better performance in model identification and fit, param-
eter estimation, handling complex models, and small-sample situations. The
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method has also developed rapidly in recent years (Van de Schoot et al., 2017).
Based on Bayesian methods’ characteristics of incorporating prior information
and not relying on variance-covariance matrices, new modeling approaches have
emerged, such as relaxing strict restrictions on traditional measurement models
(Lu et al., 2016; Muthén & Asparouhov, 2012; Pan et al., 2017) and allowing
small cross-group differences in multiple-group models (Muthén & Asparouhov,
2013). These modeling approaches are difficult to implement using traditional
methods.

However, as of June 2018, searches in the China National Knowledge Infrastruc-
ture (CNKI) database revealed no applied studies using Bayesian structural
equation modeling in domestic psychology journals. We hope this paper can
provide domestic psychology researchers with new ideas for empirical research,
enabling them to handle small samples and model non-identification situations
under traditional methods with ease. Furthermore, the dominant position of
frequentist methods has resulted in insufficient understanding of Bayesian meth-
ods among psychology researchers. Wang et al. (2017) also noted that academic
understanding of Bayesian methods is quite limited, which may cause applied
researchers to worry about mastering this new research tool. In reality, for re-
searchers with structural equation modeling experience, using Mplus software
for Bayesian estimation is very easy to master. We hope this introduction can
dispel this misconception.

Although Bayesian methods offer many advantages, potential dangers include
the latent influence of priors, misinterpretation of Bayesian characteristics and
results, and incorrect reporting of Bayesian results. To address these potential
dangers, Depaoli and van de Schoot (2015) proposed the WAMBS checklist to
avoid misuse of Bayesian methods. Researchers can refer to this checklist to
avoid errors in result reporting. As applied and methodological research using
Bayesian methods to estimate structural equation models continues to increase
(Van de Schoot et al., 2017), we believe that modeling methods, usage techniques,
and reporting standards will become increasingly refined.
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