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Abstract
To address the problem of random initialization of input weights and hidden
layer thresholds in traditional Extreme Learning Machines, an output value
back-allocation algorithm is proposed. The algorithm, based on the traditional
Extreme Learning Machine, obtains optimal output value allocation coefficients
through optimization methods and determines network input parameters using
the least squares method. Experiments applying the proposed algorithm to com-
monly used datasets and comparisons with other improved Extreme Learning
Machine algorithms demonstrate its good learning and generalization capabili-
ties and simple network structures, thereby proving the algorithm’s effectiveness.
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Abstract: To address the problem of randomly assigned input weights and
hidden layer thresholds in traditional extreme learning machines, this paper
proposes a back distribution algorithm for output values. Building upon the
traditional extreme learning machine framework, the algorithm obtains optimal
output value distribution coefficients through optimization methods and deter-
mines network input parameters using the least squares method. Experiments
on commonly used datasets demonstrate that the proposed algorithm achieves
good learning and generalization performance compared with other improved ex-
treme learning machine algorithms, while obtaining simpler network structures,
thereby proving its effectiveness.
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0 Introduction
Extreme learning machine (ELM), first proposed by Huang et al. in 2006, rep-
resents a novel single hidden layer feedforward neural network model whose
computational speed is thousands of times faster than traditional feedforward
neural networks while maintaining good generalization capability [1]. The core
idea of ELM involves randomly generating network input weights and hidden
layer thresholds, then determining output weights through the least squares
method. However, due to the randomness of hidden layer parameters (input
weights and hidden layer thresholds), it is difficult to guarantee optimal results
[2,3].

To find optimal network parameters, Zhu et al. proposed evolutionary extreme
learning machine (E-ELM), where input weights and hidden layer thresholds
are optimized using differential evolution methods while output weights are cal-
culated using the Moore-Penrose (M-P) generalized inverse. This algorithm
offers fast learning speed but relatively poor generalization ability [4]. Huang et
al. introduced incremental extreme learning machine (I-ELM), which effectively
improves network learning speed but yields slightly inferior testing accuracy
[5,6]. Rong et al. proposed pruning extreme learning machine (P-ELM), which
can achieve good testing accuracy and simple network structures, but requires
relatively long learning time [7]. Emilio et al. presented Bayesian extreme learn-
ing machine (BELM), which enhances network generalization capability, though
the random parameter issue remains to be improved [8]. Han et al. employed
hybrid learning algorithms to overcome ELM limitations, using improved parti-
cle swarm optimization extreme learning machine (PSO-ELM) to select input
weights and hidden layer thresholds, achieving good network generalization ca-
pability but with complex model structures [9].

Overall, discussions on ELM have primarily focused on two aspects: how to
determine the connection weights between the input layer and hidden layer,
and how to determine the number of hidden layer nodes. This paper specifi-
cally addresses the problem of randomly selected connection weights between
the input layer and hidden layer (input weights) and hidden layer thresholds
in ELM, proposing a new algorithm for determining single hidden layer neu-
ral network weights—the output value backward distribution algorithm—which
uses optimization methods to determine input weights. Numerical experiments
demonstrate that this algorithm can solve the problem of random parameter
initialization and achieve good generalization capability.
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1 Basic Theory
1.1 Single Hidden Layer Feedforward Neural Networks

A single hidden layer feedforward neural network consists of an input layer, a
single hidden layer, and an output layer [10]. Nodes in adjacent layers are fully
connected through connection weights. Such a network can be represented by
the following function:

𝑓(𝑋) = ∑ 𝑣𝑖𝜑 (∑ 𝑤𝑖𝑗𝑥𝑗 + 𝑏𝑖) + 𝑣0 = ∑ 𝑣𝑖𝜑(𝑊𝑖 ⋅ 𝑋 + 𝑏𝑖)

where 𝑋 = (𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛)𝑇 denotes the n-dimensional input vector, 𝑊𝑖 =
(𝑤𝑖1, 𝑤𝑖2, 𝑤𝑖3, … , 𝑤𝑖𝑛)𝑇 represents the connection weights between the input
layer and the i-th hidden layer node (i.e., input weights) whose magnitude in-
dicates the strength of connection between nodes, 𝑏𝑖 is the threshold of the
i-th hidden layer node (i.e., hidden layer threshold), 𝑣𝑖 denotes the connection
weight from the i-th hidden layer node to the output layer (i.e., output weight),
𝜑(⋅) represents the hidden layer activation function (Sigmoid function is used
in this paper), 𝑊𝑖 ⋅ 𝑋 denotes the inner product of 𝑊𝑖 and 𝑋, and 𝑓(𝑋) is the
network output.

Since the output neuron activation function is linear, the network output weight
vector 𝑉 = (𝑣1, 𝑣2, … , 𝑣𝐿)𝑇 can be solved using the least squares method, which
is how ELM operates. However, 𝑊 and 𝑏 are not easily obtained, a problem ad-
dressed in references [6][7][8]. This paper presents a new algorithm to determine
hidden layer parameters (𝑊 , 𝑏).

1.2 Extreme Learning Machine Algorithm

The basic steps of extreme learning machine are as follows:

a) Randomly select hidden layer parameters (network input weights 𝑊𝑖 and
hidden layer thresholds 𝑏𝑖);

b) Calculate the hidden layer output matrix 𝐻 based on hidden layer
parameters;

c) Solve for output weights 𝑉 .

As evident from above, a major challenge in ELM is the selection problem of 𝑊
and 𝑏.
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2 Output Value Backward Distribution Algorithm Based
on ELM
Consider arbitrary 𝑁 samples (𝑋𝑗, 𝑌𝑗), 𝑗 = 1, 2, … , 𝑁 , where 𝑋𝑗 =
(𝑥𝑗1, 𝑥𝑗2, … , 𝑥𝑗𝑛)𝑇 is the n-dimensional input vector and 𝑌 = (𝑦1, 𝑦2, … , 𝑦𝑁)𝑇

represents the 𝑁 sample outputs. Let the number of hidden layer nodes be 𝐿, the
hidden layer activation function be the Sigmoid function, 𝑉 = (𝑣1, 𝑣2, … , 𝑣𝐿)𝑇

be the output weights, 𝑊𝑖 denote the connection weights between the input
vector and the i-th hidden layer node (i.e., input weights), and 𝑏𝑖 be the
threshold of the i-th hidden layer node (i.e., hidden layer threshold).

The sample learning problem can be expressed as:

𝑓(𝑋𝑘) = ∑ 𝑣𝑖𝜑(𝑊 𝑇
𝑖 ⋅ 𝑋𝑘 + 𝑏𝑖) + 𝑣0 ≈ 𝑦𝑘, 𝑘 = 1, 2, ⋯ , 𝑁

where selecting appropriate output weights 𝑣𝑖, input weights 𝑊𝑖, and hidden
layer thresholds 𝑏𝑖 minimizes the error between sample outputs 𝑦𝑘 and network
outputs.

Since the network output function is linear, equation (2) constitutes a linear
system of equations about 𝑉 = (𝑣1, 𝑣2, … , 𝑣𝐿)𝑇 . Given input weights and hidden
layer thresholds, output weights can be obtained by solving this linear system.

Let the distribution coefficient vector be 𝛼 = (𝛼1, 𝛼2, ⋯ , 𝛼𝐿) with 0 ≤ 𝛼𝑖 ≤ 1,
𝑖 = 1, 2, … , 𝐿. Let the output of hidden layer node 𝑖 be 𝑦𝛼𝑖

, i.e.:

𝜑(𝑊 𝑇
𝑖 ⋅ 𝑋 + 𝑏𝑖) = 𝑦𝛼𝑖

Then:

𝑊 𝑇
𝑖 ⋅ 𝑋 + 𝑏𝑖 = 𝜑−1(𝑦𝛼𝑖

)

Since the selected activation function is the Sigmoid function with range (0, 1),
to ensure 𝜑−1(𝑦𝛼𝑖

) is well-defined, sample outputs 𝑦 must be transformed to lie
within (0, 1).
Substituting samples into equation (4) yields the following system:

⎧{{
⎨{{⎩

𝜑(𝑊 𝑇
1 ⋅ 𝑋1 + 𝑏1) = 𝑦1𝛼𝑖

𝜑(𝑊 𝑇
1 ⋅ 𝑋2 + 𝑏1) = 𝑦2𝛼𝑖

⋮
𝜑(𝑊 𝑇

1 ⋅ 𝑋𝑁 + 𝑏1) = 𝑦𝑁𝛼𝑖

From equation (5), we obtain:
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⎧{{
⎨{{⎩

𝑊 𝑇
𝑖 ⋅ 𝑋1 + 𝑏𝑖 = 𝜑−1(𝑦1𝛼𝑖)

𝑊 𝑇
𝑖 ⋅ 𝑋2 + 𝑏𝑖 = 𝜑−1(𝑦2𝛼𝑖)

⋮
𝑊 𝑇

𝑖 ⋅ 𝑋𝑁 + 𝑏𝑖 = 𝜑−1(𝑦𝑁𝛼𝑖)

For brevity, denote:

𝑊̃𝑖 = (𝑊𝑖
𝑏𝑖

) , 𝑋̃𝑗 = (𝑋𝑗
1 )

where 𝑊̃𝑖 is an (𝑛 + 1)-dimensional vector, 𝑖 = 1, 2, … , 𝐿, and 𝑋̃𝑗 is an (𝑛 + 1)-
dimensional vector, 𝑗 = 1, 2, … , 𝑁 . Then:

𝑊̃ = (𝑊̃1 𝑊̃2 ⋯ 𝑊̃𝐿) = (𝑊1 𝑊2 ⋯ 𝑊𝐿
𝑏1 𝑏2 ⋯ 𝑏𝐿

)

𝑋̃ = (𝑋̃1 𝑋̃2 ⋯ 𝑋̃𝑁) = (𝑋1 𝑋2 ⋯ 𝑋𝑁
1 1 ⋯ 1 )

where 𝑊̃ is an (𝑛 + 1) × 𝐿 matrix and 𝑋̃ is an (𝑛 + 1) × 𝑁 matrix. The hidden
layer neuron output matrix 𝐻 can be expressed as:

𝐻 =
⎛⎜⎜⎜⎜
⎝

𝜑(𝑊̃ 𝑇
1 ⋅ 𝑋̃1) 𝜑(𝑊̃ 𝑇

𝐿 ⋅ 𝑋̃1)
𝜑(𝑊̃ 𝑇

1 ⋅ 𝑋̃2) 𝜑(𝑊̃ 𝑇
𝐿 ⋅ 𝑋̃2)

⋮ ⋮
𝜑(𝑊̃ 𝑇

1 ⋅ 𝑋̃𝑁) 𝜑(𝑊̃ 𝑇
𝐿 ⋅ 𝑋̃𝑁)

⎞⎟⎟⎟⎟
⎠𝑁×(𝐿+1)

= 𝜑(𝑋̃𝑇 𝑊̃ )

In the coefficient matrix, when 𝐴 = (𝑎𝑖𝑗), 𝜑(𝐴) denotes the matrix (𝜑(𝑎𝑖𝑗)).
Thus, equation system (6) can be simplified as:

𝑋̃𝑇 𝑊̃𝑖 = 𝜑−1(𝑌 𝛼𝑖)

where 𝜑−1(𝑌 𝛼𝑖) = (𝜑−1(𝑦1𝛼𝑖), 𝜑−1(𝑦2𝛼𝑖), ⋯ , 𝜑−1(𝑦𝑁𝛼𝑖))𝑇 . Therefore, the least
squares solution in equation (7) is:

𝑊̃𝑖 = (𝑋̃𝑇 )†𝜑−1(𝑌 𝛼𝑖) = (𝑋̃𝑋̃𝑇 )−1𝑋̃𝜑−1(𝑌 𝛼𝑖), 𝑖 = 1, 2, ⋯ , 𝐿

Equation (8) expresses the solution containing the output value distribution co-
efficient vector 𝛼. To determine 𝛼, we minimize the following objective function
under constraints:
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min
𝛼

∥∑ 𝑣𝑖𝜑 (𝑋̃𝑇 (𝑋̃𝑇 )†𝜑−1(𝑌 𝛼𝑖)) − 𝑌 ∥

where the 𝐿2 norm is used. Thus, the problem of solving input weights and
hidden layer thresholds is transformed into an optimization problem involving
the output value distribution coefficient vector 𝛼:

min
𝛼

∥∑ 𝑣𝑖𝜑 (𝑋̃𝑇 (𝑋̃𝑇 )†𝜑−1(𝑌 𝛼𝑖)) − 𝑌 ∥
s.t. 0 ≤ 𝛼𝑖 ≤ 1

The optimal 𝛼 can be obtained from equation (9). After determining 𝛼, 𝑊̃𝑖 is
calculated according to equation (8), and 𝑉 is then determined using the ELM
algorithm:

𝑉 = 𝐻†𝑌 = (𝐻𝑇 𝐻)−1𝐻𝑇 𝑌

Let 𝑒(𝑉 , 𝛼) = ∥∑ 𝑣𝑖𝜑 (𝑋̃𝑇 (𝑋̃𝑇 )†𝜑−1(𝑌 𝛼𝑖)) − 𝑌 ∥. The basic steps of the output
value backward distribution algorithm are:

Input: 𝑋, 𝑌 , 𝐿, 𝜀
Output: 𝑊 , 𝑉

a) Randomly select output weights 𝑉 = (𝑣1, 𝑣2, … , 𝑣𝐿)𝑇 where 𝑣𝑖 ≠ 0;

b) Solve for the optimal output value distribution coefficient vector
𝛼 = (𝛼1, 𝛼2, ⋯ , 𝛼𝐿)𝑇 using equation (9);

c) Calculate input weights and hidden layer thresholds 𝑊̃𝑖 using equation (8);

d) Determine new output weights 𝑉 using equation (10);

e) If 𝑒(𝑉 , 𝛼) < 𝜀, terminate the algorithm; otherwise return to step b).

The algorithm is clearly convergent. In fact, 𝑒(𝑉0, 𝛼0) ≥ 𝑒(𝑉1, 𝛼0) ≥ 𝑒(𝑉1, 𝛼1) ≥
𝑒(𝑉2, 𝛼1) ≥ ⋯ ≥ 0.

The proposed output value backward distribution algorithm retains the advan-
tages of ELM since 𝑉 is obtained through least squares, while 𝑊 is calculated
via 𝛼 using 𝑊̃𝑖 = (𝑋̃𝑇 )†𝜑−1(𝑌 𝛼𝑖) = (𝑋̃𝑋̃𝑇 )−1𝑋̃𝜑−1(𝑌 𝛼𝑖), where 𝛼 is obtained
through optimization algorithms. This approach is expected to yield better
results than random selection. Moreover, if any 𝛼𝑖 = 0 appears in the compu-
tation results, the corresponding hidden layer node can be removed, giving the
algorithm the ability to select hidden layer nodes.

Equation (9) does not guarantee a convex optimization problem, but com-
putational performance is satisfactory, particularly for classification problems,
though the underlying reasons require further investigation.
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3 Experiments
3.1 Experimental Data

All experimental datasets used in this paper are sourced from the UCI Machine
Learning Repository [13], which contains real-world data commonly used in ma-
chine learning research. This paper selects the following datasets: Iris, Wine,
Pima Indians Diabetes, Wisconsin Breast Cancer, Heart, Balance Scale, Haber-
man’s Survival, and User Knowledge Modeling. Test samples are randomly
selected as shown in Table 1 .

Table 1. Basic Attributes of Datasets

Dataset Name Attributes Classes
Iris 4 3
Wine 13 3
Pima I.D 8 2
Wisconsin B.C 9 2
Heart 13 2
Balance Scale 4 3
Haberman’s S 3 2
User K.M 5 4

3.2 Experimental Process and Results

a) Iris dataset. This example classifies samples into three categories corre-
sponding to 1, 2, and 3. The activation function in the output value backward
distribution algorithm is the Sigmoid function, requiring transformation of the
desired output to (0, 1) using:

𝑦0 = 𝑦 − min(𝑦)
max(𝑦) − min(𝑦)

where 𝑦0 is the transformed desired output and 𝑦 is the original sample desired
output.

Applying the proposed algorithm, we construct a single hidden layer network
with three hidden nodes (i.e., 𝐿 = 3 in equation (2)). With randomly assigned
output weights and substituting training and test samples into the algorithm,
the final network input weights are:

𝑊 = (−0.0780 −0.0515 −0.1784
−0.1784 −0.1784 −0.1784)
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Hidden layer thresholds 𝑏 = (−27.4835, −12.9238, −12.9245)𝑇 , and final net-
work output weights 𝑉 = (1.1625 × 1012, 2.2334 × 103, −2.2333 × 103)𝑇 .

b) Wine dataset. This example classifies samples into 3 categories. Before
experiments, categories are transformed using equation (11). A single hidden
layer network with 20 hidden nodes is initially constructed. Through learning
with the proposed algorithm, 𝛼1, 𝛼4, 𝛼9, 𝛼10, 𝛼13, 𝛼14, 𝛼15, 𝛼16, 𝛼17, 𝛼18 all be-
come zero, allowing removal of corresponding hidden nodes to obtain a network
with 10 hidden nodes. Network input weights are:

𝑊 =
⎛⎜⎜⎜
⎝

−0.0094 8.4085 × 10−5 −0.0269 ⋯ −0.0028
1.4270 × 10−5 −0.0243 −0.0178 ⋯ −0.0113

⋮ ⋮ ⋮ ⋱ ⋮
−2.7344 × 10−5 −0.0028 4.3188 × 10−4 ⋯ −0.0113

⎞⎟⎟⎟
⎠

Hidden layer thresholds 𝑏 = (−0.0390, 0.0102, −0.0471, −0.0094, 0.1210, 0.0812, 0.0835, −0.0508, −0.0234, 0.0754)𝑇 ,
and network output weights 𝑉 = (7.0693 × 105, −1.9033 × 1010, 8.0851 ×
1010, 6.6569×1010, −8.4713×105, −2.1497×1010, 1.2798×1010, −5.6410×1010)𝑇 .

c) Pima Indians Diabetes dataset. After transforming the sample desired
outputs using equation (11), single hidden layer networks with 4, 2, and 7 hidden
nodes are constructed for learning. Experimental results are shown in Table 2
. Due to space limitations, network input weights, hidden layer thresholds, and
output weights are omitted.

d) Wisconsin Breast Cancer dataset. This dataset contains two classes
(benign and malignant) corresponding to 1 and 0. A single hidden layer net-
work with 1 hidden node is constructed, yielding network input weights 𝑊 =
(−1.4687 × 10−10, 6.5666 × 10−10, 1.6532 × 10−9, −9.6924 × 10−9, −36.9432 ×
10−9, 21.4134 × 10−9, −107.7062 × 10−9), hidden layer threshold 𝑏 = 40.6548,
and network output weights 𝑉 = 1.0269.

e) Heart dataset. This dataset contains 13 attributes as sample inputs, with
sample outputs representing class membership (classes 1 and 2). After transfor-
mation using equation (11), a single hidden layer network with 2 hidden nodes
is constructed, yielding network input weights:

𝑊 = (−0.0041 4.6387 × 10−4 −0.0022 ⋯ 0.7403
−0.0709 −0.0389 0.7403 ⋯ 0.4878)

Hidden layer thresholds 𝑏 = (−24.6254, −3.4921)𝑇 , and output weights 𝑉 =
(2.5763 × 1010, 0.4878)𝑇 .

f) Balance Scale, Haberman’s Survival, and User Knowledge Modeling
datasets. Balance Scale is a multi-class dataset with desired outputs -1, 0, and
1; Haberman’s Survival is binary classification with outputs 1 and 2; User
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Knowledge Modeling is multi-class with outputs 1, 2, 3, and 4. All undergo
transformation using equation (11).

Network outputs 𝑦 are rounded to obtain 𝑦∗ and compared with desired outputs,
producing the experimental results shown in Table 2 .

Table 2. Experimental Results on Datasets

Dataset RMSE TestRMSE
Training
Accuracy

Testing
Accuracy

Node
Count

Pima
I.D

0.19 0.20 77.32% 79.57% 2

Wisconsin
B.C

0.10 0.12 97.89% 95.79% 1

Heart 0.15 0.16 86.67% 84.44% 2
Balance
Scale

0.12 0.14 90.59% 88.24% 3

Haberman’
s S

0.18 0.20 73.04% 78.43% 2

User
K.M

0.08 0.10 94.19% 98.62% 4

For the Iris, Wine, Pima Indians Diabetes, and Wisconsin Breast Cancer exam-
ples, the proposed algorithm is compared with several improved ELM algorithms
from literature: OP-ELM [14], H-ELM [15], traditional ELM [15], SBELM [16],
and PSO-ELM [17], as shown in Table 3 .

Table 3. Comparison of Classification Results

Dataset Algorithm Accuracy Nodes
Iris OP-ELM 98.33% N1=N2=20; N3=200

SBELM 98.33% 2.4×3
Proposed 98.33% 3

Wine OP-ELM 90.7% N1=N2=20; N3=500
SBELM 99.41% 3.3×3
Proposed 98.3% 10

Pima I.D OP-ELM 80.47% N1=N2=10; N3=200
SBELM 76.95% -
PSO-ELM 76.38% -
Proposed 78.66% 2

Wisconsin B.C OP-ELM 95.6% -
SBELM 97.22% -
Proposed 95.79% 1

Comparison shows that the proposed algorithm achieves comparable accuracy
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to the aforementioned algorithms. Except for the Wine dataset where node
counts differ slightly from SBELM, the proposed algorithm requires the fewest
hidden nodes for all other datasets. According to statistical learning theory,
networks with fewer nodes have a higher probability of better generalization
capability.

All experimental data are classification datasets, primarily because the proposed
algorithm is an output value backward distribution algorithm. Following this
approach, when samples represent classification problems, output values consist
of only a few discrete numbers, making them easier to distribute using several
𝛼𝑘 values. Consequently, the algorithm performs well on classification problems
but yields poor fitting results for regression datasets with continuous output
values.

4 Conclusion
This paper proposes an output value backward distribution algorithm to deter-
mine input weights and hidden layer thresholds for single hidden layer neural
networks. Input weights are determined through the distribution coefficient
vector 𝛼, which is obtained via optimization methods. Experimental results
demonstrate that the proposed algorithm can achieve simple single hidden layer
network structures while maintaining good learning quality.
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