ChinaRxiv [$X]

AT translation - View original & related papers at
chinarxiv.org/items/chinaxiv-201809.00180

Regularity in the two-phase free boundary prob-
lems under non-standard growth conditions

Authors: Jun Zheng, Jun Zheng
Date: 2018-09-22T00:00:00+00:00

Abstract

In this paper, we prove several regularity results for the heterogeneous, two-
phase free boundary problems /. (u) = fQ (f(z, Vu) + A, (u™)Y + A (u)7) +
gu)dz — min under non-standard growth conditions. Included in such prob-
lems are heterogeneous jets and cavities of Prandtl-Batchelor type with v = 0,
chemical reaction problems with 0 < v < 1, and obstacle type problems with
v = 1. Our results hold not only in the degenerate case of p > 2 for p—Laplace
equations, but also in the singular case of $1

Free boundary problem Two-phase Non-standard growth Minimizer Regularity
From:

Jun Zheng

Classification:

Mathematics

>>

Mathematics (General)

chinarxiv.org/items/chinaxiv-201809.00180 Machine Translation


https://chinarxiv.org/items/chinaxiv-201809.00180
https://chinarxiv.org/items/chinaxiv-201809.00180

Citation:
ChinaXiv:201809.00180

(or this version

ChinaXiv:201809.00180V1)

DO1:10.12074,/201809.00180V1 CSTR:32003.36.ChinaXiv.201809.00180.V1
Sci-Tech Chain TXID:

2f9aabda-6981-4b50-91ce-2b7440ce24d4

Recommended citation format: Jun Zheng.Regularity in the two-phase free
boundary problems under non-standard growth conditions.Chinese Academy of
Sciences Preprint Platform.[ChinaXiv:201809.00180V1] (Click to copy)

Full Text

Preamble

Regularity in the Two-Phase Free Boundary Problems Under Non-
Standard Growth Conditions

Jun Zheng
School of Mathematics, Southwest Jiaotong University, Chengdu 611756, China

Abstract

In this paper, we prove several regularity results for the heterogeneous, two-
phase free boundary problems

T (u) = /(f(ac, Vi) + (A, () + A_(u=)") + gu)da — min

under non-standard growth conditions. Included in such problems are heteroge-
neous jets and cavities of Prandtl-Batchelor type with v = 0, chemical reaction
problems with 0 < v < 1, and obstacle type problems with v = 1. Our results
hold not only in the degenerate case of p > 2 for p-Laplace equations, but also
in the singular case of 1 < p < 2, which are extensions of [?].

Key words: Free boundary problem; Two-phase; Non-standard growth; Mini-
mizer; Regularity.

Introduction

Let © be a bounded open set in R™ (n > 2), and g € LY(Q), ¢ € WP (Q)NL>®(Q)
with ™ = max{+,0} # 0 and p > 2, ¢ > n. In [?], Leitdo, de Queiroz and

chinarxiv.org/items/chinaxiv-201809.00180 Machine Translation


https://chinarxiv.org/items/chinaxiv-201809.00180

ChinaRxiv [$X]

Teixeira provided a complete description of the sharp regularity of minimizers
to the heterogeneous, two-phase free boundary problems

J(u) = /(|Vu\p + F,(u) + gu)dz — min,

over the set {u € W'P(Q) : u — 1 € WP (Q)}, where Fo(u) = A (u)” +
A_(u™)7, v € [0,1] is a parameter, 0 < A_ < A, < 400, and by convention,
Fy(u) = A Xqus0y + A Xqu<o}-

The lower limiting case, i.e., 7 = 0, relates to jets and cavities problems. The
upper case, i.e., v = 1, relates to obstacle type problems. The intermediary
problem, i.e., 0 < v < 1, can be used to model the density of certain chemical
species in reaction with a porous catalyst pellet. The authors established local
O~ and Log-Lipschitz regularities for minimizers of the functional J., when
v €(0,1], ¢ >n and 7 =0, ¢ = n in (1) respectively, see [?].

Problem (1) was extended to a large class of the following heterogeneous, two-
phase free boundary problems in [?, ?]:

/(A(|Vu|) + F,(u) + gu)dz — min,

over the set {u € WHA(Q):u—1 € WOI’A(Q)}, for given functions g € L ()
and ¢ € WHA(Q) N L>®(Q) with ¢ # 0, where Wh4(Q) is the class of weakly
differentiable functions with fQ A(|Vu|)dx < co. Under Lieberman’ s condition
on A, which allows for different behavior at 0 and at oo, local Log-Lipschitz
continuity and local C1®-regularity of minimizers have been obtained for v = 0
and v € (0, 1] respectively in the setting of Orlicz spaces, see [?, ?].

The aim of this paper is to study the heterogeneous, two-phase free boundary
problems

J,(u) = /(f(x, Vu) + F,(u) + gu)dz — min,

over the set {u € WHPO(Q) : u—1 € W(}’M‘)(Q)} in the framework of Sobolev
spaces with variable exponents, where f : 2 xR™ — R is a Carathéodory function
having the form:

L7YzP®) < f(x,2) < L(1 + |2|P@), Ve, zeR,

with p :  — (1, +00) a continuous function and L > 1 a constant. We establish
local Log-Lipschitz continuity and local C*:®-regularity for minimizers of J., with
~v =0 and v € (0, 1] respectively.
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To the knowledge of the author, the present paper seems to be a first regularity
result for the heterogeneous, two-phase free boundary problems (2) with p(z)-
growth. It should be mentioned that a large class of functionals and identical
obstacle problems under non-standard growth conditions have been studied in
[?, ?], which provide the reference estimates and suitable localization and freez-
ing techniques to treat the nonstandard growth exponents in the functional
governed by (2).

The results obtained in this paper are not only extensions of one-phase obstacle
problems under non-standard growth conditions (see, e.g., [?, ?]), but also a
supplement of the degenerate two-phase free boundary problems studied in [?],
since our results contain the singular case of 1 < p < 2.

The rest of this paper is organized as follows. In Section 2, we present some
basic notations, definitions, assumptions, and the main results obtained in this
paper, including existence and L>°-boundedness results (Theorem 2.1), and local
Holder, C*“- and Log-Lipschitz regularities of minimizers (Theorem 2.2-2.4). In
Section 3, we carry out the existence and L°°-boundedness for minimizers of the
functional J., (v € [0,1]). In Section 4, we establish the higher integrability for
minimizers of the functional .J, (y € [0,1]). In Section 5, we address local C**-
regularity for minimizers of the functional [(h(Vu) 4+ F,(u) + gu)dz with v €
[0,1] (Theorem 2.2), where h satisfies certain non-standard growth conditions.
In Section 6, we prove local C%%-regularity for minimizers of the functional J,
(v € [0,1]) (Theorem 2.3). In Section 7 and 8, we establish local C1:®-regularity
for minimizers of the functional J,, (v € (0,1]) and local Log-Lipschitz continuity
for minimizer of .J, (Theorem 2.4) respectively.

2 Preliminaries and Statements

In this paper, © will denote an open bounded domain in R” (n > 2) and Bg(x)

the open ball {y € R™ : |z — y| < R} with centre x € R™. If u is an integrable

function defined on Bg(x), we will set (u), p = m I ( >u(x)da:, where
) T e

|Bg(z)| is the Lebesgue measure of Bgy(x). Without confusion, we will write
Bp and (u)p instead of Bp(x) and (u), g respectively. We may write C or ¢ as
a constant that may be different from each other, but independent of ~.

Let p : Q — (1,400) be a continuous function. The variable exponent Lebesgue
space LP1)(Q) is defined by

LPO(Q) = {u |u:Q—Ris measurable,/ Ju|P®) dx < +OO},
Q

with the norm

U p(x)
el o ) = inf{)\ > 0; / H da < 1}.
AP
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The variable exponent Sobolev space WP()(Q) is defined by

WheO(Q) = {u € LPV(Q) : [Vu| € LFO ()},

with the norm

lulwrvo @) = lulleo @) + VUl pooq)-

Define W, 7(Q) as the closure of C§°(Q) in W121)(Q). We point out that,
if Q is bounded and p(-) satisfies (8), then the spaces LP()(Q), WP (Q) and

VVO1 P0) (§2) are all separable and reflexive Banach spaces. ||Vl 100 (q) is an equiv-
alent norm on Wol’p('> (Q). We refer to [?] for more details of the space WP() ().

In this paper, we consider the following growth, ellipticity and continuity con-
ditions:

f:OxR* =R, f(x,2) is C?-continuous in z and z, and convex in z for every z,

LY (2 + [22)" < flw,2) < L(p® + |22,

@, 2)= (g, 2)| < Leola—zol) [ +122) 5+ (2 + [21) "5 ] [1 + log(® + |212)],

for all z € R", z and z, € Q, where L > 1, p € [0,1], w : RT — R" is a nonde-
creasing continuous function, vanishing at zero, which represents the modulus
of continuity of p, |p(x) — p(y)| < w(|z —y|) for all z,y € Q, and satisfying
limsup, ,,w(R)log (%) < 400, thus without loss of generality, assume that
w(R) < L|log R, for all R < 1. Moreover, we assume that

l<p = in{fzp(x) <p(z) <supp(z) =p" < +oo Vze.
e e

Let g :  — (1,+00) be a continuous function fulfilling the conditions of the
type (6) and (7). We always make the following assumptions on p(-) and g(-):

np- np -
q(xr) >q¢ VreQ, q > piifp*<27 qg > piifp’zl
n— n—

Given o) € WHP)(Q) N L>(Q) and g € L1)(Q), let
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K = {ue WhrO(Q);u— 1 € Wi (Q)}.

We say that a function u € X is a minimizer of the functional J_(u) governed
by (2) if J,(u) < J, (v) for all v € X.

The first result obtained in this paper concerns the existence and L°°-
boundedness of minimizers of .J, (u) governed by (2).

Theorem 1. Under assumptions (3)-(9), for each 0 < v < 1, there exists a

v
minimizer v, € X of the functional J_(u) governed by (2). Furthermore, u., is
bounded. More precisely,

I o) < C(n, Ly g, 05, M5 [0 e 002y (90 Lat )

Now let

H, (u) = /(h(Vu) + F,(u) + gu)dz,

where h : R® — R is a C%-continuous and convex function satisfying for all
z € R™,

LM + 2% < h(z) < L2+ |22) 5

We present then the regularity properties of minimizers of the functionals H,
and J,.
¥

Theorem 2. Assume that (11) and (6)-(9) hold. If u, € X is a minimizer of

the f(léni‘;ional H, (v € [0,1]) governed by (10), then u. € C2(Q) for some
a € (0,1).

Theorem 3. Assume that (3)-(9) hold. If u, € X is a minimizer of the

functional .J, (v € [0, 1]) governed by (2), then u,, € C2%(Q) for some « € (0,1).

loc

Theorem 4. Assume that (3)-(9) hold, and assume further that w(R) < LR®
for some ¢ > # and all R < 1. The following statements hold true:

(i) For each v € (0,1], every minimizer ., of the functional J,, governed by

(2) is CL%-continuous for some a € (0,1).

(ii) For each v = 0, every minimizer u, of the functional J, governed by (2)

is locally Log-Lipschitz continuous in 2, and therefore is C’locf—continuous
for any a € (0,1).
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3 Existence and L°°-boundedness of minimizers

In this section, we establish the existence and L*°-boundedness for minimizers
of the functional J,, (v € [0,1]).

Proof of Theorem 1. Firstly we consider the existence of a minimizer of the
functional J.. Let I, = min{J, (u) : u € X}.

Initially we claim that I, > —oo. Indeed, for any u € X', by Poincaré’s inequality
there exists a positive constant C = C(n,p*, Q) such that

lulloe @) < lu=tl oo @)+l Lro @) < CIVU=VE] Lot @) F 1l oo @) < CUVUl Lo @) FIVE oo 0)

which implies
Hvu”{p(v)(g) 2 Cl”“”{p(v)(g ”¢||Lp< - ||V¢||’£;<>< )

+ + + +
Hvu”ipmm) > C2||u||1£p(,]<m - ||’l/)||z[7,p(<)(Q) - ”Vz/}”ip(»)(m

where C, C, are positive constants depending only on n, p*, Q.

Due to ¢g(z) > q—, we deduce by (9) and Holder’ s inequality that

/gu dx
Q

i
< Cy(p™ )L+ 19l oo lull ooy < ellul} iy ) + Cs (2,5 Dllgl 7o)

< Cs(p gl o Nulreo@) < Calp™ 279l Lavre) ]l oo )
LPO-1(Q) Q)

or

Pt

< 6||UI|LP<) + Cole,p™ Q)HQII”+ |

where in the last inequality we used Young’ s inequality and € € (0,1) will be
chosen later.

Now we consider two cases: (i) [Vul o) (q) > 1, and (ii) [Vul goo o) < 1.

(1) If [Vull oo ) > 1, it follows from (4), (13) and (16) that

/gudm
Q
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> LAyl 0~ L (% gy IV )l )~ O 9 Dy

Choose ¢ € (0,1) such that L™1C; — & > 0, then (18) yields

Ty () > =L (I 0 o) + IVEIG 40 ) — Csle, p* Q)”QHL; (@) > o0

(if) If [Vul Loy o) < 1, we estimate by (4), (14) and (16)

/gudz
Q

2 L_chHUHI[),P(.)( (Hwan( +||V¢||Lp< ) ‘g”uHI[J,r' _06(5 p Q)Hg“fr Y

> L 1||VUHLP<> €\|UHLP<) (&, ™ Q)IIQHEZU1

1) = 17 [ [Fuptida

Choose ¢ € (0,1) such that L™1C, — & > 0, then (19) gives

T () > =L (150 ) + IVYIG 0 ) — Cole, Qllgll"+1 > —00.

Let us now prove existence of a minimizer of J_ (u). Let u; € X be a minimizing

sequence. We shall show that {u; — %} (up to a subsequence) is bounded in
W&’M‘)(Q). Without loss of generality, assume that |Vu| s ) > 1 (If not,
then [Vu,| o0 o) < 1, which implies |u; — ¥ o0 0) < CIVu; — V| Lo <
C + C|VY| Loy ) < o0). Now for j > 1, J (u;) < I+ 1. From (17), (15) and
(12) and applying Young’ s inequality with e, we derive

/ gu; dx
Q

90,0 < [ 90 < L ()41

1 _
< Cs IVl oo @) HIVY L oo ) HYl oo () ) +L(Tp+1) < 5”vuj||:l[7,p(->(g)+09(1+Hv"/}”LP(')(Q)+|‘w|‘LP<'>(Q

where Cg, Cy depend only on L, I, p*, Q, Il o) () Therefore, we get

V17 ) < 2Co(1+ IV ooy + ¥ Loo@))-
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Thus, using Poincaré inequality once more, we deduce that {uj —1} is bounded

in W,*"(Q). By reflexivity, there is a function v € X such that, up to a
subsequence,

u; —u  weakly in Wwrl)(Q), u; —u in LrO(9Q), u; —u  ae. in Q.

With a slight modification of [?, Theorem 1.6], we deduce from (3) and (4) that

/f(ac7 |Vul)dz < liminf/ f(@, [Vu,|)dz.
Q J7ee g

By pointwise convergence we have, in the case of 0 < vy <1,

/(F,y(u) + gu)dz <liminf [ (F,(u;) + gu;)dz.
Q

J—0o0 Q

For v = 0, recalling that A, > A_ > 0, we have

/)\_X{ugo}dm :/ )\_X{uj>0}dl’+/ A—X{ujg()}dx < / )\+X{uj>0}dl’+/ /\—X{ujg()}dxa
Q {u<0} {u<0} {u<0} {u<0}

which implies

/Afx{ugo}dx < lim inf / AL X{u,>0ydT +/ A_X{u,<01de | -
Q Jreo fu<0} ’ (u<0} 7

On the other hand, since u; — u a.e. in (2, it follows from the Dominated

Convergence Theorem that
/{M} AL X (us0pdT = /{M} Ay (00 Xy, 50 )da = lim oo AL X, >0y A

Hence

/ (Fy(u) + gu)dz < limin / (Fo(u;) + guy)dz.
Q Q

j—o00

Now from (20), (21) and (22) we conclude that
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J,(v) <liminfJ (u;) = I, V0<v<1,

j—oo

which proves the existence of a minimizer under the condition of g € L90)(Q).

Secondly, we establish the L>*-boundedness of u.,, provided g € L) (). Here-

after in this proof we will refer to u., as u.

Let jy := [supg 9] be the smallest natural number above supg, . For each
Jj 2 jo, we define the truncated function (O Q — R by

o [, it ful > g,
7w i [u] <

where sgn(u)

=1lifu > 0and sgn(u) = —1if u < 0. Define the set A; := {|u[ >
jt For 0 <y <

1
1, in view of the minimality of u, we derive

/f(:c,Vu)dm:/(f(x7Vu)—f(x,Vuj))dx+/ f(x, Vu,)dr < /Qg(uj—u)d:c+/ )\+((u;-r)7—(u+)7)dx+/ A_(

Q Q Q Q

Now we estimate each integration on the right side of (23). For the first term,

(P —[ul")da+A, /A e <o

[ty =, [

A;n{u>0}

and similarly

/ A (47— () M)z = A_ / ([l ) dz+A_ / () —(u=)")dz < 0.
0 A;n{u<0} A;n{u>0}
Then we find

/(Fy(uj) — F,(u)dz < 0.
Q

For the first integration on the right side of (23), it follows that

/g(uj—u)dmz/ g(j—u)d96+/ g(u—j)dwé/ |91(Ju] = j)dz.
Q A;n{u>0} A;n{u<0} A
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For v = 0 it suffices to notice that u; > 0 and u have the same sign. By

the choice of the truncated function, we know that (ju] — j)* € Wol’p(')(Aj).
Applying Holder” s inequality and embedding theorem, we find

ES
n

Ln(A;)

/ l9l(Jul=d)"dx <2091 po_ W(lul=3)"Ireora,) < Clglpaoa) Mo ) I(ul=5) oo ca ) It
A]- L p()—1 <A7) J J J J

1 . 1
< Clglpao @)A1 IV (ul = 5) Lo a,) < Clglpaol A= [Vl Loo a),

where t(z) = pf’;@l and p*(-) = n’ﬁg'(),), t7 = inf,c 4 t(x), tt = supxeAjt(x).
The constant C' in the last inequality depends only on p*, ¢, n, Q, lgll at)(2)-

Collecting (23)-(26), we obtain

ES
n

[ @ Furde < C1A,E Tl + LI
Q

where C' depends only on p*,¢~,n, , |gll o () -
Now we consider two cases: (i) [VulLp(a,) > 1, and (ii) [Vulpsoa,) < 1.

(1) If [Vull Loo(a,) > 1, we estimate by (4), (27) and Young’ s inequality

— 1 1 - P
”V“”ip(')(A) < / |Vu[P@dz < L/ flz, Vu)dx < L(C’|Aj|n ||Vu||L,,(‘)(Aj>+L\Aj|) < §”VU”ip(,)(Ab)+C|Aj|P’—l
J 14‘7 A] J

which implies

”Vu”z{p(-) (A;

| SO + 2L2|A,l.
Therefore

1

1 1
IVulpooa,) < CLA;T + CLA 77 < CJA |7,

where C' depends only on L,p*, ¢=, 1, Q, |9l ao () -

On the other hand, by an analogue argument as (26) and Young’ s inequality,
we obtain

1
n

. . 1, 1
/ (ful=5)"dz <21 o [(lul=3) o, < CLA T Vulooga,) < ClA;[» 7.
A, LFOT (4;)
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(ii) If ||Vu\|Lp(.~,(Aj) < 1, analogously, we deduce that
[ Gul=gyrae < clafiees.
A;
Now combining (29) and (30), we get
[l =gydo < cja e,
Aj

where g, = min{%, p*%l} > 0 and C depends only on L, p*,q¢ ,n, 9, lgll a2 -

Notice also that [ufpia, ) < [lulzre)a, ) < C. Applying [?, Lemma 5.1}, we
Jo Jo

obtain the desired result.

Remark 1. Note that in [?], the assumption that [, |VulP®dz < M with some

M > 0 is assumed in the establishment of local regularity for minimizers of a
functional with the form j;z f(z,u, Vu)dx, while in this paper, we can show that

any minimizer u., of J_(u) governed by (2) is uniformly bounded in whet)(Q)
by L>-estimates of .. Indeed, we have

/Q Vu, [P0d < I /Q F(, Vu, )z < L(J, ()~ /Q F(u,)de+ /Q (g |dir) < LT, ()+C(Ly 1 =, A, 9, 0] oo i

where M = M(L,n,q,p*, A, Q, [¢] L 90), |9l La0 (o)) is a positive constant.

Therefore, we conclude by w., —1 € W()l’po(Q) that [u, [0 @) < C, where C
is independent of ~.

4 High integrability

In this section we prove a higher integrability result for minimizers of functional
in (2).

Proposition 5. Assume that (3)-(9) hold. Let v € X be a minimizer of the
functional J., governed by (2). Then there exist two positive constants C; and

0y < q (1— %) — 1, both depending only on n, p*, A\*, ¢, L, M, 2, such that

1+16 1+36,
1 0 1 1 = 0
7/ ‘Vu|il’(z)(l+5o)daj <y 7/ |Vu\P<x)da:+CO 7/ (1+‘g|)ﬁ(1+50)daj
\BR/2| B |BR Br |Bg Br

R/2

for all By € Q.

In order to prove Proposition 4.1, we need the following iteration lemma.
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Lemma 6. [?] Let 0< <1, A>0,B>0,1<p <px)<p" < +oo, and
let f > 0 be a bounded function on (r, R) satisfying

[P

Ft) < 0f(s +A/ sdw+B, Vr<t<s<R,

(s —t)px)

where h € LP")(Bpg). Then there exists a constant C' = C(, p*) such that

<C/ [ | ———dx + B.
p(x

Proof of Proposition 5. Let 0 < R < R, < 1 and let x; € By with
Bpg,(g) C Q. Let t,s € R with & <t <s < R. Let n € C§°(B,), o<n<1
be a cut-off function with n = 1 on B,, n = 0 outside B, and |Vn| < -=. We
define the function z = u —n(u — (u)z). We deduce from (4) and mmlmahty of
u that

/B‘ |Vu|p<m)dx§/B f(z,Vu)dzx S/B f(x,Vz)d:H—/ (Fv(z)—FW(u))dx—f—/B g(z—u)dx

s s Bs s

< L/BS( +Vz|?) /B ))dx+/B 9(z —u)dz,

s

where in the last but one inequality we used the fact that if ¢ € WO1 P (')(Q) with
spt ¢ € 2, then there holds

/ (f(x, Vu)+F, (u)+gu)dz < / (f(x, Vu+V¢)+F, (u+¢)+g(uto))de
spt ¢

spt ¢

Indeed, it follows from the minimality of u that

/ (f(x,Vu) + F,(u) + gu)dz + / (f(x, Vu) + F (u) + gu)dzx
spt ¢

Q\(spt ¢)
< / (f(, Vurt V)4 F, (utd)+g(utd))da-+ / (f(z, Vurt V) + F, (utd)+g(ut))da
spt ¢ Q\(spt ¢)

Since ¢ =0 on Q \ (spt ¢), we obtain the desired inequality.
We shall estimate each integration of (32). First,
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p(z)

u—(u)p da

s—t

)

S

|(1—n)Vu—Vn(u—(u) g)|P®dx < C/ |Vu|p<x>dx+0/
s BB, B

/ |Vz|P®)da <
B

s s

where C' = C(p*,p~) is a positive constant.

A direct calculus shows that

| B -F e =, [ (@i [

27 ) —(u"))dx < C z—ul|vdx,
[ B<<><>>§/||

s Bs

where C' = C(A, \_) is a positive constant.

Then we estimate from Young’ s inequality that

-
deC/
BS

u—(u)p 8

s—t

u—(u)p

)
dz+C|B,|.

[B (F,(2)—F,(u))dz < C/

BS

Similarly,

/ lg(z—u)|da < / gl u—(u) gldz < C / da+C / (Iglls—t)) 7T da.
B, B, B B,

Combining (32)-(35), we obtain

p()
u— (U)R
s

—1

p(xz)
dotC [ (1+]g)#F 1 da,
B

s

/ |Vu|p<x>dx§C/ |Vu\p(’”)da:+0/
B B,\B, B,

t

where the constant C' depends only on L, p*, \*.
Now “filling the hole” , we get

/

which and Lemma 4.2 imply

u— (u)p p(z)

s—t

|Vu|P@) dz < L/ |Vu\p<"”)dx+0/
1+C Jg, B,

d:c+C/ (1+]g]) 7 1 da,
B

t s

chinarxiv.org/items/chinaxiv-201809.00180 Machine Translation


https://chinarxiv.org/items/chinaxiv-201809.00180

ChinaRxiv [$X]

u— ()"

R—R/2

@) 1 p(z)
do+Cr [ (L+lgh#Frda,
|Brl Jp,,

1 / 1
|VulP@dz < C /
|Bryal |Brl Jg,

Br/2

Let p; = min .z _p(z), p, = max,.z_p(z). By Sobolev-Poincaré’ s inequality,

there exists v < 1 such that
p(x) 1 v 1 p1
de <C —/ (1+|VulP®)dz | <C —/ |VulPrdx )
|Brl Jp,, |Brl Jg,,

| | R
(p1—p2)n

where in the last inequality we used Remark 1 and the fact that, by (7), R »ir2
is bounded.

Combining (36) and (37), we get

P2,
u—(u)p
R

1
1 1 v 1 -
B / VulP@de < C'| = / Vulde | +Cm / (1+g)) 7 de,

R/2

where C' = C(n,pt, A\, L, M, Q). We now apply Gehring’ s lemma (see [?]) to
deduce that there exists 0 < d, < ¢;(1 — p%) — 1 such that (31) holds.
5 Holder estimates for minimizers of functional H

In this section, we establish local C%®-regularity for minimizers of the functional
H, (v € [0,1]) governed by (10). We always let v € WLP(Bg) with v —u €

Wé P O(B ) be a minimizer of the following local integral functional

H(v) = /B (h(V0) + Fy(0) + go)dz, Bplzy) € 9,

ol
r(@o)

and let 9(y) = fv(zy + Ry). It is easy to check that ¥ is a minimizer of the
functional

i1, (5) = / (V) + R'F. (%) + Rgf]dy,
B4(0)

in the class {# € W'PO(B)) : 6 —up € W&’TD(')(Bl)}, where p(y) = p(xy + Ry).

Let py = min,cp () p(x), py = maxweBR(%)p(x)-
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The following lemma is a slight version of [?, Lemma 7.1], and can be obtained
by induction in the same way as in [?, Lemma 7.1]. We omit the proof here.

Lemma 7. Let 0 < a; < a, and {9;} be a sequence of real positive numbers,
such that

0,01 < OB (0,7 +0;72),

with C' >1and B> 1. If ¢, < (20)_%7 then we have ¥, < B_%ﬁo, and hence

in particular lim, , 9, = 0.

Lemma 8. [?] Let ¢(s) be a non-negative and non-decreasing function. Suppose
that

o) <€, (1) 0(R)+ RS, Vr<R<R,

with 0 < 8 < a, C| positive constants and C,, 4 non-negative constants. Then,
for any o < 3, there exists a constant p, = 1y(Cq, @, 5, 0) such that if g < pq,
then for all » < R < R, it follows that

¢(T) S CgrU»

where C3 = C5(C}, Cy, Ry, ¢, 0, 3) is a positive constant.

Lemma 9. If ¥ is a minimizer of I—NI,Y governed by (39), then ¢ is locally bounded
and satisfies the estimates

suplif < C | ([ faedy) 1],
Bz B,

1

) 1 ) "
supt < C' | —— (/ <v+)p2dy> +11,
By |A071|p2 B,

for some o > 07 where AO,l = {y € Bl(o) : ﬂ(y) > O}? C= C(TL, L7pia )‘i7q77M7 Q? HgHLQ(‘)(Q))
is a positive constant.

Proof of Lemma 9. Without loss of generality, we may assume that R < 1.
The proof proceeds in three steps.

First step: De Giorgi type estimates. For any k£ € R, we define the sets
Ak,cr = {y € B0'<0) : ﬁ(y) > k}? Bk,n = {y € Ba’(()) : 5(y> < k}

We claim that for any k € R, ¥ satisfies the inequalities
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) ﬁ(y)—kﬂy)
vitPay < ¢, [ PR aye, [ @ dlglir—al By,

A Aol TTO0 Ape.o

o i(y) —k[”
| owiwpvay<e, [ [PLEE apre, [ aselir—oh S as,
B B B

k,7 k,o k,o

for any 1 < o < 7 <1, where C; = C;(L, \*, p*). Indeed for n € C§°(B,)
with sptn C B,, 0 <n <1,n=1on B,(0), |Vn| < === be a standard cut-off
function. Set Z(y) = 9(y) — nw(y), where @(y) = max{v( — k,0}. In view of
minimality of ¥, we obtain

[4 V5(y)| dys/A V5(y) P dy+[g R(E,(5)—F, >>dy+/ Rg(5—5)dy

k,T k,T 1 B,

~ p(y)
i PN — k[ o e -
< [ l-pve-va@-Rvagre [ 122y [ O-F, @)yt [ gy
Ak,f Akﬂ' Bl Bl
where C = C(p;,Dy) is a positive constant. We remark that p;, =

minyeBl(())f)(y) =Dy, Dy = maxyeBl(o)ﬁ(y) = py. Therefore C' = C(py,p,) =
C(py,p2). Moreover, we can let C' depend only on pt.

In view of (34) and (35), we derive

D(y)

v—k
? dy,

T—O0

1

| @ -Fwsc |

5 [PW

/ |g<g,5>|dygc/ ”
B A 1T

1

p(y)
dy+C / (lgllr — o) Fr dy.
A

k,T

Therefore (44) becomes

—kIPW

/ V() PWdy < C / V()W dy+C / dy+C / (lgllr—o) P dy.
A A A

kT ko ko

“Filling the hole” and using Lemma 4.2, we obtain the desired result (42). (43)
follows by an analogue argument.
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Second step: Boundedness of §: estimate (40). We start by showing that

supv < C /
Bya B

Without loss of generality we assume that p; < n, otherwise the assertion
directly follows by the Sobolev Embedding Theorem.

1

P2

()P dy) +1

1

For % <p<r <1, letn bea function of class C5°(B,), with n =1 on B, and
|Vn| < é. Denoting by pj = J_—ppll the Sobolev conjugate of p,, we introduce
the quantities

e=1-22 pgocqPr_g B2 Py P2 gy P2 P

Py P P P pr—1 p—1 pi

Thanks to assumption (9), we have p, < pf, 6 > 1.

Now we define ¢, , = fA (0 —k)P2dy. We claim that for arbitrary h < k there
: fop
holds

k—hlPe [k — Bl [k —hlP> [k — h|P:
2, <cal (! ol :
o (Ir—plpz B AR T PR R

Indeed, as in [?, pp. 1413], we obtain

Pk p(y) 5
dy) |Ak,7‘|€7

—p

(65— k)P2dy < C (/

Ag

VP + [

T Ak,v‘

A o

where C' = C(p*,p~) is a positive constant.

Combining (42) and (47), we derive for any k € R

/

Next, for h < k we deduce from u —h >k —h on A . that

—h P2 ~ h P2
|Ak:,'r'| < / dy < / ‘,U dy:
A A

k—nh k—nh
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and, moreover, we have

[ @-wmays [ G-y <,
A P

By (48)-(50), we obtain

k—h[P2 |k — h|Pe? k—hP> |k — h|P2
o, <cal (! Y :
00 (o + ) o (=g +

Our aim is now to deduce a decay estimate for the quantity @, , to decreasing
levels k£ on balls of increasing radii p. For this purpose we will make use of
Lemma 5.1. Let us define the sequence of levels and radii

K2

) 1 )
ko=20(1-27Y), p= (1427,

and the quantity

791‘ =dP (I)k:i,pi =dP / (5 - ki)pz dy7
A

ki pi

where d > 11is a constant that will be chosen later. First, we note that k,, ;—k;, =
d27Y p; — piyy = 2%, Exploiting (46) with the choice k = k;q, h = k;,
p = pir1, 7 = p; and the fact that d > 1, we derive

(4- Qi)p2 (dzfifl)pﬁ

N (4-2°
(@212 | (A2 1)ps

(d2-i-

Vi =d PPy

i+1oPit1

<camal , 2t )rcaraf,, @ (

< C(d P2 q)kwpi)ﬁd—m(l—ﬁ)zipzﬁﬁf + C(d P2 q;l%pi)Od—m(l—@)gim@ﬁ?.

Due to Theorem 2.1, there exists a constant C = C(M, p;, ps) such that

—p2(1-5) - -
d=F <C (1 - dp2(l)2_1)1)) ’

Consequently, (51) becomes

1
dP2 (P2—p1)

¥, <c (1 + ) 2i1)2(5+9)(19iﬂ + 19?)7

where ¢ = c(A*, p*,q7, 1, M, py, Py, Q, |9l ay () is a positive constant.
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On the other hand, the choice of d and the fact that d > 1 immediately yield

9, = dP> / (5 — kg)P2dy < d~P> / P2dy < d—P2 M.
A B

ko:Po 1

We apply Lemma 5.1 with B = 2P2(8+9) > 1 O = ¢(1 4+ dP2(P2-P1)) > 1,
1

0<a; =60—1<f—1=a,. To guarantee that the condition ¥, < (2C) =1 is
satisfied, we have to choose the quantity d in such a way that

dP2M = (2C) 1,

ie.,

dr2(8—1) — 2.B (1 + d7p2(p27p1)) .

Note that, since § = ¢ + %’;’, we always have that p,(8 — 1) > py(py — p1),
which guarantees that equation (52) has a unique solution 0 < d =
d(X:,p*,q7,n, M, py,pa, 1|9] o) < oo.  In addition, we remark that
global boundedness p* for p(:) imply that p,(8 — 1) € [0,pT(pT — p7)] and
po(py —py) € [0,pT(p™ — p7)]. Furthermore, the solution d of equation (52)
depends continuously on the parameters p— and p™.

Now Lemma 5.1 gives lim, ,. ¥, = 0, which, noting that lim, ,  p, = 1 and
lim, , &,

; = 2d, directly translates into |Ay, ;| = 0 and therefore Supp, | v < 2d.
Taking into account the choice of d, we end up with

supv < C /
Byjs B

where C' = C(Aiapia q,n,M,Q, ”g”L‘I("(Q))'

a
P2
(W)”Qdy) +1],

1

An argument similar to the preceding one with the function —o, using (43)
instead of (42) yields

P2

sup(—7) < C 11( / <<—6>+>P2dy> 11
Biyz [Byjol72 \/B

Therefore (45) and (53) yield the desired estimate (40).

1

Third step: Boundedness of ¢: estimate (41). Firstly we choose some

constants we will use for our proof. By (9), we know that § = ¢+ pf 2, thus we

can find a positive constant & small enough such that
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n+1-—p,

1 ~
b1 > Po (1—5) =pf +a,

and € + & > &. Then we can find positive constants 5 ,5 small enough such that
+h<i<0+a,
and
~ ~ - ~ [ Do ~
B— ﬁ——+ —e—ﬁ+a2a( +ﬁ),
41 D1

where the third inequality implies 6 — 6 + & > &0.

For the above constants, it follows from (48) that

~ p(y) 1
v—k P ~ P2 P2 ~
p— dy) +C| Ay 1P| Ay | ¥ lr=pl 7 +Clr—p| 71 | A [P Ay | “+C1 A

By Ay | < C|Ay,[F| Ay, I ( /

Ap.r

In the following estimates we use (49), (50), and the fact that [4; [ < |4, | <
|Ah,r|‘

Let %k’t = @k’t|Ak}t|&. Collecting the estimates, we obtain

P2 ~ — h|P2 — h|P2

IT—pI”Z [r—=plP> | —pl

where C' depends only on n, ¢, A, p*, |gll a0 (o)

To apply Lemma 5.1, taking d > 1 to be chosen later and setting k;, = d(1—27%),
r;=4%+2""" we have k4 — k; =d27", r, —r,; = 127", Rewriting (60)

withp=7r, ,r=7r;, k=k; 1, h=Fk and J; = dP2 (i)kﬂi and exploiting again
the fact that d > 1, we deduce that

P2
P1

;01 < C (1 n ) gira B340 (g g5

dr2(p2—p1)

We now choose d = 1+ A (fB 17p2dy)5, where A will be fixed a bit later.
1

Analogously to the preceding argument we observe that

Oy =dP2®, < AP
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We apply Lemma 5.1 with B = op2l > 1, C =c¢(l+ ﬁ?’?’pl) >1,0<a =
B+ g—f —1<6—1=a, To guarantee that the condition Yy < (2C) =1 is

satisfied, we have to choose the quantity A in such a way that

1

Jr = (20) T

ie.,

A”Pz(é""%—l) — 20371(1 + APz*Pl)'

We note that 5 > 0 which guarantees equation (61) has a unique solution

0< A< oco. Here A= A(n, g, M,p*, M, [g] Larq))-

By Lemma 5.1, we conclude that lim; ,  19; = 0, which, noting that lim; , r, =
1 and lim;_, k; = d, directly translates into |Ag1/2| = 0 and therefore we
deduce that

1

P2

<6+>p2dy> +1],

supv <d=0C /
Bz B

with C = C(A,n,q~, M,p*, \*, |9l ot (). We should note that the constant
C may be replaced by a constant C'= C(n,q~, M,p=, A, |g] Lo ))-

1

Now we turn to prove local boundedness for minimizers of the functional H.,.

Lemma 10. Let v be a minimizer of H, governed by (38). Then v is locally
bounded and satisfies the estimates

1 "
sup +v < C 7/ ((£v)")P2dy + CR,
Brya(xo) |Br(zo)| Bp(zo)

1 "
sup v<C 7/ ((v— k) T)P2dy + R+ Ky,
Br2(zg) |BR($0>‘ Bgr(zg)

for some e > 0, for all K, < SUDp (40) U where C = C(n,L,q, M, p*, \*, lgll Lo (2))-

x

Proof of Lemma 10. Indeed, by the definition of ¥ and Lemma 9, it follows
that

Po 1
Fedy | +1| <o | —— /
Brl
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Estimate (62) can be obtained via (41) by a similar argument, taking into ac-
count that |4y x| = R"|A, ;| and then writing v — x, instead of v.

Lemma 11. Let v be a minimizer of H. governed by (38). Then for every
couple of balls B, C B, C Bp having the same center z, and for every k € R
the following two estimates hold

/ |VolP@de < C’/
B, B,
/ |VolP@de < C/
B, B,

with A0 = min{pl%) %(1 - ql*)} > 07 C= C(na vaia Ai? ”gHLQ(')(Q))'

—k p()
Y dx + Criotn 4 Cr",

r—p

p(z)

—k
Y dx + Crrotn 4 Crn,

r—p

Proof. We employ an argument similar to the one used to obtain (42), getting

—k
/ |Vv|p<x>dx§0/ \Vv|p(x>daz+0/ Y
B, B,\B, B, T

“Filling the hole” and using Lemma 4.2, we obtain the desired estimate.

p(z) Ir— m% p(a)
awe [ B e [ (o) ras.
B, |,r_p‘pw B,

Now we shall prove Holder regularity for the minimizers of the functional H.,.

Proof of Theorem 2. Let v be a minimizer of the functional H. governed
by (38). Let osc(v, p) = supy v — inpr v. Due to Lemma 11, one may proceed
P

exactly as in [?, Lemma 4.10], to see that the minimizer v has also an estimate
as (4.40) in [?, Lemma 4.10]. Again, due to Lemma 10 and proceeding as in [?,
Proposition 4.11], we have

@
osc(v,p) < ¢ (8) ' osc(v, 1) + p*1, Vp<r<R,
r

for some 0 < a; < 1. By a slight modification of proof of [?, Proposition 4.12],
(63) gives

R

0 n+poouq
/ v = (), Ir2de < C (%) / [v— (v)p|P2dz + Cprieaces,
B, B

N—pPo+pox
/ wopear <o (£) / VolP@)da + Cprpatraes,
B, R Bpr

It follows from Lemma 5.2 that
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/ |U — (U)p|p2d$ < C’p71+1172f’417 |VU|P(I)dx < Cpn7p2+p2a1.
B

P 3

S

Notice that each of the above inequalities combining with covering theorem
implies v € Cloo’fl (€2). This concludes the proof.

6 Holder estimates for minimizers of functional J7
Proof of Theorem 3. We proceed in five steps.

First step: Localization. Let 6; < min{p~ — 1,d,} that will be chosen much
smaller a bit later. Fix a ball By € € with the property w(8R,) < 6;. Let
B, € Bp,. Define p, = maxp _p(x), py = ming _p(z). We remark that by
continuity of p(x), there exists z, € B,p, not necessarily the center, such that
Py = p(zy). Consequently we obtain

p2 —p1 Sw(BR) < dy.

Furthermore we note the localization together with the bound (7) for the mod-
ulus of continuity yields for any 8R < R, < 1:

R"w(R) < exp(nL) = ¢(n, L), R T®w(R) < c(n,L).

In the following proofs we consider all the balls with the same center z.

Second step: Higher integrability. By our higher integrability result
(Proposition 4.1) and localization, it holds that

1+ a1

4
1 ) 1 1 P 1 I
7/ |Vu|”2(1+71)da:36’0 7/ |Vu|P®) da +C, 7/ (1+|g|)p*—1<1+57)dx T.
|Barl Byr | Byl Byr | Barl Bog

Third step: Freezing. Let v € WP2(By) with v —u € I/Vol’p2 (Bgr) be a
minimizer of the functional

Gv) = /B (g, Vo)da = / (V) da.

R BR

Note that by Remark 1 and the growth condition (4), we obtain the following
estimate for the py energy of v

/ |Vu|P2da < L2/ (1 + |VulP2)dz < .
B

R BR
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Moreover, in view of [?, Lemma 3.1], there exist C' = C(p*, L), d, = d5(p*, L)
with 0 < 0y < Z—z such that

1 ﬁ 1 % 1 L
( / |vu|p2<1+52>dx> gC( / Vv|p2dx> +0( / |Vu|qu> ,
[Bsrl Jp,, |Barl Jp,, |Bsrl Jp,,

for g = py(1 + %) > py. By the proof of Theorem 2, and the boundedness of v,
which is guaranteed by the boundedness of u, there exists some a, € (0,1) such
that

N—pPo+ps
/ |Vo|P2dz < C (%) s / |Vo|P2dz+Cpn~P2P2%2  Vp with 2p < R.
B B

R

Fourth step: Comparison estimate. We prove the following comparison
estimate

42 |\ Vu—Vo|2de < C (o.)(R) log (%) + RO 4 R92> / (1+|Vu|P2)da+Ce(R) log (%)
B

R

p

/ (24 T2+ Vo)
B

R

for some 0 < \; < n, Ay >n, Ay > n.

A similar argument to the one in [?, (4.10)] yields

/ (V) — (Vo))dz > c/ (12 + [Vul? + [Vo[2) 22| Vu — Vol2da.
B B

R R

On the other hand, we derive

(f(, V)~ f(zr, Vo)) dar+ / (f(, Vo) (g, Vo))

Br

/B (h(V) (Vo)) dz = /

R BR

(f(xg, Vu)—f(z, Vu))dx+/

Br

We estimate I, using the continuity of the integrand with respect to the
variable = (see (2.3)),

plzg)

I < C’/ w(lz—zo|) | (2 + |Vu\2)%m + (p? + |Vul?) 2 ] [1+ |log(u? + |Vu|?)|] dz.
B

R
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Arguing exactly as [?, Section 4], we obtain

IM < Cw(R) /

Br

2
[VulP2log | e+ |V27u| dJc—l—Cw(R)/ |Vu|P2dz+Cw(R)R™.
TVl on s

Now we estimate the first term, using first [?, (3.3)], which is a basic estimate
for the Llog L norm, then exploiting higher integrability,

1 1+
IW < Cu(R)R™ | —— / (VuP20+H)dz |+ Cw(R)R™
| By gl Bog

1+w(R)
1 1 .
< Cw(R)R" 7/ |VulPdx +Cw(R)R" 7/ (1 + g7+ dg
| B3kl Bon | Bygl Bog

ng(R)/ (1+ |Vul?)dz + Cw(R)RM,
Bpr

where A\ = n — 7% +n[1—pll—_1(1+%>] ﬁ Notice that §; < §, <

g (1— p%) — 1, therefore 0 < A\; < n.

Thus, all together we obtain

1
IV < Cw(R) log (E) / (1+ |VulP2)dz + Cw(R)R*.
BR

We shall estimate 1(?). By the minimizing property of v and arguing as in
Section 4, we have

7(2) S/B (F,(v) = F. (u) +g(v—u))dz < C/

R BR

|v—wu|"dz 4+ C'/ lgl|v — ul|dz.
Br

Using Young' s inequality and the boundedness of v and u, we get

I% < C(R% + R(’?)/ (|v|P2 + |u|P2)dz + CR 2 + CR*s,

Br

_ Py 28 _ P 1 _ 1)\\_ _¢6
where Ay =n + p;ﬂ pzflv >n, Ay = n(l + pzil <n 7 )) pzil > n and
in the last inequality we used (64).
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We deal with 7® in a similar way to IY). Estimating in exactly the same way
as in (70) with v instead of u and doing the same splitting into IV to I®) we
use higher integrability of v and u ((65) and Proposition 4.1) to obtain

1
I < Cw(R)log (E) / (1+ |VulP2)dz + Cw(R)RM.
Br

From (68) to (71), one may obtain (67).

Fifth step: Conclusion. Now we turn to prove a decay estimate for the p,
energy of u. We split as follows:

/ Vul2dz < / (12 Vul2) 52 |VuldztC / (124 Vo[?) 52 |VolPde+C / (2 Va2 Vo) 5 [T
B, B, B, B,

For A, we deduce from (64) and (66) that

p Nn—pa+paa o n—pa+pay ot
A< CptC (E) VolP2dz < C <E) (1| Vu|P2 )dz+Cpn-PatPaca,
B B

R R

For B, by the comparison estimate (67), it follows that

B<C (w(R) log (%) + R% + R92) /

1
(14+|VulP2 )da+Cw(R) log (E) RM4CRM+CR.
BR

Note that A\; < n < Ay, Az, then we have

p n—po+pay 1 0 0 A —
VulP2de < C ((7) + w(R)log (f) LR% 4R ) (14+|Vu|P2 )da+C RM +C Ri—p2 9203,
5 R R By

On the other hand, by (9) we have

A P R (1+51) L +
=n— n — — n — Q5.
1 1+, p—1 4 1+%_ Py T P2t

Thus p; —1 > n — p,, therefore we may choose d; and o, small enough such
that

N—patpaQsy 1
/ VulP2dz < C ((%) + w(R) log (E) +R% R%) / (14| VP2 )da-+CR—P=9202,
B,

Br
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In order to apply Lemma 5.2, we may take R; > 0 small enough such that
w(R)log(%) + R’ + R% is smaller than y in Lemma 5.2 for any 0 < R < R,.
Thus there holds

/ |Vul|P2de < Cp™ PP < Cp™ PriPi% V0 < ay < .
B

By a standard covering argument we deduce that u € LP *(Q) with A\ = n +
p~a, where LPA(Q) denotes Campanato’ s spaces, the definition of which can
be found in [?], for instance. Poincaré inequality and a well-known property of

functions in Campanato’ s spaces (see [?] for instance) imply that u € C’IO()’??’(Q).

7 CY* estimates for minimizers of J, (v € (0,1])
Proof of Theorem 4 (0 < v < 1). The proof consists of three steps.

First step: localization and freezing. Firstly, by (2.10), we can choose
d3 > 0 small enough such that ¢ > 5. Now let 6 = min{dy,d;,d,,d5}. We
adopt the same localization argument as the proof of Theorem 2.3. In this case
all the balls By and the exponents p,, p, that we consider here are the same as
in the proof of Theorem 2.3 (replace §; with § in Section 6). Let v € W1P2(By)

with v —u € Wol’pz(BR) be a minimizer of the functional

Gy(v) :/B flzg, Vv)de = F(Vv)da.

Br

We note that since v is a minimizer of the functional G, with boundary data u
on OB, where ulyp  is the trace of a Holder continuous function. By Theorem
7.8 in [?], we conclude that v € C%“ for some a, € (0,1). Therefore, for the
rest of the proof we assume that

[o(2) = v(y)] < [v]o, |z —y|* < Clz —y|™,

holds for all z,y € Bp. We remark that for simplicity we will use the same
Holder exponent for the functions v and w, which is not restrictive. Let us
remark that, since v minimizes the functional (72), by the growth condition (4),
higher integrability and Remark 3.2, we obtain the following estimate for the
Dy energy of v

/ |Vu|P2da < L2/ (1 + |VulP2)dz < .
B B

R R

Second step: Comparison estimate. We will show that
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[ 19u— e < oR® [ (1 T
B

R BR

for some 65 > 0.

Firstly we prove

Go(u)=Gy(v) <C <w(R) log (%) + RO 4 R‘92> /

1
(14+|Vu[P2 )da+Cw(R) log <§) RMA4CRM+CR,
BR

for some 0 < A\; <m, Ay >n, A3 > n.

Indeed, since w is a minimizer of the functional (2), we obtain

/B f(:c,Vu)dxg/BR f(x,Vv)dx+/ (F,Y(v)—F,Y(u))dx+/ g(v—u)dzx,

R BR BR

which implies

]

Arguing as I, 1) 1) in Section 6, we obtain

f(xO,Vu)de/B f(xO,Vv)dx—l—/B (f(xO,Vu)—f(x,Vu))dm+/

R BR

(f(x, Vu)—f(z, Vv))dx—l—/ (f(x, Vv)-

R BR

1
I 4 1) < Cw(R) log (E) / (1+ |VulP2)dz + Cw(R)R*,
Br

where()<)\1:n7#+n[l—pl%l<1+%>]ﬁ<n,

IO + 17 < C(R% + R?) / (1+ |VulP2)dz + CR*> + CRs,
BR

9 p 1 1 0.
where A, = n + 22 — Y% n)\:n<1 72(,_i>>_7z n.
2 + P2—Y P2 >N, A3 + pa—1\n g pa—1 >

Therefore we may conclude (75) from (76) to (78). Since ¢ > —"5, we may
P
choose 6; > 0 small enough such that ¢ > 1%71 + 65. Again we may choose

0 < 8, < 05 such that

n n
0; — 0 Em—
p7_1+3 4>p7—1

S+ —0,>
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By the assumption that w(R) < LR°, we get

1 1
w“ﬂbg(ﬁ>fﬁ1gLquqrﬂR&k%<R>5§CLRHM7%’

for R small enough.

We deduce from (75), (79) and (80) that

Go(u) — Gy(v) < OR% / (14 |VulP2)de,
BR

where 0 < 05 = 05(0,,05,05,04, A\, Xy, A3, 0, ¢, pt,6,0), C is independent of 05
and .
Since the integrand is of class C?, we conclude from [?, pp. 131, 137-138] that

/ |Vu — VolP2dz < CR% / (14 |VulP2)dz,
B B

R R

which completes the proof of (74).
Third step: Conclusion. Firstly applying Jensen’ s inequality we get

P2

1 1
dasé/ 7/ |Vu—Vv|p2dxdx:/ |[Vu—Vo|P2d
15,1 ), .

/B (V) —(Vo), [P2dz < /B 5 /B (Vu— Vo)ds

Secondly, by [?, (3.20)], we have

p n+pBp,
/|V07(Vv)p\p2dx§6'<—> /(1+\Vv|p2)dx,
B, R Bpg

where C > 0, 0 < 8 < 1 and both C and 3 depend only on p*, L.

Now combining comparison estimate with (74) and (82), we deduce for any
0<p<Z <R

[B |Vu—(Vu)p|p2dx<C/B |Vu—Vv|p2dx+C/B Vv—(Vv)pV’de—i—C/B [(Vv),—(Vu) ,|P2dz

P

n+pFpy
<c(2) / (14 |Vu\p2)da:+CR95/ (1+ [VulP2)dz.
R B B

R R
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On the other hand, we obtain (see [?, pp. 133] for more details),

p n
[VolP2de < C (= / |Vou|P2dz + CR™.
[ (7) ],

R

Therefore it follows from (73) that

/|vu|pzdxgc(£) / \Vu|ﬁzdx+cw(3)1og(l>/ |Vu|p2dm+CR‘95/ (1+|VulP2)dz+CR™.
B, R R/ Jg

BR R BR

Thus for small R, applying Lemma 5.2, we obtain
/ |[VulP2dz < Cp™ ™, V71€(0,1).
BP

_ 1 pl+0g _ 0508p
Now let p = SR with 05 = 5 ol

(nzif’m, Then we deduce
from (84) that

and let 7 =

/B [Vu— (Vu),|P2dx < Cpbr,

with 6, = %ﬁfgs. Since we can choose 05 sufficiently small, thus we conclude

that Du € C2%(Q) with o = 1 — n;?, which completes the proof of Theorem

loc

2.4 with 0 < v < 1.

8 Log-Lipschitz estimates for minimizers of J,
Proof of Theorem 4 (v = 0). We proceed along the lines of proof in Section

7. Notice that Ay =n + % — p’;%{y = n with v = 0. Therefore (81) becomes

/ |Vu — Vo|P2de < CR% / (1+ |VulP2)dz + CR™,
Br Br

Where O < 915 = 0/5(01a 627 03a 047 )‘17 >‘33 n, q77pia Sy 5)7 O is independent Of Hé
Thus, (83) becomes

n+Bp, "
/|Vu—(Vu)p|p2dx§C<%) / |Vu—(Vu)4R|p2da:+CR95/ (14| VulP2)dz+CR".
B, B

R BR

Now Lemma 5.2 implies that for any fixed subdomain " € Q, there holds
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/ |Vu — (V) [P2dz < Cp",
B

P

which shows that the gradient of u lies in BMO space and

IVul grro@) < C(,n, %, A5, 9]l Lao ), M)

Then arguing exactly as in [?], one has

u(@) — u(zo)| < Clo — | - |log |z — .

The proof of Theorem 2.4 is concluded.

Remark 2. It should be mentioned that the regularity results in [?], where
Ekeland’ s variational principle was applied to the establishment of regularity
in the obstacle problem associated with the functional fQ f(z,u, Vu)dz, are
stronger than the corresponding one in [?]. We believe that Ekeland’s variational
principle can be also applied to the following heterogeneous, two-phase free
boundary problem

/(f(m, u, Vu) + F, (u) + gu)dz — min,

under non-standard growth conditions, and obtain stronger regularities than
the results in this paper.
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