ChinaRxiv [$X]

AT translation - View original & related papers at
chinarxiv.org/items/chinaxiv-201809.00179

Holder Continuity of Solutions to the G-Laplace
Equation

Authors: Jun Zheng, Yan Zhang, Yan Zhang
Date: 2018-09-22T00:00:00+00:00

Abstract

We establish regularity of solutions to the G-Laplace equation —div (WV@L) =

i, where p is a nonnegative Radon measure satisfying p(B,.(x,)) < Cr™ for
any ball B,.(z,) CC Q with r < 1and m > n—1—0 > 0. The function
g(t) is supposed to be nonnegative and C'-continuous in [0, +0c0), satisfying

g(0) = 0, and for some positive constants ¢ and gy, 6 < tzgi? < ¢p, Vt > 0,
that generalizes the structural conditions of Ladyzhenskaya-Ural’ tseva for an
elliptic operator.
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Abstract. We establish regularity of solutions to the G-Laplace equation

- (9([Vul) _
dlv( Vul Vu | =p,

where p is a nonnegative Radon measure satisfying u(B,(z,)) < Cr™ for any
ball B,.(zq) CC Q with »r < 1and m > n—1—0 > 0. The function g(¢) is
supposed to be nonnegative and C'-continuous in [0, +o0), satisfying g(0) = 0,
and for some positive constants ¢ and g,
/
5§M§907 Vi >0,
g(t)

which generalizes the structural conditions of Ladyzhenskaya-Ural’ tseva for an
elliptic operator.
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1. Introduction

Let Q be an open bounded domain of R™ (n > 2), and u a nonnegative Radon
measure in Q with u(B,(zy)) < Cr™ for some constant C' > 0 whenever
B, (zy) CC 2. We consider the equation

9(|Vul)
[Vl

—Agu = —div ( Vu) =pu in D'(Q),
where G(t) = fot g(s)ds, and g(t) is a nonnegative C'! function in [0, +-00) satis-
fying g(0) = 0 and the structural condition

tg'(t)

6£7£907 Vt>0)

g(t)
with ¢ and g, being positive constants.

The structural conditions on g were introduced by Lieberman in 1991, repre-
senting a natural generalization of the natural conditions of Ladyzhenskaya and
Ural’ tseva for elliptic equations (see [10]). These conditions imply that the
operator Ag includes not only the p-Laplace operator A, where g(t) = 2
and § = g, = p — 1, but also the case of a variable exponent p = p(¢) > 0:

—Agu = —div(|Vu[PIVuD=27y),

corresponding to setting g(t) = t?®=1_for which the structural condition holds
if 6 < t(Int)p’(t) +p(t) —1 < gy for all ¢ > 0. Another typical example is
g(t) = tPlog(at 4+ b) with p,a,b > 0, where in this case § = p and g, = p + 1.
Many other examples can be found in [2, 3, 6] and related references.

Under assumption (2), G is an increasing C? convex function, which is an N-
function satisfying the so-called A,-condition. Thus our class of operators will
be considered in the setting of Orlicz spaces. We recall the definitions of Orlicz
and Orlicz-Sobolev spaces together with their respective norms (see [1]):

LE(Q) = {u € Ll(Q>;/G(|u(1’)|)dl’ < +OO},

Q

fulsorsy =t >0 [ 6 (M2 g <1},
Q

WLE(Q) = {ue LY(Q); Vu € LY (Q)},
lulw.c) = lulLe@) + IVul Le(q)-
Under assumption (2), W1%(Q) is a reflexive and separable Banach space (see
[1])-

We shall call a solution of (1) any function u € Wlicc (Q) that satisfies

g(Vu)) o _ (0
/Q vl Vu-Vodz /Q¢dM Vo € D(Q).
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If 1 =0in a domain D C €, we say that u is G-harmonic in D.

We now introduce the regularity background for related elliptic equations
involving measures. In 1994, Kilpeldinen considered the p-Laplace opera-
tor and proved that if p satisfies pu(B,) < Cr"P+e®P=1 for some positive
constants C and a € (0,1], then any solution of the p-Laplace equation
—Ayu = —div(|Vul[P?Vu) = p is Cloo’cﬂ—continuous for each 5 € (0,a) (see
[7]). This result was improved by Kilpeldinen and Zhong in 2002, showing
that each solution of (3) is in fact Holder continuous with the same exponent
« as in the assumption u(B,) < Cr*P+e(P=1) (see [8]). In 2010, Lyaghfouri
extended the p-Laplace problem (3) to the case with variable exponents,
i.e., considering —div(|Vu[?®®~2Vu) = p. Under certain assumptions on the
function p(z) and the condition u(B,) < Cr* P@+aP@)=1) for some positive
constants C' and « € (0, 1], the author proved that any bounded solution of (4)
is O\ %-continuous with the same exponent a (see [11]).

When focusing on problems governed by the G-Laplacian, Challal and Lyagh-
fouri proved that if p(B,(z,)) < Cr™ with m € [n — 1,n), then any solution

of (1) is C’loo’g—continuous with a = %*g”‘s. Particularly, if m = n — 1, then

any solution is C’loo’g—continuous for any « € (0, ﬁ) (see Theorem 3.3 in [3]).
In 2011, these regularity results were improved by Challal and Lyaghfouri in
[5], showing that any locally bounded solution of (1) is C:%-continuous for any

a € (0, %ﬂ;”) provided that m > n—1—4¢. Note that under the assumption

of non-decreasing monotonicity on g(t), Zheng, Feng and Zhang obtained local
CY“_continuity of solutions for m > n and local Hélder continuity with small
exponents for some m < n in 2015 (see [14]).

In this paper, we continue the work of Challal, Lyaghfouri and Zheng et al. by
improving the regularity of solutions to equation (1). In particular, we can
prove the CIOC)’CO‘-continuity of solutions for any « € (0,1) when m = n— 1. More
precisely, for any m > n — 1 — § and without any monotonicity assumption on
g(t), we have the following result.

Theorem 1.1. Assume that p satisfies (1) with m >n —1—¢6 > 0. Then we
have:

(i) If . > n, then u € CL¥(Q) for any a € (0, min{o,

o 1), where o is

2(1rg)
the same as in Lemma 2.4.
(ii) If m € [n— 1,mn), then u € C2%(Q) for any a € (0,1).

(iif) fn—1—6<m<n—1,then u€ Cy7(Q) for any a € (0, mntlid),

Remark 1. In [7], the author proved for the p-Laplacian problem that u €
C&S(Q) for any @ € (0,1) provided m = n — 1. In this paper we not only
improve the results of [3, 5] and [14], but also extend the problem in [7] to
general equations governed by a large class of degenerate and singular elliptic

operators.
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2. Preliminaries

In this section, we state some auxiliary results that will be used throughout the
paper. We begin with some properties of the function G.

Lemma 2.1 ([13, Lemma 2.1, Remark 2.1]). Function G has the following
properties: - (G1) G is convex and C%. - (G2) % < G(t) < tg(t). - (G3)
min{s%*! s9F11G(t) < G(st) < (1 + gy) max{s®*t s9t11G(t) for all t > 0. -

(G4) G(a+1b) < 29%(1+ gy)(G(a) + G(b)) for all a,b > 0.

For many more properties of G and problems governed by the operator A,
please see [2, 3, 4, 5, 6, 13, 14, 15, 16] and related references.

The following lemmas establish some properties of G-harmonic functions.
Throughout this paper, unless otherwise stated, by By and B, we denote balls
contained in 2 with the same center, with B, CC B CC .

Lemma 2.2 ([13, Theorem 2.3]). Assume u € Wh%(Q). Let h be a weak
solution of Agh =0 in By with h —u € Wol’G(BR). Then

J

where A; = {x € Bg;|Vu— Vh| < 2|Vu|}, Ay = {z € Bg;|Vu— Vh| > 2|Vul|}
and C = C(4,g,) > 0.

Lemma 2.3 ([13, Lemma 2.7]). Let h € WH%(Q) be a weak solution of
Agh = 0. Then h € CH%(Q). Moreover, there exists C = C(n,d,g,) > 0
such that for every ball B, CC Q and every A € (0,n), there exists C =
C(An,0,90: [P Lo (B,, (@,))) > 0 such that

(G(IVu))—-G(|Vh|))dz > C (/A G(|Vu—Vh|)dx+/A qu—vm?dx) :

R

/ G(|Vh|)dz < Cr.
BT‘

Let (u), = ﬁ fB udx be the average value of u on the ball B,. We have:

Lemma 2.4 (Comparison with G-harmonic functions [14, Lemma 3.1]). As-
sume u € WHY(By). Let h € WHY(Bpg) be a weak solution of Agh = 0 in
Bpg. Then there exists o € (0,1) and C = C(n,d,g,) > 0 such that for each
0 < r < R, there holds

r

[BT G(IVu—(Vu), iz < C (%

)W [BR G<|W—(W)Rl)dsc+C/B G(|Vu—Vh)|)da.

R

Lemma 2.5 ([9, Lemma 2.7]). Let ¢(s) be a non-negative and non-decreasing
function. Suppose that

r

2) o(m) + O,

o(r) < O (
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for all » < R < Ry, with o, and C| positive constants. Then, for any 7 <
min{c«, 8}, there exists a constant Cy = Cy(C}, o, 8, 7) such that for all r <
R < R, we have ¢(r) < Cyr™.

3. Proof of Theorem 1.1

Lemma 3.1. Assume u € WH9(Q). Let B CC Q and h € WHY(Bpg) be
a weak solution of Agh = 0 in By with h —u € W}'“(Bg). Then for any
A € (0,n), there exists C' = C(A,n, 0, go, [ul =8, ,)) > 0 such that

/ G(|Vu— Vh|)dz < CR™ + CR>,
B

R

where ) is the same as in Lemma 2.3.

Proof. First, convexity of G gives

/ (G(|Vu])—G(|Vh|))dz < / MVw(Vu—Vh)dx :/ (u—h)dp < Cu(Bg) < CR™,
B

R Br [Vl Bpr
where we used the boundedness of u which forces h to be bounded as well.

Let A, and A, be defined as in Lemma 2.2. By Lemma 2.2, there exists a
constant C = C(d, gy) > 0 such that

J

By (G2), G(t) is increasing in ¢ > 0. It follows from (G2), (G3), (6), (8) and
Lemma 2.2 that

g(|Vul)
|Vl

(G(IVu)=G(Vh))de > C (/A G(|Vu — Vh|)da +/A

R

Vu — Vh|2d:c> .

G(|Vu—Vh|)dx:/ G(\Vu—VhDdx—i—/ G(|Vu — Vh|)dar

BR A1 A2

< c/ (G(IVu) — G(IVh]))de + CR™ + CR> < CR™ + CR,
Br

where in the last inequality we used (a + b)Y < a”¥ +b” for any a > 0,0 > 0 and
~v € (0,1). By (7) and (9), we have

/ G(|Vu—Vh\)dx:/ G(|Vu—Vh|)dz+/ G(|Vu—Vh|)dz < CR™+CR*.
Br Ay A,

Proof of Theorem 1.1. Let h be a G-harmonic function in By that agrees
with u on the boundary, i.c., Agh = 0 in By and h —u € W' %(Bg). By
Lemma 2.4 and Lemma 3.1, for any r < R there holds

r

/BT G(|Vu—(Vu), |)de < C (E)W /BR G(|Vu—(Vu)R|)dx+C/BR G(|Vu—Vh|)dz
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n+o
<o(%) / G|V — (V) pl)dz + CR™ + CR,
By

where A is an arbitrary constant in (0, n).

(i) If m > n, then we have

/B (VU= (V) iz < © ()" [9 GV~ (Vu)glids + R

Since m > n and A is an arbitrary constant in (0, n), one may choose A satisfying

mTH > n. In view of Lemma 2.5, we conclude that for any 7 < min{o, ’”T“‘ —n}

there holds

G(|Vu— (Vu),|)dz < Cr™*7,  Vr < R.
BT

Now we claim that

/ [Vu — (Vu),|dx < Cr"t T Vr<R.
B

r

Indeed, for r satisfying 7" [, |[Vu — (Vu),|dz < r™ , the claim holds with
C = 1. For r satisfying r [, [Vu — (Vu),|dz > P79 | we infer from the

increasing monotonicity of G(t) in ¢ > 0 that

G (T" /BT |[Vu— (Vu)r|d:17> >G (rﬁ) .

It follows from (G2) and (G3) that

/ \Vu— (Vu),|dz < Cr™ T
BT

Note that convexity of G and (10) implies that

1 ) T
G <|Br| /BT |[Vu— (Vu)r|d:c> < B /B G(|Vu — (Vu),|)dz < OrT.

By (G3), (12) and (13), one may get

/ \Vu— (Vu),|dz < Cr'™ T,
BT‘

where C' depends only on g(1), g, and the volume of the unit ball. Now we
have proven that (11) holds for any » < R. Thus u € Cllo’? (©) by Campanato’
s embedding theorem. Due to the arbitrariness of A € (0,n), we can conclude
(i) of Theorem 1.1 by letting A — n.
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(ii) If m € [n — 1,n], we only prove for m = n — 1 due to the fact that
w(B,) < Cr™ < Cr~! for small r. By (G4), Lemma 2.3 and Lemma 3.1,
we infer

/ G(|Vul)dz < c/ G(|Vu—Vh|)dx+C/ G(|IVh|)dz < Crmt-Crd < Crm,
B, B, B,

where in the last inequality we let n > A >n—1=m.

We claim that for any » < R < 1 with B CC 2 and some positive constant C'
independent of r, there holds

/ |Vu|dz < Crr—iteo
B’I‘

with some «a, € (0,1).
Indeed, for r < R satisfying r—"1=% fB |Vuldx < 1, the estimate holds with
C = 1. For r < R satisfying r—"+1=% fB |[Vu|dx > 1, due to the increasing

monotonicity of F(t) = G(t) — G(1)t for t > 1, it follows that

G (T"+1a0/ |Vu|dac> > G(1) -r’"*l’%/ |Vu|dx.
B'r B"‘

Then we have

/ |Vuldz < Crnttao (H*%)H‘s G | r—rti-ao /
B, s

Combining (15) and (16), we may choose « satisfying oy = g+ (1 — ag)(1 +
§) +m—mn,ie., ag=1— 57 For m =n—1, we conclude that u € o)
by Morrey’ s theorem (see page 30, [12]) with ay = 125
holds for all r < R.

Note that infg u < infg h (see the proof of Theorem 3.3 in [3]). Then by (5)
and Lemma 2.3, we have for A larger than m + «:

|Vu|da:) < Crn71+a0+(17a0)(1+6)_,rfn_,rm — CT"71+O‘0+(17Q

ks

such that the estimate

/ G(|Vu|)dx < / (u—h)dqu/ G(|Vh))dz < (Supu—iélfh)u(Br)JrCr)‘ < osc(u, B, )r™+Cr* < Creotmy O
B. B, B, B, -

where osc(u, B,) = supy u —infg_u. Arguing as in (14), we get u € CIOO’SI(Q)

with o, = 1 — 2="+%)  Repeating this process, we obtain u € C“* (Q) with
1 1+6 loc
« 1+64+4m—-n3A 1
_ 0 Z
Qe oy
(14 48)x 144 (146)

=0

which leads to lim,_, oy, = 1, and the result follows.
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(iii) If n — 1 —6& < m < n — 1, checking the proof and repeating the process

_ _ n—m _ 1+é+m—m g
as above, we may get oy = 1 — 55, oy = " + 7%,

1+6+m— - i = HO
=R - Gkl Finally, one has u € C) ¢ () for any o € (0, 25E5=").

oy =
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