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Abstract
This paper presents four methods for analyzing long-period optical variability of
quasars. Using a simulated periodic signal y=sin� to test these four analytical
methods, the results indicate: 1. when the number of data points sampled
from celestial optical variability is relatively small, below a certain threshold,
the analysis results from the Jurkevich method, the Date-Compensated Discrete
Fourier Transform method (DCDFT), the Discrete Correlation Function method
(DCF), and the Power Spectral Density method (PSD) differ; after obtaining the
shortest continuous data points, the Jurkevich method may provide the most
accurate and reliable results among the four methods, and its computational
approach is concise and practical. 2. The optimal parameters for the Jurkevich
analysis method were obtained, with m=9 yielding the best analysis results.
3. Using the Jurkevich method with m=9, the optical variability periods of
the quasar 3C 279 and the quasar 3C 454.3 were analyzed, yielding a possible
optical variability period for 3C 279 of , and for 3C 454.3 of 457d.
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Abstract
This paper presents four methods for analyzing long-period variability of quasars.
Using a simulated periodic signal 𝑦 = sin 𝜃 to test these four analytical methods,
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the results show: (1) When the number of sampled data points for a celestial
light curve is relatively small to a certain value, the analysis results from the Ju-
rkevich method, the Date-Compensated Discrete Fourier Transform (DCDFT)
method, the Discrete Correlation Function (DCF) method, and the Power Spec-
tral Density (PSD) method differ. After obtaining the shortest continuous data
points, the Jurkevich method’s analysis results are likely the most accurate
and reliable among the four methods, and the calculation method is simple and
practical. (2) The optimal parameters for the Jurkevich analysis method were
obtained, with the best analysis results when 𝑚 = 9. (3) Using the Jurkevich
method with 𝑚 = 9 to analyze the light variation periods of the quasar 3C 279
and the celestial object 3C 454.3, the possible light variation period of 3C 279
is � and that of 3C 454.3 is 457d.

Keywords: Quasars; Jurkevich method; DCDFT method; DCF method; PSD
method; Long-period variability

Long-period variability is one of the important methods for studying the prop-
erties of blazars, and its determination relates to the estimation of multiple
physical quantities associated with the structure and radiation of blazars, such
as the radius of the radiation region, the Doppler factor of the jet, and the black
hole mass. Long-period variability provides certain parameters for the establish-
ment of theoretical models. Light variations can be divided into long-timescale,
medium-timescale, and short-timescale variability [1]. For long-timescale and
medium-timescale variability, due to various factors such as observational instru-
ments, lunar phases, and weather, it is difficult to obtain relatively complete
observational data sequences of light curves [2]. When studying the periodic-
ity of optical violently variable quasars, by investigating long-period variability
analysis methods, one can obtain optimal parameters for periodic variability
analysis and obtain the best period estimates from limited actual observational
data sequences.

Common period analysis methods include power spectrum, Jurkevich, wavelet,
structure function, etc. These methods can reliably analyze uniformly sampled
data above the Nyquist sampling limit [3-5]. However, in actual data analysis,
particularly for long-timescale periodic analysis of blazars obtained from astro-
nomical observations, the use of these methods is subject to many constraints.
For example, Fourier analysis [6] requires continuous, equally spaced sampling,
and the handling of missing data points introduces some unrealistic information.
Therefore, applying these methods to periodic analysis of celestial light curves
increases the error in period determination. The Jurkevich method, proposed
by Jurkevich et al., is a statistical method based on expected mean square error
that is very helpful for handling unequally spaced observational data [7]. This
paper will discuss this issue using four methods and propose corresponding im-
provements to make the analysis and calculation of periodicity in quasar light
curves with unequally spaced time series simpler and more accurate.
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1 Calculation Methods for Long-Period Variability of
Quasars
1.1 Jurkevich Method

The Jurkevich method is a statistical approach proposed to address non-uniform
measurement problems in astronomical observations [7]. Literature [8] has used
this method to analyze the variability characteristics of the BL Lac object PKS
0735+178. Assuming our observational sample consists of 𝑁 data points, where
𝑋𝑖 represents individual measurements, 𝑋̄ is the mean of all measurements, 𝑉 2

is the sample variance, and 𝑆 is the sample standard deviation, we have: . (3) ,
(1)

If the sample is divided into 𝑚 groups, the statistical parameters for group 𝑙
should be:

The total variance corresponding to 𝑚 groups is: 2 < . The above formula
actually indicates that when 𝑛 samples with the same independent variable are
calculated, they become one sample. If the group means are equal, the final
expected variance will equal the average variance of the groups. If the group
means differ, the final expected variance will exceed the average variance of the
groups [7].

In period analysis, we fold the data according to different trial periods 𝑃 , then
arrange the folded data in order of increasing phase and divide it into 𝑚 groups.
Given an observation time 𝑡 and trial period 𝑃 , the corresponding phase is
defined as [7]: . (1)

where 𝜙(𝑡) satisfies 𝑚𝑉 . If the obtained experimental period equals the ac-
tual period, the time corresponding to the minimum value of 2𝑚𝑉 in the 2
relationship curve can yield the sample period. 𝑡0 represents the time origin.
Calculating the variance of each group’s data, the value of 2𝑚𝑉 will reach its
minimum, determined by the trial period 𝑙𝑉 and the relationship between total
variance 𝑛𝑃 and 2.

1.2 Date-Compensated Discrete Fourier Transform Method

The Date-Compensated Discrete Fourier Transform method is one of the most
commonly used methods for calculating light variation periods, first proposed by
Ferraz-Mello in 1981 [9]. In previous research, literature [10] used this method
to analyze the infrared light variation period of PKS 1510-089. By performing
Gram-Schmidt orthogonalization on cos(𝜔𝑡) and sin(𝜔𝑡), three orthogonal vec-
tors are obtained, and the data is projected onto these three orthogonal vectors
to obtain the spectrum. The specific process is as follows:

After orthogonalization of 𝐻0, 𝐻1, 𝐻2:

The parentheses denote the inner product of two vectors. Then ℎ0, ℎ1, ℎ2 are
determined according to the following relationships:
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In the case of non-uniform sampling, the weighted Date-Compensated Discrete
Fourier Transform (DCDFT):

In many quasar observations, the precision of observational data 𝑓𝑖 varies. Con-
sidering this issue, weights 𝑤𝑖 are introduced. After redefining the inner product
with weights:

After introducing weights into the inner product, the regression coefficients are
obtained:

The intensity at frequency 𝜔 is given by:

From linear regression theory, it is known that . Using this property, a normal-
ization factor is introduced: the statistic . For all frequencies 𝜔, we call this
quantity the spectral correlation coefficient.

1.3 Discrete Correlation Function Method

The Discrete Correlation Function method (DCF) was developed by Edelson
and Krolik (1988) to analyze the correlation between two sets of discrete data,
and literature [11] used this method to analyze the variability of PKS 2155-304.
This method can indicate the correlation and time delay between two variable
time series and can be applied to periodic analysis [11]. The specific steps are
as follows:

First, calculate the discrete correlation function values for two data sets. If
arrays 𝑎 and 𝑏 are the two data sets, ̄𝑎 and 𝑏̄ are their respective means, and 𝜎𝑎
and 𝜎𝑏 are their respective standard deviations.

Second, calculate the DCF(𝜏) values. The two data sets are related through
time delay 𝜏 ± Δ𝜏/2. If the time delay is 𝜏 and falls within the interval Δ𝑡𝑖𝑗,
then the DCF(𝜏) value is:

The error of the discrete correlation function is again . For the obtained discrete
correlation plot, if the peak is to the right of zero, it indicates that array 𝑎
changes later than array 𝑏. Conversely, if the peak is to the left of zero, it
indicates that array 𝑎 changes earlier than array 𝑏.

1.4 Power Spectral Density Method

The definition of power spectral density [12] is that if 𝑢(𝑡) is a function that can
be Fourier transformed, then . Because 𝑢(𝑡) is a real function, 𝑢(𝜈) is generally
a complex function, and they satisfy Parseval’s formula:

If 𝑢(𝑡) represents the spectrum, the left side of the equation represents the total
energy of 𝑢(𝑡) over (−∞, ∞). The integrand on the right side is called the
energy spectral density, which is a non-negative real number representing the
energy per unit frequency. In practice, most 𝑢(𝑡) cannot be Fourier transformed
in the mathematical sense. If a truncated function 𝑢𝑇 (𝑡) is used to 截取 𝑢(𝑡),
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then for the truncated function 𝑢𝑇 (𝑡) with finite duration, a Fourier transform
can be performed:

Similarly, it also satisfies Parseval’s formula:

Relating to the truncated function, dividing both sides of the above equation
by 2𝑇 and letting . Corresponding to the definition of energy spectral density,
the integrand on the right side is called power spectral density, denoted as:

From the expression, it can be seen that power spectral density is a non-negative
real number. From the entire derivation of power spectral density, it is evident
that power spectral density is a quantity in the frequency domain, directly
reflecting the values corresponding to different frequencies in the frequency do-
main.

2 Simulation Tests and Parameter Optimization
2.1 Simulation Test Results for Astronomical Periodic Signals

To test the reliability of the above four research methods, we used a simulated
periodic signal as astronomical observational data to analyze these four methods.
Here we use a sine function with period 𝜋2 as the test signal, with units in
radians. In the experiment, we selected rad0 as the starting point, with a step
size of rad1.0. A total of 15 groups with different numbers of data points were
taken, and all research methods considered factors such as noise.

[Figure 1: see original paper] shows the periodic analysis of sin functions with
different data points using the Jurkevich method. To test the reliability of the
Jurkevich method for analyzing celestial periods, we took 80-360 data points
here, increasing by 20 data points per group, and obtained 15 groups of data
points through Jurkevich method analysis, resulting in curves and analysis re-
sults of ⟨𝑀𝐴𝑇 𝐻1⟩.
[Figure 2: see original paper] shows the periodic analysis of sin functions with
different data points using the Date-Compensated Discrete Fourier Transform
method (DCDFT). To test the reliability of DCDFT for analyzing celestial
periods, we took 80-360 data points, increasing by 20 data points per group, and
used DCDFT to analyze 15 groups of data points, obtaining DCDFT-Frequency
curves and analysis results of ⟨𝑀𝐴𝑇 𝐻2⟩.
[Figure 3: see original paper] shows the periodic analysis of sin functions with
different data points using the Discrete Correlation Function method (DCF).
To test the reliability of DCF for analyzing celestial periods, we took 80-360
data points, increasing by 20 data points per group, and used DCF to analyze
15 groups of data points, obtaining DCF-Delay curves and analysis results of
⟨𝑀𝐴𝑇 𝐻3⟩.
[Figure 4: see original paper] shows the periodic analysis of sin functions with dif-
ferent data points using the Power Spectral Density method (PSD). To test the
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reliability of PSD for analyzing celestial periods, we took 80-360 data points, in-
creasing by 20 data points per group, and used PSD to analyze 15 groups of data
points, obtaining Power-Frequency curves and analysis results of ⟨𝑀𝐴𝑇 𝐻4⟩.
[Figure 5: see original paper] shows the minimum data points required for pe-
riodic analysis of the sin function using DCDFT, DCF, Jurkevich, and PSD
methods. Analysis of [Figure 5: see original paper] reveals that the minimum
data points required for period detection by the Jurkevich, DCDFT, DCF, and
PSD methods are 50, 120, 100, and 60, respectively. After obtaining the shortest
continuous data sampling, the Jurkevich method is most effective.

2.2 Determining Optimal Parameters for the Jurkevich Method Using
Simulated Data

When using the Jurkevich method for period analysis, we simultaneously take
360, 720, and 1500 data points, with grouping numbers $m = $, corresponding
to . Using a step size of rad1.0 and trial periods, we can calculate different
⟨𝑀𝐴𝑇 𝐻5⟩.
[Figure 6: see original paper] shows the 𝑉𝑚 − 2 curve of sin, with grouping
numbers 1-6 on the left and 7-12 on the right. As shown in [Figure 6: see
original paper], when taking 360 data points, with grouping numbers increasing
from 1 to 6, the requirement is that the number of periods in non-uniform data
samples should not be less than 6 [7], so periodicity can be ignored. When
grouping numbers increase from 7 to 12, possible double periods appear in
groups 10, 11, and 12, which may be repetitions of the first period. Even with
minimal differences showing pseudo-periods, the best periodicity is clearly in
group 9.

[Figure 7: see original paper] shows the 𝑉𝑚 − 2 curve of sin, with grouping
numbers 1-6 on the left and 7-12 on the right. When taking 720 data points, as
shown in [Figure 7: see original paper], with grouping numbers increasing from
1 to 6, there is similarly no periodicity. When grouping numbers increase from
7 to 12, double periods appear in groups 10 and 12, which may be repetitions of
the first period, while an obvious pseudo-period appears in group 11. Therefore,
the best periodic analysis result is in group 9.

[Figure 8: see original paper] shows the 𝑉𝑚 − 2 curve of sin, with grouping
numbers 1-6 on the left and 7-12 on the right. As shown in [Figure 8: see original
paper], when taking 1500 data points, with grouping numbers increasing from
1 to 6, periodicity is not obvious and can be ignored. When grouping numbers
increase from 7 to 12, double periods appear in groups 8, 10, and 12, while the
periodicity in group 11 is clearly less pronounced than in group 9. Overall, the
best periodic analysis result is in group 9. The following will use two sources
with multiple observational data to verify this result.
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3 Analysis of Light Variation Periods for 3C 279 and 3C
454.3
3.1 Data Points and Light Variation Period of 3C 279

The B-band data points for 3C 279 and 3C 454.3 studied in this paper were
mainly obtained from the website (http://www.astro.yale.edu/smarts/glast/home.php).
From 2008 to the present, 661 B-band data points for quasar 3C 279 can be
found from the above website. The B-band light curve is shown in [Figure
9: see original paper], showing several major outbursts, with the brightest
magnitude 𝑚𝐵 = 14.9 mag. The light curve contains more than 6 periods,
which satisfies the necessary conditions for confirming the existence of long
periods in the Jurkevich method [13].

[Figure 10: see original paper] shows the Jurkevich method analysis of the
light variation period of quasar 3C 279 in the B band. Using the Jurkevich
method with grouping number 𝑚 = 9, [Figure 10: see original paper] yields the
relationship curve between 𝑛𝑃 and 2𝑚𝑉 for the B-band light variation period
of 3C 279, which contains many minimum values. To effectively determine the
authenticity of periods, reference [14] provides good criteria: when $2mV = $,
then 𝑓 = 0, indicating no periodicity in the sample data. If $2mV = $, then
𝑓 = 1, at which point the maximum period in the sample can be identified.
Further analysis shows that 𝑉𝑚 is a normalized value. When $2mV = $, the
sample data shows very strong periodicity. In the normalized graph, selecting
the minimum depth and noise in the“smooth”part for experiments, if the relative
minimum burst value in the“smooth”part is 10 times larger than the“smooth”
part, the corresponding periodicity can be further discussed. The number of
groups 𝑚 is very important in calculations. The more groups 𝑚 is divided into,
the higher the sensitivity, but a small number of data points in each group will
produce greater noise. When more groups 𝑚 are selected, it also increases the
computational load of 𝑉𝑚. Conversely, it may not be possible to find the period.
Through analysis of the 𝑉𝑚 − 2 graph for the 3C 279 celestial object, we can
easily find the 2𝑚𝑉 and 𝑃 values and test them using the criteria from reference
[14], with results shown in .

shows the period analysis table for the 3C 279 object. Through analysis of , we
find that the minimum value for the 3C 279 object is , with 𝑓 = 1.8401, and the
possible light variation period is ⟨𝑀𝐴𝑇 𝐻6⟩. Using the Jurkevich method with
grouping number 𝑚 = 9, we analyzed the B-band light variation data of 3C 279,
with [Figure 10: see original paper] showing the B-band analysis results. From
, it can be seen that under the condition of satisfying the criterion 𝑓 [14], there
exists a simple multiple relationship between P2, P3, and P1 in the B band of
3C 279: 𝑃2 ≈ 2𝑃1, 𝑃3 ≈ 3𝑃1, indicating that there may be an astronomical
frequency multiplication relationship between them.

chinarxiv.org/items/chinaxiv-201809.00122 Machine Translation

https://chinarxiv.org/items/chinaxiv-201809.00122


3.2 Data Points and Light Variation Period of 3C 454.3

3C 454.3 (PKS 2251+158, OY091) is a relatively bright, violently variable quasar
with obvious correlations in optical and radio bands [15]. The data in this paper
spans from 2008 to the present, with approximately 765 data points, yielding
the historical light curve shown in [Figure 11: see original paper].

[Figure 11: see original paper] shows the light curve of quasar 3C 454.3 in the B
band. Using the Jurkevich method with grouping number 𝑚 = 9, we analyzed
the B-band light variation data of 3C 454.3, with [Figure 12: see original paper]
showing the B-band analysis results. From [Figure 12: see original paper], it
can be seen that there are three obvious minimum values in the B band of
3C 454.3, indicating three possible periods: 𝑃1 = 457d, 𝑃2 = 891d, and 𝑃3 =
1320d. However, according to Kidger et al., to determine a period, the time span
of the data sample must exceed six times the period [16]. Our data sample spans
approximately 2500 days, which is less than six times 𝑃2 and 𝑃3, so 𝑃2 and 𝑃3
must be excluded and require more observational data for determination. But
very interestingly, there exists a simple multiple relationship between 𝑃2, 𝑃3,
and 𝑃1: 𝑃2 ≈ 2𝑃1, 𝑃3 ≈ 3𝑃1, indicating that there may be an astronomical
frequency multiplication relationship between them. This suggests that there
may be a true light variation period of 𝑃1 = 457d in the B-band light curve of
3C 454.3.

Similarly, through analysis of the 𝑉𝑚 − 2 graph for the 3C 454.3 celestial object,
we can easily find the 2𝑚𝑉 and 𝑃 values and test them using the criteria from
reference [14], with results shown in .

shows the period analysis table for the 3C 454.3 object. Through analysis of ,
we find that when the minimum value of 2𝑚𝑉 for the 3C 454.3 object is 0.5505,
with 𝑓 = 0.817, the corresponding possible light variation period is 𝑃 = 457d,
which satisfies both the analysis results of [Figure 12: see original paper] and
the 𝑓 criterion [14].

4 Discussion and Conclusions
This paper uses a sine function with period 𝜋2 as a test signal to verify the
reliability of four research methods. In the experiment, the unit is radians,
with rad0 as the starting point and a step size of rad1.0. The analysis re-
sults obtained are: Date-Compensated Discrete Fourier Transform (DCDFT)
method yields ⟨𝑀𝐴𝑇 𝐻7⟩; Discrete Correlation Function (DCF) method yields
⟨𝑀𝐴𝑇 𝐻8⟩; Power Spectral Density (PSD) method yields ⟨𝑀𝐴𝑇 𝐻9⟩. The anal-
ysis shows that the minimum data points required for period detection by the
Jurkevich, DCDFT, DCF, and PSD methods are 50, 120, 100, and 60, respec-
tively. After obtaining the shortest continuous data sampling, the Jurkevich
method is most effective. The Jurkevich method’s analysis results are the
most accurate and reliable among the four methods studied, and the calcula-
tion method is simple and practical.
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In practical application, it was found that the Jurkevich method depends heav-
ily on the grouping number 𝑚. Larger 𝑚 values yield better analysis results
but produce greater noise; conversely, periods may not be found [17]. If the
data distribution is non-uniform, it leads to large deviations in inter-group data
distribution, thereby affecting the actual period determination. According to
[Figure 6: see original paper], [Figure 7: see original paper], and [Figure 8: see
original paper], for different 𝑚 values, the inclination degree of the 𝑛𝑃 versus
2𝑚𝑉 relationship curve differs, with larger periods tilting downward. Combin-
ing this with the 𝑓 test formula shows that smaller 𝑚𝑉 yields larger 𝑓 values,
making it easier to satisfy the 𝑓 test. Thus, the 𝑓 test depends on the magnitude
of 𝑚. Using simulated data, we found that the optimal grouping number for the
Jurkevich method is 𝑚 = 9. Finally, using the Jurkevich method with 𝑚 = 9,
we analyzed the light variation periods of 3C 279 and 3C 454.3. We obtained a
possible light variation period of � for 3C 279. Literature [18] analyzed a possible
period of $130 ±$ for 3C 279, which is about 8 times our result. The possible
light variation period for 3C 454.3 is 457d. Literature [19] analyzed a possible
period of 12.39 years for 3C 454.3, which is about 10 times our obtained period.
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