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1.1 Problem setting and main result

Let © be a bounded domain in RY (N >2), 1 < p < +oc0 and 6 > 0. Given
functions g,v € WP () N L*°(Q) and data f € L1(£2), the aim of this paper is
to study the obstacle problem for nonlinear non-coercive elliptic equations with
lower order term, governed by the operator
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Au = —div a(z, Vu)(1 + |u])?P~Y 4 blu|"2u,

where b > 0 is a constant, and a : © x RV — R¥ is a Carathéodory function,
satisfying the following conditions:

a(z,§) - & > afg],

la(z, )] < Bji(z) + €[77),

(a(mvg) - a(%ﬁ))(ﬁ - 77) >0,

la(z, &) —a(@, Q) < A{lg — P (L + €]+ [ChP2[ — ¢I}, if p > 2

for almost every z in €, and for every &,n, ¢ in RN with £ # 7, where a, 3,y > 0
are constants, and j is a nonnegative function in L?’ (Q). If f has fine regularity,
e, few?lr (), the obstacle problem corresponding to (f,%,g) can be
formulated in terms of

o, a(=, V) (14 |u])?P=Y V(u—v)daz+ [, blu[Pu(u—v)de < [, flu—v)dz,Yv €
K,,NnL=Q),

whenever 1 < r < p and the convex subset
K,y={veW"@Q)v—-ge W, P(Q),v > 9, ae. in Q}

is nonempty. However, if f € L'(Q), (6) is not well-defined, and following
[1,3,6] etc., we are led to the more general definition of a solution to the obstacle
problem, using the truncation function T, (¢) = max{—s, min{s,¢}}, s,t € R.

Definition 1 An entropy solution of the obstacle problem associated corre-
sponding to operator A and functions (f,,g) with f € L*(£2) is a measurable
function u such that u > ¢ a.e. in Q, (14 |u)?®~Y € (LY(Q)N, |u|"~* € L} (Q),
and, for every s > 0, T,(u) — T,(g) € W, P(Q) and

oy @, Vu) (L4 [u) PP~ - V(T (u—v))da + [, blul"2uT (u—v)de < [, fT,(u—
v)dz, Vv € K, , N L2 (Q).

Observe that no global integrability condition is required on u nor on its gradient
in the definition. As pointed out in [3,9], if T,(u) € WP(Q) for all s > 0,
then there exists a unique measurable vector field U : © — RY such that
V(T,(u)) = Xju|<sU a.e. in Q, s > 0, which, in fact, coincides with the standard

S
distributional gradient of u whenever u € W11(Q).

Before stating the main result, we make some basic assumptions throughout
this paper, i.e., without special statements, we always assume that

1<p<N,1<r<p,0<6<min{N/(N-1)=1/(p—1),(p—7)/(p—1)},b >0,

and 9, g € WHP(Q) N L>(Q) with (1 — g)™ € W, P(Q) such that K, # 0. The
following theorem is the main result obtained in this paper.

Theorem 1 Let f € L'(Q). Then there exists at least one entropy solution
u of the obstacle problem associated with (f,,g). In addition, u depends
continuously on f, i.e., if f, — f in L'(Q) and u,, is a solution to the obstacle
problem associated with (f,,,%,g), then u, — u in W4(Q), Vq € (1, N(p —
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DA-0)/(N—-1—-06(p—1))) if 1 <r < min{2N —1/N —1,p}, and Vq €
(N(r—1)/(N+r—1),N(p—1)(1-60)/(N—1—0(p—1))) if 2N—1/N—-1 < r < p.

Some comments and remarks
Consider the Dirichlet boundary value problem of the form

—div (|Vu|P~2Vu/(1 + [u)?PD) + bu = f in Q,
u =0 on 09,

with p > 1,0 € (0,1],b > 0, f € L'(R). The term |Vu[P"2Vu/(1 + |u|)?®~Y is
not coercive if u is very large. Due to this, the classical methods used to prove
the existence of a solution for elliptic equations, i.e., [15], cannot be applied even
if b = 0 and the data f is regular. Moreover, |Vu[P~2Vu/(1 + |u)?®~Y and u
and f are only in L'(Q), not in W~ (Q). All these characteristics prevent
us from employing the duality argument [18] or nonlinear monotone operator
theory [19] directly. To overcome these difficulties, by cutting the noncoercivity
term and using the technique of approximation, a pseudomonotone and coercive
differential operator on W?(Q) can be applied to establish a priori estimates on
approximating solutions. As a result, existence of solutions, or entropy solutions,
can be obtained by taking limits for f € L™(Q),m > 1 and b > 0 due to the
almost everywhere convergence for the gradients of the approximating solutions,
see e.g., [4,7,10-12,16] (see also [1,2,8,13,14,17] for b = 0).

Motivated by the study on the non-coercive elliptic equations (9), we consider in
this paper the obstacle problem governed by (1) and functions (f, ¥, g) with f €
L'(Q). We prove the existence of an entropy solution and show its continuous
dependence on the L'-data in W9(Q) with some ¢ € (1, p).

In the following, we give some remarks on our main result and inequalities that
will be needed in the proofs. Some notations are provided at the end of this
subsection.

Remark 1 (i) 0 <0 <min{N/(N-1)—-1/(p—1),(p—7)/(p—1}=r—1<
1-0p-1) < Np-1)1—-6)/(N—1—0(p—1)). Therefore Theorem 1
guarantees |u|""! € L1(2), and the second integration in (7) makes sense.

(ii) We will show that a(z, Vu)/(1 + |u|)?®=1) € (L' (Q2))Y in Proposition 4.
Therefore, the first integration in (7) makes sense.

(iii) Note that 6 < (p—r)/(p—1) & Np—1)(1—-0)/(N—1—6(p—1)) >
N(r—1)/(N+r—1), while 2N—1/N—1 < r gives N(r—1)/(N+r—1) > 1.
Thus u,, — uin W4(Q) forall g € (1, N(p—1)(1—60)/(N—1—0(p—1))) if
2N—1/N—-1<r < p. Indeed, § < (p—7)/(p—1) < N/(N-1)—1/(p—1)
Np—-1)1-60)/(N—-1—6(p—1))>N(r—1)/(N+r—1).

(iv) r—1 < Nq/(N—q) forany g € (1, N(p—1)(1—0)/(N—1—0(p—1))). Indeed,
by 1<r<2N—1/N —1, there holds r—1 < N/(N —1) < Nq/(N —q).
For r > 2N —1/N —1, it suffices to note that ¢ > N(r—1)/(N+r—1) <
r—1< Ng/(N—q).
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(v) g <p. Indeed, 0 <O < N/(N—-1)—1/(p—1) < (N=1)/(p—1) =
Np-1)A-0)/(N-1-0(p—1)) <p

Remark 2 Checking proofs of this paper, one may find that, for b = 0, (8)
holds with u,, — u in W14(Q), Vg € (I, N(p —1)(1 —6)/(N —1—68(p — 1))).
Indeed, it suffices to set » = 1 in the proofs.

Notations [u, = |u] 1s(q) is the norm of LP(2), where 1 < p < oco. |uf,, =
[ullyyrrn(q) s the norm of WhP(Q), where 1 < p < oo. p’ = p/(p — 1) with
1< p<oo. ut =max{u,0},u” = (—u)", if u is a real-valued function. C is a
constant, which may be different from each other. {u > s} = {z € Q;u(z) > s}.
{u<st=Q {u>s} {u<st={recQux) <s} {u>s}=Q {u<s}
fu=s}={r e Qu(x)=s} {t<u<s}={u>t}n{u<s} LY is the
Lebesgue measure of RY. |E| = LV (E) for a measurable set E.

2 Lemmas on entropy solutions

It is worthy to note that, for any smooth function f,, there exists at least
one solution to the obstacle problem (6). Indeed, one can proceed exactly
as in [1,12] to obtain W!P-solutions due to the assumptions (2)-(4) on a and
r — 1 < p. These solutions, in particular, are also entropy solutions. In this
section we establish several auxiliary results on convergence of sequences of
entropy solutions when f, — f in L(Q).

Lemma 2 Let vy € K, N L>(2), and let u be an entropy solution of the
obstacle problem assomated with (f,4,g). Then, we have

fu|<f |VulP/(1+ [u])?P~Vdz < C(1 +t7),Vt > 0,

where C'is a positive constant depending only on «, 8, p, 7, b, 5]/, Vol [vo o>
and [ f];-

Proof. Take v, as a test function in (7). For ¢ large enough such that t—| vy >
0, we get

f‘%_u‘<ta(x7Vu) CVu/(1 + |ul)?PVdx
ul)?PVdz + [, (f = blul"*u) T, (u — vy)da.

a(x,Vu) - Vo /(1 +

S f|v0—u|<t

We estimate each integral on the right-hand side of (11). It follows from (3) and
Young’s inequality with € > 0 that

Fon g (V) - Voo /(14 )0V < [ B(15] + [Vul?) [Vl /(1 +
[ul)*® N < f

ol B+ IVulP) /(1 + u)*P D + C (15, + [V oglp)-
Note that on the set {|u—v,| < t}, we have ||u|""2uT, (u—vy)| < t|t+|vollo|" "t <
C(1+1t"), where C is a constant depending only on 7, ||vy| -

On the set {|u —vy| > t}, we have |u| >t — |vgllee > 0, thus v and T} (u — vy)
have the same sign. It follows that
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f\ufvobt blul""*uT, (u —vy)da < 0.
Combining these estimates, we obtain
Sy VP /(U [u) PV da < C(1+17).

Replacing ¢ with ¢ + vyl in (17) and noting that {Ju| < t} C {Jvy —u| <
t + ||vglo }» One may obtain the desired result.

In the rest of this section, let {u,} be a sequence of entropy solutions of the
obstacle problem associated with (f,,,1,g) and assume that f, — f in L'(€)
and [ £,y < [ flly + 1.

Lemma 3 There exists a measurable function u such that w,, — u in measure,
and T, (u,) — T, (u) weakly in WP(Q) for any k > 0. Thus T}, (u,,) — T, (u)
strongly in LP(§2) and a.e. in €.

Proof. Let s,t and ¢ be positive numbers. One may verify that for every
m,n > 1,

LY({Ju, — | > s}) < LV({Ju,| > t}) + LY({Ju,,| > t}) + LY ({| Ty (u,,) —
Tk(u )l > s}),

LN (gl > 1)) = [, 1 < (1/27) [, [T, (u,)
Due to vy =g+ (¥ —g)" € K, ;, N L>=(Q), by Lemma 2, one has
I VT () Pde = [ [V, [Pde < C(1+1) Op=1)(1 +¢7).

Note that T} (u,,) — T,(g) € WyP(Q). By (19), (20) and Poincaré’s inequality,
for every ¢t > | g/, and for some positive constant C' independent of n and t,
there holds

LY({lu,| > t}) < 1/7) [ |Ty(u,)Pde < (1/751”)fQ T (u,) — Ty(g)[Pdx +
1/t7) |, I T (g)lPdz < (C/t?) fQIVT u,) — VI(g)lPdz + (1/t7)]gl}; <
(C/t7) Jo, IVTy(u,) Pz + (1/t7)]glf < C( 1+tr+‘9(p D)/ + (1/7)g|-

Since 0 < 0 < (p—r)/(p — 1), there exists ¢t. > 0 such that

LY ({Ju,| > t}) <e/3,Vt > t.,Yn > 1.

Now we have, as in (19),

LN{IT,_(u,) =T, (u,,)| > s}) = f{IT ()T, (a8 }1dx< (1/87) Jo 1T, (

T, (up, )P da.

Using (20) and the fact that T}(u,) — T,(g) € Wy (Q) again, we sce that
{T;_(u,)} is a bounded sequence in WLP(Q). Thus, up to a subsequence,

{T}_(u,)} converges strongly in LP(Q2). Taking into account (22), there exists
ng = ny(t., s) > 1 such that

AT (w,) = T, (uy,)| > s}) <e/3,Yn,m > n,.
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Combining (18), (21) and (23), we obtain
LY ({|u,, — u,,| > s}) < &,¥n,m > n,.

Hence {u,, } is a Cauchy sequence in measure, and therefore there exists a mea-
surable function u such that w,, — w in measure.

The remainder of the lemma is a consequence of the fact that {7} (u,)} is a
bounded sequence in WP (Q).

Proposition 4 There exists a subsequence of {u,,} and a measurable function
u such that for each ¢ given in (8), we have u, — u strongly in Wh4(Q). If
moreover 0 < 6 < min{(N—p+1)/(N—-1),N/(N—1)—1/(p—1), (p—7r)/(p—1)},
then

a(x, Vu,) /(1 + |u,|)?P — a(x, Vu) /(1 + |u|)?P~Y strongly in (L'(2))V.

To prove Proposition 4, we need two preliminary lemmas.

Lemma 5 There exists a subsequence of {u,, } and a measurable function u such
that for each ¢ given in (8), we have u,, — u weakly in W4(Q), and u,, — u
strongly in L(Q).

Proof. Let £ > 0 and n > 1. Define D, = {|u,,| < k} and B, = {k < |u,,| <
k + 1}. Using Lemma 2 with vy = g+ (¢ — g)T, we get
Jp, [V [P/ (14 |u, )P~V dz < C(1+ K7,
k
where C'is a positive constant depending only on a, 3,0, p, 7, il [ fl1, Vool

and [y o

Using the function Ty (u,,) for & > {|gle: V| as a test function for the
problem associated with (f,,,, g), we obtain

Jy @@, V) - V(T (uy, = Ti(u))) /(1 + |u, )PV + f b, |, T (uy, —
Ty (u,))dz < [, £, T (uy, — Ty (uy,))de,

which together with (2) gives

Jp, @V, [P/ (L + Ju,)*PVda + [
[fall < 1F1 + 1.

Note that on the set {|u,,| > k+1}, u,, and T} (u,, — T}, (u,,)) have the same sign.
Then

w,, |>k+1} b|un|r72unTI(un - Tk<un)>dx <

b|un|T72unT1 (un - Tk(un))dx = f

r—1
. blu,|" *dx > 0.

“[{\un\zkﬂ}

Thus we have
Iy IV, [P/ (1 + |u, )PP Vda < C(1+ k7).
k

Let s = ¢f(p—1)/(p— q). Note that ¢ < p and ps/(p — q) < ¢*. For any k > 0,
we estimate [, [Vu,|?dx as follows:
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o IVup |tz = [ [Vu,[1(1 + |u,[)* - (1 + Ju,[)7de < (f [Vu,[P/(1 +
|u”|)9(p*1>dz)q/p(j;2(l + |un|)p5/(pfq)dx)(pfq)/p < C@1 + kr)q/p(jgz lu, |7 dx +
|Q|)p—a)/p

Summing up from k£ = k; to K and using Holder’s inequality, one obtains
uniform bounds. Letting K — oo, we deduce that [Vu,[, and [u,][, are
uniformly bounded independently of n. Particularly, u,, is bounded in W14((Q).
Therefore, there exists a subsequence of {u,, } and a function v € W14(£2) such
that u,, — v weakly in W4(Q), u,, — v strongly in LI(Q) and a.e. in Q. By
Lemma 3, u,, — u in measure in €2, we conclude that u = v and u € WH4(Q).

Lemma 6 There exists a subsequence of {u,} and a measurable function u
such that Vu,, converges almost everywhere in 2 to Vu.

Proof. The proof is quite similar to Theorem 4.1 in [1], which can also be
found in [5]. Here we sketch only the main steps due to slight modifications.
For ro > 1, let A = ¢/p < 1, where ¢ is the same as in Lemma 5. Define

Az, u, &) = a(z,€)/(1+ |u|)?®~V (for the sake of simplicity, we omit the depen-
dence of A(z,u,§) on x)

and
I(n) = [,(Au,, Vu,) — A(u,, Vu)) - V(u, — u)) dz.

We fix k > 0 and split the integral in I(n) on the sets {|u| > k} and {Ju| < k},
obtaining

Il (n7 k) = j£|u\>k:}((A(u”7 vun) - A<un7 VU)) ! v(un - U))Addi,

Ly(n, k) = J£|u\gk}((‘4(un’ Vu,) — Alu,, Vu)) - V(u, —u)) dz.

For I,(n, k), one has

Ly, k) < Ty k) = £ (A (1, Vi) — Ay (10, VT () - V(w, — Ty () da

Fix h > 0 and split I5(n, k) on the sets {|u,,—T}(u)| > h} and {|u,, =T} (u)| < h},
obtaining

Lk h) = o (A > At VT3 ()9 (1, =T (),
15<n7kah) J{“u —T () \<h}<( n( ’ —A ( VTlc( ))) < Tk(u)))kdx
< Iﬂllfk(fQ(An( o Vi) — A( VT;JU))) ¢ VT(u, — Ti(u))da)®

= |Q‘1_>\<16<n> k, h))/\'
For Iﬁ(n k, h) it can be split as the difference I(n, k, h) — Ig(n, k, h) where

Note that |Vun\ is bounded in L(Q2) and Apry = ¢. Thanks to Lemma 3 and
Lemma 5, one may get in the same way as Theorem 4.1 in [1] that
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limy_, . limsup, , _I;(n,k) =0,
lim, o limsup,, ., I,(n,k,h) =0,
lim,_, . Is(n,k,h) =0.

For I;(n,k,h), let k& > max{|g|., |¥|} and n > h + k. Take T}.(u) as a test
function for (7), obtaining

Ir(n.k,h) < fo £, T (u, — T (w)d + [, blu,, |"™2u,, T, (u,, — Ty, (w))da.

Note that r — 1 < ¢*, and fQ |u,,|"dx is uniformly bounded (see the proof of

|r72
n

Lemma 5), thus |u u,, converges strongly in L'(Q). Therefore we have

hmn—>oo ~£2 |un|ri2unTh(un - Tk(“))d‘r = ~£2 |u|r72UTh(u - Tk(u»dx

Then using the strong convergence of f, in L'(£2), one has
L(n, k, h) < [, fTy(u — Ty(w))dz + [ Olul""*uTy, (u — Ty, (uw))dz.

It follows that I(n,k,h) < 0. Putting together all the limits and noting that
I(n) > 0, we have I(n) = 0.

The same arguments as [1] give that, up to subsequence, Vu,, () — Vu(z) a.e.

Proof of Proposition 4 We shall prove that Vu,, converges strongly to Vu in
L1(Q) for each ¢ given by (8). To do that, we will apply Vitali’s Theorem, using
the fact that by Lemma 5, Vu,, is bounded in L9(2) for each ¢ given by (8). So
let s€ (¢, N(p—1)(1—6)/(N—1—60(p—1))) and E C Q be a measurable set.
Then, we have by Holder’s inequality

I IVu 9 < ([ [Vu,|*de)/*|E|'"=9/s < C|E|'""9/* — 0 uniformly in n, as
|E| — 0.

From this and Lemma 6, we deduce that Vu,, converges strongly to Vu in L7(£2).
Now assume that 0 < 0 < min{(N—p+1)/(N—-1),N/(N-1)—1/(p—1),(p—

r)/(p—1)}. Note that since Vu,, converges to Vu a.e. in ), to prove the strong
convergence

a(z, Vu,) /(1 + u, )*P7Y = a(z, Vu) /(1 + Ju))*P~ in (LH(Q)N,

it suffices, thanks to Vitali’s Theorem, to show that for every measurable subset
EcCQ, [ la(z,Vu,)/(1+ |lu,,|)?P~V|dx converges to 0 uniformly in n, as |E| —
0. Note that p—1 < N(p—1)(1—6)/(N—1—6(p—1)) by assumptions. For any
ge(p—1L,Np—1)(1—-6)/(N—1—0(p—1))), we deduce by Holder’s inequality

Jp late, V) /(L + [u,)?PVde < B [ (G + [Vuy [P~ )dz < Bl [EIMV? +

/B(fE |Vu,, |2dz) =Y/ p|1=(P~D/4 — ( uniformly in n as |E| — 0.
Lemma 7 There exists a subsequence of {u,,} such that for all k>0

a(a, VT (u,)) /(1 + Ty (u,))'* — a(ax, VT, (w) /(1 + |T),(u)])?»~") strongly
in (LY(Q)N.
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Proof. Let k be a positive number. It is well known that if a sequence of mea-
surable functions {u,,} with uniform boundedness in L*(2) (s > 1) converges
in measure to u, then u,, converges strongly to u in L!(Q). First note that the
sequence {a(x, VT, (u,))/(14|T}(u,)])’®P D} is bounded in L' (Q). Indeed, we
have by (3) and Lemma 2,

f, la(@, VT (w,) /(1 + [Ty(u )P0V de < BIIE + B f, IV Ti(u,)lP/(1 +
T (u,))7dz < C.

Next, it suffices to show that there exists a subsequence of {u,,} such that

a(, VTy(u,))/ (1 + T (u,) )P — a(z, VT(w)) /(1 + |T,(w)))*P~Y in mea-

sure.

Note that u,,,u € W4(Q), where ¢ is the same as in Proposition 4. The a.e.
convergence of u,, to v and the fact that Vu,, — Vu in measure imply that
VT, (u,) = VT, (u) in measure.

Let s, be positive numbers and write VA, = a(z, Vu)/(1 + |u])?®~Y). Define
En - {‘VAT (u,) VA | > 3}

B, ={|VTy(u,)| > t},

EL = {|VT;(u)| > 1},

ES = B, 0 {[VT,(u,)| < 0 {[VT,(w)] < 1}.

Note that E,, C EL UE2 U E3 for each n > 1. Using the fact by Lemma 5 that
the sequence {u,} and the function u are uniformly bounded in W9(Q), we
obtain

LN(EY) =
LN(E2) =

j;\v:r (u,)>t) 10 = (1/t7) [, IV Ty (u,,)|%da < C/t9,

ﬁ\vn oy 1 < (1/t7) [, VT, (w)|%dx < C/t9.

We deduce that for any € > 0 there exists ¢, > 0 such that

LN(EL) + LN(E2) < 2¢/3,Vt > t_,Vn > 1.

Note that for a > b > 0,7 > 0, we have the following inequality
[(1+a)”—(1+b)7| <7]b—al(1+c)'*™ < 7|b —a| for some ¢ € [b, a].

We deduce from (5) and (3) that in E3,

s < VAgu, — VAnwl = la(e, VT(u,)/0 |+ Ty, ) )P0 —

a(z, VT (u)) /(14 |T;,(w))?P~D] < 0(p — 1)[ Ty, (u,,) — Ty (w)] - B( + VT (w)[P~1)
+HIVTy(u,) — VT ()P, if p > 2;|VTi(u,) — VT(w)|(1 + |VT)(u,)] +
VT (w)])P~2, if p < 2} < Cyi|Ty(u,,) — Ty (uw)| + Co (1 + P~ 4+ t772) (| Ty, (u,,) —
Ty (u)| + [VTy(u,,) — VI (u)]),

which leads to E3 C F, U F,, with

Fy = {jITy(u,) — Ty(u)| > 5/(2C, (1 + 771 +1772))},
Fy = {|Ty(u,) = Ty(uw)| + [VT},(u,,) = VT (w)] > s/(2Co (1 + 77 +772)) ).
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In F}, we have

LY(Ey) = f, 1z < (2Co(L+ 71+ 172 /s) [, 1Ty () — Ty(u)|d.
By Lemma 3, we deduce that there exists ny, = ny(s, Cy, €) such that
LN(F)) <€/6,Yn > n,.

For F,, note that F, C F; U Fy, with

Fy = {|Ty(u,) = T (u)| > s/(4Co(1 + 771 +#772))},
Fy ={|VT}(u,) = VT, (u)] > s/(4Co(1 + 7~ +1772))}.

Using the convergence in measure of VT (u,,) to VI (u) and T (u,,) to Tj(u),
for t = t_, we obtain the existence of ny = ny(s,&) > 1 such that

LN(F,) < LN(F,) + LN (F,) < £/6,Yn > n,.
Combining (35), (36) and (37), we obtain
IN({|VA7 ()= VAp (| > s}) <&, ¥Vn > max{ng,n,}.

Hence the sequence {VATk(un>} converges in measure to VAy, () and the lemma
follows.

3 Proof of the main result

Now we have gathered all the lemmas needed to prove the existence of an entropy
solution to the obstacle problem associated with (f,,g). In this part, let f,
be a sequence of smooth functions converging strongly to f in L'(f2), with
7.0 < 11l + 1. We consider the sequence of approximated obstacle problems
associated with (f,,, 1, g).

Proof of Theorem 1 Let v € K, N L>*(2). Taking v as a test function in
(7) associated with (f,,, %, g), we get

fglz (L(LC, vun)/(l + |un|>0(p71) : V(Tt(un - v))dx + fglz b|un|ri2unTt(un - U)d.’E <
Jo, £ Ty (wy, — v)da.

Since {|u,, —v| < t} C {|u,| < s} with s =t + |[v||.,, the previous inequality
can be written as

JoXn VA7 ) - Vode > — [ f,T,(u,, —v)dz + [ blu,|""*u, T, (u, — v)dz +
.];) XnVATS (uy,) " vTs (un)dxa

where X,, = X|, _y<; and VA, = a(z, Vu)/(1+ |u|)?®=1). Tt is clear that x,, —
x weakly* in L>(§2). Moreover, x,, converges a.e. t0 X,_yj<¢ in @ {[u—v| =1t}.
It follows that

x =11, in {Ju—v| <t},0, in {Ju—v| >t}}.

Note that we have LY ({|u —v| = t}) = 0 for a.e. t € (0,00). So there exists a
measurable set O C (0, 00) such that LY ({|lu—v| =t}) =0 for all t € (0,00) O.
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Assume that ¢ € (0,00) O. Then y,, converges weakly* in L°°(Q) and a.e. in
Q10 X = Xjy_u|<t- Since VT (u,,) converges a.e. to VI (u) in 2 (Proposition
4), we obtain by Fatou’s Lemma

liminf, , o [, x,VAr () VT,(u,)dz > [ XVAz ) - VT, (u)dz.

Using the strong convergence of VA (,, ) to VAp () in LY(Q) (Lemma 7) and
the weak™ convergence of x,, to x in L>=(2), we obtain

lim,, o J, Xn VA7 () - Vodo = [, XV Ar ) - Voda.

Moreover, due to the strong convergence of f, to f and |u,|""2u,, to |u|""?u (by

r—1 < ¢* and the boundedness of |u,,|,-) in L' (), and the weak* convergence
of Ty (u,, —v) to T,(u —v) in L>(§2), by passing to the limit in (38) and taking
into account (39)-(40), we obtain

JoXVAr @ - Vvdz — [ oxVAgp ) - VI (w)dz > — [ fT,(u — v)dz +
ey blu|™?uT, (u — v)da,

which can be written as
f{\v—u\gt} XV Az (- (Vo =Vu)de > — [ fT,(u—v)dz+ [, blu|""*uT}(u—v)dz,
or since X = Xu_vjat a1 V(T3 (1 — 1)) = Xp_ojat V(2 — 0)

Iy VA, VT (u—v)dz+ [ blu|"*uT,(u—v)dx < [, fT,(u—v)dz, vVt € (0,00) O.

For t € O, we know that there exists a sequence {t;} of numbers in (0,00) O
such that t;, — ¢ due to |O| = 0. Therefore, we have

fQ VA, VT, (u—v)dz + fQ b|u|’“’2uTtk (u—w)dr < fQ [T, (u—v)dz.

Since V(u—v) = 0 a.e. in {Ju—v| = ¢}, the left-hand side of (41) can be written
as

1;2 VA, VT, (u—v)dz = fQ (it} Xju—vj<t, VA, - V(u—v)dz.

The sequence x|, _y|<;, converges to X, ,<; a.e. in @ {|lu—v[ =t} and therefore
converges weakly® in L= (Q {Ju —v| =t}). We obtain

lim_, [, VA, VT, (u—v)dz = [, Xju—o|<t VAyV(u—v)dr = [ VA,
VT, (u—v)dz.

For the right-hand side of (41), we have
| o, FTy, (w —v)dz — [ fT,(u—v)dz| < [t —t]- [, — 0 as k — cc.

{lu—vl=t}

Similarly, we have

|kj£1 [u|""2uT, (u—v)dr — IS [u|"2uT,(u — v)dx| < |t, —t| - |[lul""t]; — O as
— 0.

It follows from (41)-(44) that we have the inequality
by VA, - VT, (u—v)dz + [ blu]""*uT(u —v)dx < [ fT,(u—wv)dz,t € (0,00).
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Hence, u is an entropy solution of the obstacle problem associated with (f, 1, g).
The dependence of the entropy solution on the data f € L'(Q) is guaranteed
by Proposition 4.
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