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Abstract

B-spline curve fitting, applied to depict the variation trends of discrete data
points and generally obtained through data approximation or iterative methods,
constitutes an important component in image processing and reverse engineering.
To address issues such as multi-peak features, cusp points, and discontinuities in
the curve to be fitted, a B-spline curve fitting algorithm based on genetic algo-
rithms is proposed. The approach first employs penalty functions to transform
the constrained curve optimization problem into an unconstrained formulation,
then utilizes an improved genetic algorithm to select an appropriate fitness func-
tion, and further combines a simulated annealing algorithm to adaptively adjust
the number and position of knots, thereby finding the optimal knot vector during
the optimization process through continuous iteration until a final high-quality
reconstruction curve is generated. Experimental results demonstrate that the
algorithm effectively improves accuracy and accelerates convergence speed.
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Abstract: B-spline curve fitting is widely used to depict the variation trends of
discrete data points, typically achieved through data approximation or iterative
methods, and represents a critical component in image processing and reverse
engineering. To address challenges such as multi-peak values, cusp points, and
discontinuities in target curves, this paper proposes a B-spline curve fitting algo-
rithm based on genetic algorithms. The approach first employs penalty functions
to transform the constrained curve optimization problem into an unconstrained
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one, then utilizes an improved genetic algorithm to select an appropriate fitness
function. By integrating simulated annealing, the algorithm adaptively adjusts
both the number and positions of nodes, identifying the optimal node vector
during the optimization process through continuous iteration until a final high-
quality reconstruction curve is generated. Experimental results demonstrate
that the algorithm effectively improves accuracy and accelerates convergence
speed.

Keywords: curve fitting; penalty function; genetic algorithm; node vector

0 Introduction

Curve fitting is a data processing method that approximates or models the func-
tional relationship between a set of discrete point coordinates using continuous
curves, with broad applications in reverse engineering and image processing.
Curve fitting algorithms fall into two main categories: parametric fitting and
non-parametric fitting. Parametric fitting represents dependent and indepen-
dent variables through parametric equations. The commonly used least squares
method [?], which minimizes the sum of squared errors, serves as a fundamental
parameter estimation technique for linear models and plays a vital role in both
theoretical research and engineering applications, while also forming the basis
for many more complex methods. Non-parametric fitting directly identifies the
functional relationship between variables, typically using interpolation methods
such as Newton’ s interpolation polynomial, divided differences with Newton
interpolation, and piecewise low-order interpolation.

Bezier curves are widely employed in engineering applications due to their desir-
able properties including symmetry, endpoint interpolation, convex hull prop-
erty, geometric invariance, and variation diminishing. In practice, piecewise
low-order Bezier curve segments are often stitched together, but this approach
lacks flexibility—the curve degree strictly depends on the number of data points
defining the curve, and local performance is poor; modifying a curve segment
requires adjusting all control point positions. B-spline curves [?], as a general-
ization of Bezier curves, retain the advantages of Bezier curves while enhancing
local modifiability, enabling easy solution of continuity problems and facilitating
curve reconstruction.

For B-spline curve fitting problems involving multi-peak values, nonlinear char-
acteristics, cusp points, and discontinuities, this paper proposes an improved
genetic algorithm-based B-spline curve fitting method. The approach controls
error through a least squares model and uses genetic algorithms to select op-
timal node vectors. During genetic optimization, simulated annealing [?] and
improved genetic operators are combined to overcome premature convergence,
slow convergence, and insufficient precision issues.
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1 Related Research

B-spline theory was first proposed by Schoenberg in 1946. Subsequently, Boor
and Cox independently defined the standard B-spline algorithm in 1972, after
which Gordon and Riesenfeld applied B-splines to shape description, leading to
the development of B-spline curves.

Numerous scholars have conducted extensive research on B-spline curve fitting,
proposing various methods. Piegl et al. [?] developed a B-spline curve interpola-
tion algorithm with point-tangent constraints. Lin et al. proposed a geometric
algorithm for cubic B-spline curves based on curvature conditions from tangents.
Xiao et al. [?] introduced a method optimizing data point parameters using it-
erative closest points. Li et al. [?] presented a B-spline curve fitting algorithm
using minimal data points under given error constraints. Duan et al. [?] com-
bined curve interpolation with B-spline curve fitting, adding data points to en-
sure curve locality. Beyond traditional equation-based or geometric approaches,
various artificial intelligence algorithms have been integrated for optimization.
Yoshimoto et al. employed real-coded genetic algorithms for unconstrained fit-
ting problems. Sun et al. [?] established a relationship between data parameters
and node vectors to improve genetic algorithm fitness and optimize population
evolution. Xu et al. [?] addressed discontinuous curves by combining chaotic ant
swarm optimization to adjust free knot positions. Gdlvez et al. [?] built upon
genetic algorithm fitting, applying particle swarm optimization to dynamically
determine vector length and node count for curve optimization.

While these algorithms achieve optimization to varying degrees, issues regarding
precision, convergence speed, and premature convergence in genetic algorithms
require further improvement. Most methods prioritize fitting accuracy as the
optimization objective while considering convergence speed and the inherent lim-
itations of artificial intelligence algorithms, ultimately transforming the problem
into a multi-constrained nonlinear optimization problem.

2.1 Least Squares Model

Given a non-decreasing sequence U : ug < uy < -+ <, 01, Where U represents
the node vector, the basis functions of the B-spline function are defined as in
equations (1) and (2):

N, o(t) = 1 ifu, <t <wuyy
710 otherwise

t—u,; U, —t
Np(t) = ———N, 1 (t) + —F— N, (1)
" Ui —u; " Uiyl — Uip1 v

In equation (2), k denotes the degree of the B-spline curve. The parametric
equation of the B-spline is:

chinarxiv.org/items/chinaxiv-201806.00131 Machine Translation


https://chinarxiv.org/items/chinaxiv-201806.00131

where d; represents the control point coordinate vector of the B-spline curve.
If the data point set P = {p, : j = 1,2,---,7} lies on this curve, then point p,
satisfies:

Rewriting equation (4) in matrix form yields:

P=N-D

where P denotes an r x 3 matrix of r data points; N represents an r X n matrix
of B-spline basis function coefficients; and D denotes a control point matrix
containing n x 3 control points. When k& < n < r, equation (5) can be solved
approximately using least squares as shown in equation (6):

D= (NTN)INTP

The curve error is then obtained as:
E=Y(D(t) —p,)*
=1

E=DT(I—-NN")D

Equations (7) and (8) clearly demonstrate that the error magnitude depends
directly on the parameter values ;.

2.2 Problem Formulation and Basic Solution Approach

Pre-determining data parameters or node vectors is not optimal for curve fitting.
Treating these two quantities as variables is the key to achieving the best fitting
results. Considering their interrelationship, the node vector is dynamically set
according to the least squares model to alter the size and approximation effect
of the B-spline curve. Since the established nodes continuously change, N7 N
in equation (6) cannot be guaranteed to remain positive definite after genetic
algorithm iterations. Moreover, least squares yields extreme values but cannot
ensure they are global minima, and derivative-based function methods cannot
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guarantee that every function has a derivative. Therefore, the concept of loss
functions [?] is adopted to improve the traditional least squares solution.

Based on the parametric function of B-spline curves, if both the control vertices
{P;},i=0,1,-,n and the node vector {u;},j=0,1,-,n+p+1 are unknown
variables, the B-spline curve approximation problem can be transformed into a
nonlinear minimization optimization problem [?] as shown in equations (9) and
(10):

Q = min (Z Id, —p<m|2>
=0

. 2
d; =Y N, (t)P; )
§=0

Solving this minimization problem using traditional methods is difficult. There-
fore, we improve upon conventional approaches by combining genetic algorithms
with penalty functions to convert constrained optimization problems into uncon-
strained ones. In genetic algorithm optimization, an appropriate fitness function
is selected, three basic operators are modified, and a simulated annealing op-
erator is added to obtain the node vector. This vector is then input into the
least squares model to derive optimal control points, ultimately generating the
optimal curve fitting.

Q-min($

=0

The flowchart of the curve fitting algorithm is shown in Figure 1 [Figure 1: see
original paper].

3 Improved B-spline Curve Fitting Algorithm

To address insufficient handling of smooth, cusp, and discontinuous problems
in curve fitting, we improve the genetic algorithm operators and propose an
enhanced fitting algorithm. The algorithmic steps are as follows:

(a) Input the data points d; to be fitted;

(b) Perform parameterization of data points and establish the corresponding
fitness function;

(c) Initialize genetic algorithm parameters, including population size (pop-
size), crossover probability p., mutation probability p,,, and maximum

iteration count;

(d) Initialize population §(¢) using Gray code encoding;
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(e) Determine curve control points via least squares and calculate the fitness
function value for each individual;

(f) Perform iterative calculations and finally output the optimal node vector
and control points to reconstruct the curve; otherwise proceed to (g);

(g) Execute selection operation on d(t) using the selection operator described
above to obtain d; (t);

(h) Execute crossover operation on 6;(¢t) using the crossover operator de-
scribed above to obtain d,(t);

(i) Execute mutation operation on d,(t) using the mutation operator de-
scribed above to obtain d5(t), then return to (e).

Based on these algorithmic steps, we focus on improving the least squares
method and genetic operators to obtain the optimal node vector. The detailed
process is described below.

3.1 Improvement of Traditional Least Squares Solution

In the least squares method, the final error expression can be understood as
a loss function requiring representation using gradient vectors and Jacobian
matrices. The Jacobian matrix is defined with elements as partial derivatives
of errors with respect to parameters, as shown in equation (11):

Oe.
83_ (i=1,2,,mand j=1,2,,n)

J

Ji,jf(w> =

where m represents the number of data points and n represents the number of
neural network parameters, making the Jacobian matrix an m x n matrix. The
gradient vector of the loss function is given by equation (12):

Vf=2JT ¢

where e denotes the vector of all error values. The weight function update and
optimization are performed as in equation (13):

Wiy =w; — (S T+, D)7 (20] - ey)

where € represents a decay factor to ensure matrix positive definiteness.
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3.2 Data Point Parameterization Settings

Based on least squares fitting, two factors influence curve shape: (a) the distri-
bution of data point parameterization; and (b) the selection of the node vector.
Different data point parameters and node vectors critically affect curve shape,
and unreasonable selections lead to poor approximation.

Numerous methods exist for determining data point parameterization, with com-
mon approaches including uniform parameterization, cumulative chord length
parameterization, and centripetal chord length parameterization. Compared to
other methods, centripetal chord length parameterization [?] effectively reflects
the distribution characteristics of data points and provides accurate fitting re-
sults when data undergoes sudden changes. The parameter ¢; determines the
positional relationship between data points, as given by equation (14):

to="0

||di+1 _ dz”
m—1
ijo de-‘rl - d]”

tigg =t +

3.3 Node Vector Settings

Multiple methods have been proposed for node vector setting, including uniform
node vectors, average node vectors, and Piegl’ s approximation node vectors.
The first method completely ignores data point distribution and yields poor
results. The second method, while considering data points, employs overly
simple averaging that accounts for too few cases. Piegl’ s approximation method
works for small-scale problems but becomes computationally inefficient when
data volume increases.

To address these limitations, this paper proposes a new selection approach with
the following steps:

a) Interpolate control points at endpoints. For a non-decreasing node vector
Uy S up <o < Uy, set the endpoint knot multiplicity to the B-spline
degree p+1: ug =uy =+ =up =0, Upyg = Uy = = Upypq = L.

b) Use the first and last data points as the first and last control points of the
reconstructed B-spline curve: dy = F,, d,,, = P,,.

¢) The remaining n + p internal nodes (excluding endpoints) are unknown
before fitting. Genetic algorithms iteratively perform adaptive setting
until the optimal node vector is generated.
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3.4 Genetic Algorithm Principles and Corresponding Improvements

Genetic algorithms [?], first proposed by Professor Holland in his book Adapta-
tion in Natural and Artificial Systems, draw inspiration from nature’ s “survival
of the fittest” principle. As a global optimization adaptive probabilistic search al-
gorithm, genetic algorithms rely on individual fitness function values to perform
selection, crossover, and mutation operations during evolution, thereby finding
optimal solutions to problems. The algorithm provides a general framework for
solving complex system optimization problems and has important applications
in biotechnology, chemical engineering, computer-aided design, and medical en-
gineering.

3.4.2 Operator Improvements and Parameter Settings The simple ge-
netic algorithm consists of five components: initial population selection, chro-
mosome encoding, fitness function selection, genetic operation design, and algo-
rithm control parameter setting. These are described in detail below.

a) Initial Population Selection

Common approaches randomly generate initial populations, but initial popula-
tion setting significantly impacts both results and algorithm efficiency. Random
generation leads to non-uniform individual distribution in the feasible solution
space. Therefore, uniform design is adopted: first, the solution space is divided
into Z intervals; then P chromosomes are selected using uniform arrays; finally,
@ individuals with higher fitness values are chosen from Z x P as the initial
population to ensure individuals are as dispersed as possible in the solution
space.

b) Chromosome Encoding

Genetic algorithms commonly use binary or decimal encoding for chromosomes.
While these offer high stability and large population diversity for numerical
optimization, their randomness results in poor local search capability. For high-
precision problems, large phenotypic changes after mutation can push solutions
away from the optimum, preventing stability. Therefore, this paper adopts Gray
code encoding, where encoded values for consecutive integers differ by only one
bit.

The conversion formula from binary to Gray code is:
Im = by,

gi=b1®b (i=m—1,m—2,-,1)

c) Fitness Function Selection

The fitness function forms the foundation for other key steps in genetic algo-
rithms, and selecting an appropriate fitness function is crucial for optimization.
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Based on the least squares model proposed earlier, achieving excellent curve
fitting results requires controlling error values while reducing the number of
control points. The fitness function can thus be designed as in equation (17):

) max{G,} +1
Jitness = Q- ¢ +p- max{H,} +1

where ¢ represents a control factor and u represents a correction factor. Since
genetic algorithm iterations cannot guarantee node ordering (and unordered
nodes cannot generate B-spline curves), a functional body is designed as follows:
(a) sort all individuals by size; (b) apply the least squares method to the data
points to solve for control points; (c¢) determine individual fitness values based
on the fitness function. This functional approach ensures node vector ordering
by placing each iteration’ s results in sequence.

d) Genetic Operator Design

Selection Operator: This primarily embodies the survival-of-the-fittest prin-
ciple. Individuals with larger fitness function values are retained while those
with smaller values are discarded. Although roulette wheel selection is widely
used in simple genetic algorithms, its excessive randomness can be problematic.
Therefore, a simulated annealing selection operator based on competition index
[?] is employed. The competition index J comprehensively considers individual
fitness values (denoted as F') and coding difference values (denoted as C), as
shown in equation (18):

J=mF +myC

where m; and m, are proportion parameters summing to 1. Individuals are
sorted by competition index magnitude, with selection order consistent with
positional order to reasonably maintain population quality.

Crossover Operator: Effective crossover operations enable information ex-
change of superior genes between individuals. During crossover, individuals
with fitness values above the average are defined as superior and should be
crossed with higher probability to preserve excellent genes. However, relying
solely on average fitness values risks local optimization. Therefore, variance
and entropy are incorporated into probability design.

Assuming population size N and individual fitness values f; with average 1,
variance is expressed as in equation (19):
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Variance represents individual distribution within the population. When vari-
ance is large (individuals are dispersed), crossover probability decreases; other-
wise, it increases.

Entropy divides feasible solutions into A, ranges, with population individuals
falling in A; numbered |A,|. Entropy is given by equation (20):

N
H; =— Zpi log p;

=1

where p;, = ‘A—Nl Larger entropy values indicate greater population diversity. If
the population has strong evolution capability, crossover probability should be
set smaller; otherwise, it should be larger. The final crossover probability is
given by equation (21):

1 1
D = e max{G;J+1 max{H;}+1

Since initial values are in increasing order and considering the encoding method,
arithmetic crossover is adopted. For two individuals x; and z,, the crossover
formulas are:

’
T] = WTy + Wally

[
Ty = W1Tg + Woly

where w represents a random number between (0,1), and w; +w, = 1.

Mutation Operator: Mutation probability is a critical factor directly affect-
ing genetic algorithm optimization results. The probability value should not
severely disrupt superior genes and preferably can generate excellent individu-
als. During mutation, individuals with fitness values below average are defined
as inferior and require higher mutation probability. Based on the above ap-
proach, a premature convergence judgment criterion is added, considering the
difference 6 between the current individual’ s maximum fitness value and the
average fitness value of individuals exceeding the average fitness. The mutation
probability is defined as in equation (24):

1

P = T ¥ e 00

where k is a control factor greater than 0, and mutation probability changes
synchronously with §. When mutation conditions are met, a random number
s is generated for each gene j;. If this number is smaller than the mutation
probability, single-point mutation is executed as in equation (25):
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U Jo if j; = J;
Ji=qu-diatu- (G —giog) i g =g
(4; +u) otherwise

where u represents a random number in (0,1), adhering to principles of optimal
selection and worst elimination.

If execution continues as described above, although results converge quickly
toward the optimum, individual similarity increases while population diversity
gradually decreases, making local convergence likely. To solve this problem,
combined with the premature convergence indicator above, similar individuals
are filtered when the indicator threshold is reached. The specific approach is:

a) Sort population individuals by fitness value;
b) Calculate similarity based on encoding method and determine a § value;

¢) Compare similarity results with 8 and delete similar individuals.

After filtering, new individuals must be added. Direct random generation is
unsuitable as it hinders global search. Instead, individuals with relatively high
fitness from the original population can be mutated to increase superior indi-
viduals that are more likely to produce excellent offspring with other original
individuals.

4 Experimental Results and Analysis

To evaluate the practical effectiveness of the proposed genetic algorithm-based
B-spline curve fitting algorithm, test functions with smooth, discontinuous, and
cusp characteristics were selected to determine appropriate nodes and obtain
fitting results. Performance was compared against traditional simple genetic
algorithms and fitting methods optimized with ant colony algorithms.

The experimental hardware environment consisted of an Intel(R) Core(TM) 2
Duo CPU with 4 GB RAM, running Windows 7, with MATLAB as the pro-

gramming and experimental platform.

4.2 Test Function Selection

To test the multi-adaptability of curve fitting algorithms, three functions from
literature [?] were adopted as test functions—commonly used functions for B-
spline curve fitting. Their expressions and domains are shown in Table 1 .

Table 1: Test Functions
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Function Expression Domain

fi(z) 1 + ¢~100(z=0.4)° z €10,1]
0.01 —0.3)? 0,0.6

fo(@) (@ ) ) v €0, :c)e [0,1]
0.015+ (z —0.65)* z € [0.6,1]

fa(z) elt07=51 4 (102 — 5)° r €[0,1]

4.3.1 Selection of Optimal Node Number

By analyzing the evolution trend of node numbers with increasing iteration
counts for test functions f;(x), fy(z), and f;(x), optimal node numbers can be
obtained to reconstruct function curve fitting diagrams. The functional rela-
tionships between iteration count and node number for the three test functions
are shown in Figures 2 [Figure 2: see original paper] through 4 [Figure 4: see
original paper].

Analysis of Figures 2-4 reveals that the optimal node number is 4 for f;(x), 8
for fy(x), and 5 for fs(x).

4.3.2 Test Function Fitting Effects

Using the obtained optimal nodes, curve fitting was performed. The fitting
effects for the three test functions are shown in Figures 5 [Figure 5: see original
paper] through 7 [Figure 7: see original paper].

Figures 5-7 illustrate the fitting results using the proposed method. Figure 5
shows the fitting effect for a curve with smooth regions, demonstrating good
approximation in smooth areas with acceptable deviations. Figure 6 presents
the fitting of a discontinuous curve, showing excellent handling at discontinuity
points that closely approaches the original curve trend. Figure 7 depicts a curve
with cusp points, clearly exhibiting extreme values and essentially preserving
original characteristics. These results demonstrate that the improved genetic
algorithm-based B-spline curve fitting algorithm handles smooth, discontinuous,
and cusp-bearing cases effectively, with fitting effects nearly identical to actual
curve trends, indicating excellent algorithm performance.

4.3.3 Comparison with Other Fitting Algorithms

To further evaluate the proposed algorithm’ s rationality, three algorithms were
compared using equation (8) to calculate results. Table 2 presents fitting errors
for the proposed algorithm versus methods from literature [?] and literature [?].

Table 2: Error Comparison of Test Functions
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Method  f;(z) Data Points fo(z) Data Points f5(z) Data Points

Proposed 1.075 x 1076 4.062 x 1076 1.773 x 1072
Algo-

rithm

Literature 5.967 x 10° 9.327 x 107! 7.762 x 10*
7]

Method

Literature 2.563 x 10~* 3.743 x 1074 5.532 x 1072
7

Method

Table 2 shows that for all three test functions, the proposed algorithm achieves
relatively small errors and superior approximation effects.

5 Conclusion

This paper improves key genetic algorithm operators and combines them with
a least squares model. Experimental results demonstrate that the improved
genetic algorithm achieves better curve approximation with higher precision.
However, achieving higher numerical precision with genetic algorithms requires
improved convergence speed, and data parameterization needs enhancement.
Additionally, the substantial randomness of genetic algorithms necessitates in-
creased algorithm stability—an issue worthy of continued research. Future work
will extend the current two-dimensional curve research to three-dimensional sur-
faces to keep pace with technological development.
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