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Abstract
To address the problems of noise sensitivity and susceptibility to local minima in
the fuzzy C-means clustering algorithm, a fuzzy clustering algorithm based on
cross-entropy is proposed. This algorithm redefines the objective function of the
traditional FCM algorithm by introducing cross-entropy, utilizes cross-entropy
to measure the differences among sample membership degrees, and employs the
Lagrange multiplier method and Lambert W function to solve the resulting
optimization problem; furthermore, it analyzes the distribution of the sample
partition matrix and identifies noise samples based on the distribution char-
acteristics. Experimental results on artificial datasets and standard datasets
with added noise demonstrate that the algorithm improves the anti-interference
capability of the traditional FCM algorithm, exhibits stronger robustness, and
achieves high accuracy in noise sample identification.
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Abstract: To address the sensitivity of the fuzzy C-means clustering algorithm
to noise and its tendency to converge to local minima, this paper proposes a fuzzy
clustering algorithm based on cross-entropy. The algorithm redefines the objec-
tive function of the traditional FCM algorithm by introducing cross-entropy to
measure the differences between sample membership degrees. The Lagrange
multiplier method and Lambert W function are employed to solve the optimiza-
tion problem of the objective function. Additionally, the distribution of the
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sample partition matrix is analyzed to identify noise samples based on its char-
acteristics. Experimental results on synthetic and standard datasets with added
noise demonstrate that the proposed algorithm enhances the anti-interference
capability of the traditional FCM algorithm, exhibits stronger robustness, and
achieves higher accuracy in noise sample identification.

Keywords: fuzzy clustering; cross-entropy; fuzzy C-means clustering; cluster-
ing performance

0 Introduction
Since Ruspini first introduced fuzzy theory into cluster analysis in 1969, fuzzy-
theory-based clustering methods have attracted widespread attention from re-
searchers, leading to the development of numerous fuzzy clustering algorithms.
Among these, the fuzzy C-means clustering algorithm (FCM) has become a clas-
sical method in fuzzy clustering due to its simple design, wide applicability, and
ease of implementation, finding extensive use across various domains. However,
theoretical studies and experiments have revealed that FCM suffers from inher-
ent limitations, including extreme sensitivity to noisy data and a propensity to
converge to local minima.

To overcome these issues, researchers have proposed many algorithms by mod-
ifying the objective function and relaxing the membership constraints. Repre-
sentative algorithms include the possibilistic clustering algorithm (PCM) and
its improved version IPCM, the possibilistic fuzzy C-means algorithm (PFCM),
the weighted fuzzy C-means algorithm (WFCM) and related methods, cluster-
ing algorithms based on noise models, and enhanced fuzzy partition clustering
algorithms. These approaches have improved upon FCM’s limitations to varying
degrees, enhancing its practical applicability.

Inspired by information theory’s use of entropy to measure system informa-
tion content, scholars have introduced entropy into FCM algorithms, develop-
ing entropy-based fuzzy clustering methods. These approaches endow the sam-
ple membership calculation formula with Gaussian distribution characteristics,
thereby exhibiting stronger noise resistance. The maximum entropy clustering
algorithm (MEC) was proposed using an entropy function as a component of the
objective function, though this method remains sensitive to outliers, whose in-
terference often causes severe deviation of cluster centers. The robust maximum
entropy clustering algorithm (RMEC) was subsequently developed to improve
outlier resistance. Building upon fuzzy entropy, an intuitionistic fuzzy C-means
clustering algorithm was proposed by redefining the objective function with hes-
itation degrees, which shows some effect on noise suppression but with limited
performance and high computational complexity. The relative entropy fuzzy
C-means clustering algorithm (REFCM) was introduced using relative entropy
to replace entropy. Other researchers have proposed fuzzy clustering algorithms
based on generalized entropy, solved using augmented Lagrangian methods and
Hopfield neural networks, as well as generalized entropy-based possibilistic fuzzy
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C-means clustering algorithms that can more accurately obtain cluster centers
for noisy data.

However, entropy only addresses individual variables and cannot effectively mea-
sure the differences between two random distributions, nor does it satisfy sym-
metry. To address these limitations, this paper introduces cross-entropy into the
traditional FCM objective function, proposing a cross-entropy fuzzy C-means
clustering algorithm (CEFCM). Cross-entropy effectively measures the differ-
ences between membership degrees of various sample classes. The resulting
algorithm ensures that during objective function optimization, the obtained par-
tition matrix makes each sample’s membership degrees influenced not only by
distance but also constrained by cross-entropy, preventing the iteration process
from falling into local minima. The objective function consists of two terms:
the original FCM objective function and a cross-entropy term that essentially
measures the degree of difference among sample membership degrees. When
the first term is minimized and the second term is maximized, the objective
function reaches its minimum, indicating that all samples are closest to their
cluster centers with concentrated intra-class data, while the differences among
class memberships are maximized, resulting in clear inter-class separation and
an optimal partition.

Furthermore, the final partition matrix theoretically exhibits distinct distribu-
tions for data samples versus noise samples: data samples have relatively large
membership values for one class and smaller values for others, while noise sam-
ples have uniformly low membership values for all classes. Based on these
distribution characteristics, samples with consistently low membership values
can be screened out as noise samples, enabling noise identification.

1 Fuzzy Cross-Entropy
Based on Kullback’s definition of cross-entropy in information theory, for two
fuzzy sets A and B in the universe of discourse X, the symmetric form of fuzzy
cross-entropy is defined as:

𝐷(𝐴, 𝐵) =
𝑁

∑
𝑖=1

[𝜇𝐴(𝑥𝑖) ln 𝜇𝐴(𝑥𝑖)
𝜇𝐵(𝑥𝑖)

+ 𝜇𝐵(𝑥𝑖) ln 𝜇𝐵(𝑥𝑖)
𝜇𝐴(𝑥𝑖)

]

where 𝜇𝐴(𝑥𝑖) and 𝜇𝐵(𝑥𝑖) represent the membership degrees of element 𝑥𝑖 in
X belonging to A and B, respectively. Cross-entropy is a convex function that
attains a minimum value of zero when the two distributions are identical. Al-
though cross-entropy is not a true geometric distance, it proves highly effective
for measuring differences between fuzzy sets.
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2.1 Basic Idea of the Algorithm
Clustering is the process of distinguishing and classifying a dataset according
to the differences among data objects. Greater differences facilitate the weak-
ening of irrelevant information while preserving relevant information, thereby
producing good clustering results. Accordingly, this paper introduces fuzzy
cross-entropy, which measures differences between fuzzy sets, into the FCM ob-
jective function, proposing the CEFCM algorithm. The constructed objective
function is:

min 𝐽(𝑈, 𝑉 ) =
𝑐

∑
𝑖=1

𝑁
∑
𝑗=1

𝜇2
𝑖𝑗𝑑2

𝑖𝑗 + 𝜃
𝑁

∑
𝑗=1

𝑐
∑
𝑖=1

𝑐
∑
𝑘=1
𝑘≠𝑖

𝜇𝑖𝑗 ln
𝜇𝑖𝑗
𝜇𝑘𝑗

subject to:
𝑐

∑
𝑖=1

𝜇𝑖𝑗 = 1, ∀𝑗; 0 < 𝜇𝑖𝑗 < 1, ∀𝑖, 𝑗

where 𝑑2
𝑖𝑗 is the Euclidean distance from the 𝑗-th sample to the 𝑖-th cluster center,

𝜇𝑖𝑗 is the membership degree of the 𝑗-th sample to the 𝑖-th cluster center, 𝑐 is the
number of cluster centers, 𝑁 is the number of samples, and 𝜃 is the cross-entropy
adjustment coefficient determining the influence of cross-entropy.

This objective function comprises two terms: the first term is the original FCM
objective function, while the second term is the cross-entropy function that
essentially measures the degree of difference among membership degrees of var-
ious samples. By fusing these two terms, the CEFCM algorithm ensures that
during objective function optimization, the membership degrees of each sample
in the obtained partition matrix are influenced not only by distance but also
constrained by cross-entropy, preventing the iteration process from easily falling
into local minima. Clearly, when the first term is minimized and the second term
is maximized, the objective function reaches its minimum value, indicating that
all samples are at the minimum distance from their cluster centers with con-
centrated intra-class data, while the differences among class memberships are
maximized, resulting in clear inter-class separation and an optimal partition.

Additionally, the final partition matrix theoretically shows that the membership
degree distributions of data samples and noise samples are mutually distinct:
data samples necessarily have relatively large membership values for one class
and smaller values for others, whereas noise samples have uniformly low member-
ship values for all classes. Therefore, based on the differences in membership
distribution characteristics between data samples and noise samples, samples
with consistently low membership values can be screened from the sample set
as noise samples, completing noise identification.
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2.2 Algorithm Description
For the objective function presented above, this section provides the specific
derivation and algorithm steps. Using the Lagrange multiplier 𝜆𝑗, the con-
strained optimization function is constructed as:

𝐿 =
𝑐

∑
𝑖=1

𝑁
∑
𝑗=1

𝜇2
𝑖𝑗𝑑2

𝑖𝑗 + 𝜃
𝑁

∑
𝑗=1

𝑐
∑
𝑖=1

𝑐
∑
𝑘=1
𝑘≠𝑖

𝜇𝑖𝑗 ln
𝜇𝑖𝑗
𝜇𝑘𝑗

−
𝑁

∑
𝑗=1

𝜆𝑗 (
𝑐

∑
𝑖=1

𝜇𝑖𝑗 − 1)

Since the membership values 𝜇𝑖𝑗 of samples to their cluster centers are mutually
independent, the minimization problem of the objective function 𝐽 with respect
to 𝜇𝑖𝑗 can be decomposed into minimization problems with respect to each
membership function 𝜇𝑖𝑗.

The first necessary condition is obtained by taking the partial derivative of 𝐿
with respect to 𝜇𝑖𝑗:

𝜕𝐿
𝜕𝜇𝑖𝑗

= 2𝜇𝑖𝑗𝑑2
𝑖𝑗 + 𝜃 ⎛⎜⎜⎜

⎝

𝑐
∑
𝑘=1
𝑘≠𝑖

ln
𝜇𝑖𝑗
𝜇𝑘𝑗

+
𝑐

∑
𝑘=1
𝑘≠𝑖

(1 − 𝜇𝑘𝑗
𝜇𝑖𝑗

)⎞⎟⎟⎟
⎠

− 𝜆𝑗 = 0

Equation (6) cannot be solved directly. Considering the consistency of the value
range, we substitute 𝑦𝑖𝑗 for 𝜇𝑖𝑗 and 𝑦𝑘𝑗 for 𝜇𝑘𝑗, rewriting equation (6) as:

2𝑦𝑖𝑗𝑑2
𝑖𝑗 + 𝜃 ⎛⎜⎜⎜

⎝

𝑐
∑
𝑘=1
𝑘≠𝑖

ln
𝑦𝑖𝑗
𝑦𝑘𝑗

+
𝑐

∑
𝑘=1
𝑘≠𝑖

(1 − 𝑦𝑘𝑗
𝑦𝑖𝑗

)⎞⎟⎟⎟
⎠

− 𝜆𝑗 = 0

Let 𝐾 = ∑𝑐
𝑘=1
𝑘≠𝑖

𝑦𝑘𝑗. Solving equation (8) for 𝑦𝑖𝑗 yields:

𝑦𝑖𝑗 = − 𝜃𝐾
2𝑑2

𝑖𝑗
𝑊 (−2𝑑2

𝑖𝑗
𝜃𝐾 exp (−2𝑑2

𝑖𝑗
𝜃𝐾 ) exp (− 𝜆𝑗

𝜃𝐾 ))

where 𝑊(⋅) is the Lambert W function satisfying 𝑊(𝑍) exp(𝑊(𝑍)) = 𝑍.

Therefore, the membership degree can be expressed as:

𝜇𝑖𝑗 =
𝑊 (− 2𝑑2

𝑖𝑗
𝜃𝐾 exp (− 2𝑑2

𝑖𝑗
𝜃𝐾 ) exp (− 𝜆𝑗

𝜃𝐾 ))

∑𝑐
𝑘=1 𝑊 (− 2𝑑2

𝑘𝑗
𝜃𝐾 exp (− 2𝑑2

𝑘𝑗
𝜃𝐾 ) exp (− 𝜆𝑗

𝜃𝐾 ))
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2.3 Parameter Selection
The constraint condition ∑𝑐

𝑖=1 𝜇𝑖𝑗 = 1 requires that equation (10) be non-
negative, which in turn requires that the expression inside the Lambert W
function must be non-negative. For the function 𝑊(𝑍), when 𝑍 ≥ 0, we have
𝑊(𝑍) ≥ 0. In this paper, we require:

−2𝑑2
𝑖𝑗

𝜃𝐾 exp (−2𝑑2
𝑖𝑗

𝜃𝐾 ) exp (− 𝜆𝑗
𝜃𝐾 ) ≥ 0

Since 𝜇𝑖𝑗 ≥ 0 for all 𝑖, 𝑗, and ∑𝑐
𝑘=1,𝑘≠𝑖 𝜇𝑘𝑗 ≥ 0, we have 𝐾 ≥ 0. The condition

that each sample’s membership degree to cluster centers must be less than 1,
i.e., 𝜇𝑖𝑗 ≤ 1 for all 𝑖, 𝑗, leads to:

𝑊(⋅)
∑𝑐

𝑘=1 𝑊(⋅) ≤ 1

Based on equation (14), we can determine the value range of 𝜆𝑗 during each
iteration:

𝜆𝑗 ≥ −𝜃 ln (
𝑐

∑
𝑘=1,𝑘≠𝑖

𝜇𝑘𝑗 exp (− 2𝑑2
𝑖𝑗

𝜃 ∑𝑐
𝑘=1,𝑘≠𝑖 𝜇𝑘𝑗

))

The value of 𝜆𝑗 is independent of 𝜇𝑖𝑗.

2.4 Algorithm Steps
Based on the above discussion, the computational steps of the CEFCM algo-
rithm are as follows:

a) Determine the number of clusters 𝑐 and the cross-entropy coefficient 𝜃, as
well as the iteration threshold 𝜀.

b) Initialize the membership degrees 𝜇𝑖𝑗 and cluster centers 𝑣(0)
𝑖 , set 𝑡 = 1.

c) Calculate the distances 𝑑𝑖𝑗 between samples and each cluster center.

d) Determine the Lagrange multiplier 𝜆𝑗 according to equation (14).

e) Update the membership degrees 𝜇𝑖𝑗 using equation (10).

f) Update the cluster centers 𝑣𝑖 using equation (11).

g) If max ‖𝑣(𝑡)
𝑖 − 𝑣(𝑡−1)

𝑖 ‖ < 𝜀, stop the algorithm; otherwise, set 𝑡 = 𝑡 + 1 and
return to step c).
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For cluster centers 𝑣𝑖, the general method obtains the iterative update expression
by solving 𝜕𝐿

𝜕𝑣𝑖
= 0. Considering that 𝑑𝑖𝑗 represents Euclidean distance in this

paper, the update formula is:

𝑣𝑖 =
∑𝑁

𝑗=1 𝜇2
𝑖𝑗𝑥𝑗

∑𝑁
𝑗=1 𝜇2

𝑖𝑗

2.5 Algorithm Time Complexity Analysis
Observing equation (12), we find that 𝜆𝑗 and the membership functions are in-
terdependent and cannot be solved directly. The time complexity of the classic
FCM algorithm is 𝑂(𝑁𝑐𝑝), where 𝑁 represents the dataset size, 𝑐 is the num-
ber of clusters, and 𝑝 is the dataset dimensionality. For the proposed CEFCM
algorithm, due to the introduction of cross-entropy in the objective function, its
time complexity becomes 𝑂(𝑁𝑐2𝑝+𝑁𝑐2 log 𝑐). Although the CEFCM algorithm
increases computational overhead, its clustering performance is significantly im-
proved.

3 Experimental Results and Analysis
To validate the performance of the proposed CEFCM algorithm, this section
conducts experiments using two different datasets. The first experiment uses a
synthetic dataset to test the CEFCM algorithm’s performance, while the second
experiment employs the IRIS standard dataset for analysis and evaluation.

In the experiments, clustering validity indices are used to compare algorithm
performance. Since literature [21] indicates that validity indices based on the
membership matrix are more suitable for practical applications with noisy sam-
ple data, this paper calculates compactness and separation based on the mem-
bership matrix. Compactness is defined as:

𝐶 = 1
𝑁

𝑐
∑
𝑖=1

𝑁
∑
𝑗=1

𝜇2
𝑖𝑗

where 𝑢𝑖𝑗 represents the membership degree of the 𝑗-th sample to the 𝑖-th class.
When all samples have high membership degrees to a particular class, the com-
pactness is greater, indicating tighter clustering results.

Overall separation is defined as:

𝑆 = min
𝑖≠𝑘

𝑆𝑖𝑘, where 𝑆𝑖𝑘 =
𝑁

∑
𝑗=1

min(𝜇𝑖𝑗, 𝜇𝑘𝑗)
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𝑆𝑖𝑘 represents the separation between the 𝑖-th and 𝑘-th classes. When the
partition between two classes is clear, samples must have membership degrees
to one class significantly larger than to others; therefore, smaller 𝑆𝑖𝑘 values
indicate clearer clustering results. Overall separation measures the separation
between the two most ambiguous classes. Smaller overall separation indicates
greater distinction between classes.

The synthetic dataset used in this section is generated following the method in
literature [16], consisting of four classes of data in 2D Euclidean space following
Gaussian distributions, with each class containing 100 data points. The first
class has center (1,2) and covariance matrix [2 0

0 2]; the second class has cen-

ter (-1,-2) and covariance matrix [1 0
0 1]; the third class has center (-3,5) and

covariance matrix [3 0
0 1], as shown in Figure 1(a). The fourth class consists of

noise samples placed at the tail of the dataset, with center (-3,5) and covariance

matrix [4 0
0 3], as shown in Figure 1(b).

[Figure 1: see original paper] shows the synthetic dataset sample data: (a)
original dataset, (b) noisy dataset.

Table 1 presents the performance comparison of the FCM, REFCM, and pro-
posed CEFCM algorithms. The results show that the proposed algorithm
achieves higher compactness and smaller separation, indicating that CEFCM
produces better clustering results for noisy samples, with clearer sample parti-
tioning and demonstrably strong noise resistance and robustness.

[Figure 2: see original paper] compares the partition matrices obtained by three
clustering algorithms on the dataset from Figure 1(b): (a) FCM, (b) REFCM,
(c) CEFCM. All three algorithms produce partition matrices where data samples
have high membership values for one class and low values for others, while noise
samples have low membership values, consistent with the theoretical conclusion
that data samples and noise samples exhibit distinct membership distribution
characteristics. Notably, Figure 2(c) shows more pronounced distribution fea-
tures, with data samples having higher membership values to their respective
centers and noise samples having lower values, indicating more reasonable data
partitioning by the CEFCM algorithm and significantly reduced noise impact
on the clustering process. Moreover, the more distinct the distribution charac-
teristics between data and noise samples, the more prominent their differences,
facilitating the screening of samples with uniformly low membership values as
noise and achieving higher noise identification rates.

3.2 Test on Noisy IRIS Dataset
This section employs the renowned IRIS dataset as test data. The IRIS dataset
consists of 150 samples in four-dimensional space, divided into three classes
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with 50 samples each. Literature [22] provides the actual class centers as: 𝑝1 =
(5.00, 3.42, 1.46, 0.24), 𝑝2 = (5.93, 2.77, 4.26, 1.32), 𝑝3 = (6.58, 2.97, 5.55, 2.02).
Table 2 shows the results of various algorithms on the noisy IRIS dataset. Under
noise interference, FCM, PFCM, and WFCM exhibit large numbers of misclas-
sified samples and significant center deviations, indicating high noise sensitivity
and poor robustness. IPCM and the method from literature [8] simultaneously
achieve better misclassification rates and cluster centers, demonstrating strong
robustness. The proposed method achieves the smallest number of misclassified
samples and highest accuracy, with center deviation slightly lower than litera-
ture [8], indicating fewer misclassifications and more accurate cluster centers,
thus achieving high clustering accuracy.

4 Conclusion
To address the noise sensitivity problem of the FCM algorithm, this paper pro-
poses a fuzzy clustering algorithm based on fuzzy cross-entropy. Experimen-
tal results demonstrate that the algorithm exhibits strong robustness to noise,
achieves fewer misclassifications and more accurate cluster centers, and produces
superior clustering results compared to existing algorithms such as FCM and
PFCM. Additionally, the algorithm can effectively perform noise identification
simultaneously with clustering. Future research will focus on further improve-
ments, including parameter 𝜃 selection and sample feature extraction.
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