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Abstract
Existing clustering ensemble algorithms approach from the perspective of clus-
tering members; if all clustering members are utilized, the ensemble result is
susceptible to influence from low-quality members, whereas selecting clustering
members prior to ensemble introduces subjectivity into the selection strategy.
To circumvent these two limitations to a certain extent, a novel clustering en-
semble method can be proposed from the perspective of elements. By employ-
ing multi-granularity decision-inconsistent rough sets to select a portion of ele-
ments with determined categories, and subsequently utilizing these elements for
clustering ensemble to generate a new partition, the multi-granularity decision-
inconsistent rough set model can characterize the phenomenon where attributes
are consistent while decisions are inconsistent during multi-granularity decision-
making processes. A rough set model based on multi-granularity decision in-
consistency is proposed, and a clustering ensemble method is presented. The
specific procedure is as follows: First, the K-means clustering algorithm is ap-
plied multiple times on the dataset to generate multiple granular structures on
the universe; second, the inter-granule inclusion degree is calculated between all
pairs of granular structures to establish an inclusion degree matrix, the Otsu
algorithm is applied to the matrix to compute a threshold, yielding multiple
groups of information granules that satisfy the threshold condition, and the
lower and upper approximations under multi-granularity decision inconsistency
are solved; finally, the categories of elements in the lower approximation and
boundary region are processed separately, thereby obtaining a fused clustering
partition. Experimental results demonstrate that the proposed method can ef-
fectively improve clustering results, possesses high time efficiency, and exhibits
good robustness.
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Full Text
Preamble
Clustering Ensemble Algorithm Based on Multi-Granulation Rough
Set

Yu Peiqiu¹,², Li Jinjin¹†, Lin Guoping¹,²
(1. School of Mathematics & Statistics, Minnan Normal University, Zhangzhou,
Fujian 363000, China;
2. Laboratory of Granular Computing, Zhangzhou, Fujian 363000, China)

Abstract: Existing clustering ensemble algorithms operate from the perspec-
tive of cluster members. Using all cluster members causes the ensemble result
to be affected by inferior members, while selecting cluster members for fusion
introduces subjectivity into the selection strategy. To avoid these limitations
to some extent, this paper proposes a novel clustering fusion method from the
perspective of elements. By employing multi-granulation rough sets with incon-
gruous decisions, we select a portion of elements with determinate classes and
utilize these elements to generate a new partition through clustering fusion. The
multi-granulation rough set model with incongruous decisions can characterize
phenomena where attributes are consistent but decisions differ during multi-
granulation decision processes. This paper proposes a multi-granulation rough
set model based on incongruous decisions and presents a corresponding cluster-
ing fusion method. Specifically, we first apply the K-means clustering algorithm
multiple times on a dataset to generate multiple granulation structures on the
universe. Next, we calculate pairwise inclusion degrees among all granulation
structures to construct an inclusion degree matrix, apply Otsu’s algorithm to
compute a threshold, identify multiple groups of information granules satisfying
the threshold condition, and solve the lower and upper approximations under
multi-granulation decision inconsistency. Finally, we process the classes of ele-
ments in the lower approximation and boundary region separately to obtain a
fused clustering partition. Experimental results demonstrate that this method
can effectively improve clustering outcomes, achieves high time efficiency, and
exhibits good robustness.

Keywords: multi-granulation rough set; clustering ensemble; Otsu’s method;
inclusion degree

0 Introduction
Clustering ensemble is a powerful tool that can significantly enhance the ro-
bustness and stability of unsupervised classification methods. Classical multi-
granulation clustering analysis represents an important approach in exploratory
data analysis, particularly in data mining and knowledge discovery, for revealing
the true distribution of data. Rough set models determine different partitions
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based on subsets of attribute sets, thereby forming multiple granulations. How-
ever, these models do not consider cases where attribute sets are identical while
decisions differ. This paper proposes a multi-granulation decision-inconsistent
rough set model that characterizes phenomena where attribute sets are identical
but decisions differ, thereby enriching and developing multi-granulation rough
set theory.

During the process of generating partitions using clustering algorithms, incon-
sistent class labels from clustering algorithms frequently occur. This situation
constitutes a special case of the multi-granulation decision-inconsistent rough
set model, which can be applied to clustering fusion. Clustering fusion is a fu-
sion strategy based on clustering analysis results. Drawing on multi-granulation
rough set theory, we define a multi-granulation decision-inconsistent rough set
model.

For clustering fusion, some scholars adopt the analytical logic of fusing all ex-
isting clustering results. For instance, Li Feijiang et al. proposed a clustering
fusion method combining rough sets and evidence theory, while Fred established
a co-occurrence matrix based on similarity between data points and determined
whether two points belong to the same class in the clustering result by setting
thresholds. Additionally, Srehl and Ghosh proposed three hypergraph-based
methods: MCLA, HGPA, and CSPA. These methods fuse all clustering results
and cannot avoid the impact of inferior clustering members on fusion quality.
Other scholars first evaluate clustering members, eliminate inferior ones, and
then perform fusion. For example, Faceli et al. obtained optimal fusion results
through genetic algorithm iteration; Hong et al. improved final clustering fu-
sion quality by first selecting clustering members; and Yang et al. proposed
a multi-granulation clustering fusion weighted iteration model based on rough
set theory. While these methods select clustering members, the evaluation and
selection process introduces strong subjectivity, causing certain biases in clus-
tering fusion results. Using the multi-granulation decision-inconsistent rough
set model to solve for the lower approximation of true clusters and determining
boundary region element classes based on lower approximation element classes
can mitigate such biases to some extent.

Regardless of clustering member quality, inferior and superior members can
reach consensus on the classification of certain elements for the same true clus-
ter. Leveraging the characteristic of multi-granulation rough sets to“seek com-
mon ground while reserving differences,”this paper attempts for the first time
to apply the method of computing multi-granulation lower approximations to
identify consensus elements between inferior and superior clustering members.
By running the K-means clustering algorithm multiple times in a complete infor-
mation system to generate multiple partitions (i.e., multiple granulations), each
clustering member in a partition is treated as an equivalence class. Using multi-
granulation fusion methods, we compute the lower and upper approximations of
these clustering members and determine boundary region element classification
by examining relationships between lower approximation and boundary region
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elements. Following the fundamental clustering principle of “large inter-class
differences and small intra-class differences,”we classify elements by finding the
minimum average distance between an element and its nearest elements in each
lower approximation, thereby reconstructing the partition.

1 Multi-Granulation Decision-Inconsistent Rough Set
In real-world decision-making, decisions made by experts involve subjectivity—
different experts may provide different decisions based on the same conditions.
This phenomenon is termed multi-granulation decision inconsistency in this pa-
per. We first define the concept of a multi-granulation decision-inconsistent
information system.

Definition 1 (Multi-Granulation Decision-Inconsistent Information
System). Let 𝑀𝑆 = {𝐼𝑆𝑖|𝐼𝑆𝑖 = (𝑈, 𝐴𝑇 , 𝑓𝑖)}(𝑖 ≤ 𝑚) be a multi-granulation
information system, where 𝐼𝑆𝑖 = (𝑈, 𝐴𝑇 , 𝑓𝑖) is a ternary information system,
𝑈 = {𝑥1, 𝑥2, ⋯ , 𝑥𝑛} is a non-empty finite universe; 𝐴𝑇 = {𝑎1, 𝑎2, ⋯ , 𝑎|𝐴𝑇 |} is
an attribute set; 𝑓𝑖 ∶ 𝑈 × 𝐴𝑇 ⟶ 𝑉𝑐 is a decision function, and 𝑉𝑐 is a decision
index set, i.e., ∀𝑥 ∈ 𝑈 , 𝑓(𝑥, 𝐴𝑇 ) ∈ 𝑉𝑐. If ∃𝑥 ∈ 𝑈 such that when 1 ≤ 𝑟 ≤ 𝑚,
1 ≤ 𝑠 ≤ 𝑚, 𝑓𝑟(𝑥) ≠ 𝑓𝑠(𝑥), then 𝑀𝐼𝐷𝑆 = {𝐼𝑆𝑖|𝐼𝑆𝑖 = (𝑈, 𝐴𝑇 , 𝑓𝑖)}(𝑖 ≤ 𝑚) is
called a multi-granulation decision-inconsistent information system.

Definition 2 (Multi-Granulation Decision-Inconsistent Rough Set).
Let 𝑀𝐼𝐷𝑆 = {𝐼𝑆𝑖|𝐼𝑆𝑖 = (𝑈, 𝐴𝑇 , 𝑓𝑖), 𝑖 = 1, 2, ⋯ , 𝑚} be a multi-granulation
decision-inconsistent information system, 𝐼𝑆𝑖 = (𝑈, 𝐴𝑇 , 𝑓𝑖), 𝑓𝑖 ∶ 𝑈 × 𝐴𝑇 ⟶ 𝑉𝑐
is a decision function. The multi-granulation decision-inconsistent lower approx-
imation is

𝐼𝐷
𝑚

∑
𝑖=1

𝑓𝑖(𝑥) = {(𝑦 ∈ 𝑈|𝑓1(𝑥) = 𝑓1(𝑦) ∧ 𝑓2(𝑥) = 𝑓2(𝑦) ∧ ⋯ ∧ 𝑓𝑚(𝑥) = 𝑓𝑚(𝑦)}

The multi-granulation decision-inconsistent upper approximation is

𝐼𝐷
𝑚

∑
𝑖=1

𝑓𝑖(𝑥) = {𝑦 ∈ 𝑈|𝑓1(𝑥) = 𝑓1(𝑦) ∨ 𝑓2(𝑥) = 𝑓2(𝑦) ∨ ⋯ ∨ 𝑓𝑚(𝑥) = 𝑓𝑚(𝑦)}

The multi-granulation decision-inconsistent boundary is

𝐵𝑁
𝑚

∑
𝑖=1

𝑓𝑖(𝑥) = 𝐼𝐷
𝑚

∑
𝑖=1

𝑓𝑖(𝑥) − 𝐼𝐷
𝑚

∑
𝑖=1

𝑓𝑖(𝑥)
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Then (𝐼𝐷 ∑𝑚
𝑖=1 𝑓𝑖(𝑥), 𝐼𝐷 ∑𝑚

𝑖=1 𝑓𝑖(𝑥)) is called a multi-granulation decision-
inconsistent rough set.

Multi-granulation decision-inconsistent rough sets have the following properties:

1. 𝐼𝐷 ∑𝑚
𝑖=1 𝑓𝑖(𝑥) ⊂ 𝐼𝐷 ∑𝑚

𝑖=1 𝑓𝑖(𝑥)
2. ⋃ 𝐼𝐷 ∑𝑚

𝑖=1 𝑓𝑖(𝑥) = 𝑈 , ⋃ 𝐼𝐷 ∑𝑚
𝑖=1 𝑓𝑖(𝑥) = 𝑈

3. ∀𝑢 ∈ 𝐼𝐷 ∑𝑚
𝑖=1 𝑓𝑖(𝑥) ⇔ ∀𝑖 ≤ 𝑚, 𝑓𝑖(𝑢) = 𝑓𝑖(𝑥) ⇔ 𝐼𝐷 ∑𝑚

𝑖=1 𝑓𝑖(𝑢) =
𝐼𝐷 ∑𝑚

𝑖=1 𝑓𝑖(𝑥)
4. 𝐼𝐷 ∑𝑚

𝑖=1 𝑓𝑖(𝑥) = ⋂ 𝑓𝑖(𝑥), 𝐼𝐷 ∑𝑚
𝑖=1 𝑓𝑖(𝑥) = ⋃ 𝑓𝑖(𝑥)

Example 1 (Multi-Granulation Decision-Inconsistent Informa-
tion System and Solution of Approximations). Let the universe
𝑈 = {𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5}. Under two different granulations, there are decision
tables as shown in Table 1 .

Clearly, 𝑀𝐼𝐷𝑆 = {𝐼𝑆𝑖|𝐼𝑆𝑖 = (𝑈, 𝐴, 𝑓𝑖), 𝑖 = 1, 2} is a multi-granulation
decision-inconsistent information system. From Definition 1.2, we have:
𝐼𝐷 ∑2

𝑖=1 𝑓𝑖(𝑥1) = 𝐼𝐷 ∑2
𝑖=1 𝑓𝑖(𝑥2) = {𝑥1, 𝑥2}, 𝐼𝐷 ∑2

𝑖=1 𝑓𝑖(𝑥1) = 𝐼𝐷 ∑2
𝑖=1 𝑓𝑖(𝑥2) =

{𝑥1, 𝑥2, 𝑥5}, 𝐵𝑁 ∑2
𝑖=1 𝑓𝑖(𝑥1) = 𝐵𝑁 ∑2

𝑖=1 𝑓𝑖(𝑥2) = {𝑥5}.

2 Clustering Fusion Algorithm Based on Multi-Granulation
Rough Set (MGIDA)
2.1 Noise Removal and Solution of Multi-Granulation Inconsistent
Lower Approximation and Boundary Region

We first introduce the clustering algorithm used in this paper: the K-means
clustering algorithm. K-means is a classical clustering algorithm still widely
used today. The algorithm proceeds as follows: given the number of clusters
𝑘, select 𝑘 initial cluster centers 𝐾 = {{𝑥1}, {𝑥2}, ⋯ , {𝑥𝑘}}, representing 𝑘
classes, where initially 𝐾1 = {𝑥1}, 𝐾2 = {𝑥2}, ⋯ , 𝐾𝑘 = {𝑥𝑘}. Then repeat
the following process until all cluster centers no longer change: (1) For each
𝑥 ∈ 𝑈 − 𝐾, compute the distance from 𝑥 to the 𝑘 cluster centers; if 𝑥 is closest
to cluster center 𝐾∗, then 𝐾∗ = 𝐾∗ ∪ {𝑥}; (2) Recompute the average value of
each attribute for samples within 𝐾∗ as the new cluster center for 𝐾∗. Finally,
output all cluster centers and element classes, and the algorithm terminates.

Let 𝑈 be a non-empty finite universe. After running a clustering algorithm
multiple times on this universe, multiple partitions of 𝑈 are generated. Each
partition formed by a clustering algorithm run is viewed as a single granulation
structure; multiple runs create multiple granulation structures, i.e., multiple
granulation spaces. Using property (4) of Definition 2, we can conveniently
compute the multi-granulation decision-inconsistent lower approximation in this
granulation space. However, during computation, lower approximations may be
generated by consistency noise. Before using the multi-granulation inconsistent
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rough set model for fusion, these noises must be removed. The approach involves
first computing inclusion degrees among all granules in the universe.

Definition 3 [11]. Let sets 𝐴 and 𝐵 be non-empty subsets of universe 𝑈 . The
inclusion degree between sets 𝐴 and 𝐵 is defined as

𝑠𝑖𝑚(𝐴, 𝐵) = |𝐴 ∩ 𝐵|
|𝐴 ∪ 𝐵|

The computed inclusion degrees are stored in an inclusion degree matrix 𝑆(𝐶).
Definition 4 (Inclusion Degree Matrix 𝑆(𝐶)). Let 𝐶 = {𝐶𝑛 ∶ 𝐶𝑛 ⊆ 𝑈} be
a family of subsets on universe 𝑈 . Compute the compatibility degree between
𝐶𝑖(𝑖 < 𝑛) and 𝐶𝑗(𝑗 < 𝑛) according to Definition 2.1, and fill the compatibility
degree between 𝐶𝑖 and 𝐶𝑗 into the 𝑖-th row and 𝑗-th column of matrix 𝑆(𝐶).
The resulting matrix is the inclusion degree matrix.

Clearly, any value in 𝑆(𝐶) is between 0 and 1. After obtaining the inclusion
degree matrix, Otsu’s algorithm [12] is used to compute the inclusion degree
threshold. Otsu’s algorithm, also known as the Otsu method, was proposed
by Japanese scholar Nobuyuki Otsu in 1979 as a thresholding method that
maximizes inter-class variance between foreground and background for image
segmentation. Let the mean of 𝑆(𝐶)𝑟×𝑟 be 𝑚. There exists a threshold 𝑡 that
divides all elements in 𝑆(𝐶) into two classes: class 𝐴 with values greater than
𝑡 and class 𝐵 with values less than 𝑡. Let the mean of class 𝐴 be 𝑚𝐴 and the
mean of class 𝐵 be 𝑚𝐵. Nobuyuki Otsu [12] defines the inter-class variance as

𝐼𝐴𝐵 = 𝑟2(𝑚𝐴 − 𝑚)2 + 𝑟2(𝑚𝐵 − 𝑚)2

This method finds an optimal threshold ̂𝑡 that minimizes misclassification prob-
ability when segmenting an image represented by gray values. This optimal
threshold is obtained by traversing all possible values of 𝑡 to maximize 𝐼𝐴𝐵.
This paper treats the inclusion degree matrix 𝑆(𝐶) as an image. After com-
puting the threshold, inclusion degrees below the threshold are considered to
be caused by consistency noise (treated as background). We then compute the
multi-granulation decision-inconsistent lower approximation for granules with
inclusion degrees above the threshold. By property (4) of Definition 2, let the
information granules satisfying the threshold condition be {𝐶𝑠1, 𝐶𝑠2}. Then
∀𝑥 ∈ 𝐼𝐷 ∑𝑚

𝑖=1 𝑓𝑖(𝑥) ∩ ⋃ 𝐶𝑠𝑖. If there exists 𝐼𝐷 ∑𝑚
𝑖=1 𝑓𝑖(𝑦) ≠ ∅, then merge

these two lower approximations, making 𝐼𝐷 ∑𝑚
𝑖=1 𝑓𝑖(𝑥) = 𝐼𝐷 ∑𝑚

𝑖=1 𝑓𝑖(𝑦) =
𝐼𝐷 ∑𝑚

𝑖=1 𝑓𝑖(𝑥) ∪ 𝐼𝐷 ∑𝑚
𝑖=1 𝑓𝑖(𝑦). In subsequent discussions, let 𝐵𝑁 = 𝑈 − ⋃

denote the boundary region.

Example 2 (Noise Removal and Solution of Multi-Granulation
Decision-Inconsistent Lower Approximation and Boundary Region).
Let the universe 𝑈 = {𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5}. Running a clustering algorithm twice
generates partitions 𝐶 = {𝐶1, 𝐶2}, where 𝐶1 = {{𝑥1, 𝑥2, 𝑥5}, {𝑥3, 𝑥4}} and
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𝐶2 = {{𝑥1, 𝑥2}, {𝑥3, 𝑥4, 𝑥5}}. Compute the compatibility degrees and fill them
into the compatibility matrix to obtain 𝑆(𝐶):

𝑆(𝐶) = ⎡⎢
⎣

1 0 2/3 1/5
2/3 0 1 0
1/5 2/3 0 1

⎤⎥
⎦

Using Otsu’s algorithm to compute the threshold (in MATLAB, Otsu’s algo-
rithm is implemented as the system function graythresh), we obtain a thresh-
old of 0.4314. The information granules satisfying the threshold condition are
𝐺𝑟1 = {{𝑥1, 𝑥2, 𝑥5}, {𝑥1, 𝑥2}} and 𝐺𝑟2 = {{𝑥3, 𝑥4}, {𝑥3, 𝑥4, 𝑥5}}. Inclusion de-
grees not satisfying the threshold condition are caused by consistency noise and
are not processed. Solving the multi-granulation decision-inconsistent lower
approximation for information granules meeting the threshold condition and
computing the boundary region yields:

𝐼𝐷
2

∑
𝑖=1

𝑓𝑖(𝑥1) = 𝐼𝐷
2

∑
𝑖=1

𝑓𝑖(𝑥2) = {𝑥1, 𝑥2, 𝑥5} ∩ {𝑥1, 𝑥2} = {𝑥1, 𝑥2}

𝐼𝐷
2

∑
𝑖=1

𝑓𝑖(𝑥3) = 𝐼𝐷
2

∑
𝑖=1

𝑓𝑖(𝑥4) = {𝑥3, 𝑥4} ∩ {𝑥3, 𝑥4, 𝑥5} = {𝑥3, 𝑥4}

𝐵𝑁 = 𝑈 − 𝐼𝐷
2

∑
𝑖=1

𝑓𝑖(𝑥1) ∪ 𝐼𝐷
2

∑
𝑖=1

𝑓𝑖(𝑥3) = {𝑥5}

By Definition 2, elements in the lower approximation belong to the same class
in every clustering process, so lower approximation elements are definitively
in the same class. However, boundary elements may not belong to the same
class in every clustering process, so their classes are indeterminate and require
algorithmic determination.

2.2 Processing of Boundary Region Elements

To facilitate processing of boundary region elements, we first provide a definition
of clustering derived from the principle of“large inter-class distances and small
intra-class distances.”

Definition 5. Let (𝑈, 𝐴, 𝑓) be a complete information system. Given a distance
metric 𝑑(𝑥, 𝑦) ∶ 𝑈 × 𝑈 → [0, +∞), clustering establishes a partition 𝒞 = {𝒞𝑘 ∶
𝑘 = 1, 2, ⋯ , 𝑚} on 𝑈 such that for any 𝑥, 𝑦 ∈ 𝒞𝑖, if for any 𝑦′ ∈ 𝒞𝑖, 𝑑(𝑥, 𝑦) ≤
𝑑(𝑥, 𝑦′), then for any 𝑧 ∈ 𝒞𝑗(𝑖 ≠ 𝑗), we have 𝑑(𝑥, 𝑦) < 𝑑(𝑥, 𝑧).
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Clustering fusion ultimately aims to generate a clustering. Using the multi-
granulation decision-inconsistent rough set model inevitably produces a bound-
ary region. How to process elements in this boundary region becomes a sig-
nificant issue. If we can identify relationships between elements in the multi-
granulation decision-inconsistent lower approximation and those in the bound-
ary region, we can determine boundary region element classes through lower
approximation element classes. Based on Definition 5, we present the following
theorem:

Theorem 1. Let (𝑈, 𝐴, 𝐹) be a complete information system, 𝒞 = {𝒞𝑘 ∶ 𝑘 =
1, 2, ⋯ , 𝑚} be a clustering on 𝑈 , and 𝒞′ = {𝒞′

𝑘 ∶ 𝒞′
𝑘 ⊆ 𝒞𝑘, 𝑘 = 1, 2, ⋯ , 𝑚},

where 𝒞′
𝑘 is any non-empty subset of 𝒞𝑘. If 𝑥 ∈ 𝑈 − ⋃𝑚

𝑖=1 𝒞′
𝑖 and 𝑑(𝑥, 𝑦) =

min{𝐷(𝑥, 𝒞𝑘) ∶ 𝑘 = 1, 2, ⋯ , 𝑚} holds for any 𝑦 ∈ ⋃𝑚
𝑘=1 𝒞′

𝑘, then 𝑥 ∈ 𝒞𝑖 if and
only if there exists 𝑦 ∈ 𝒞′

𝑖 such that for any 𝑧 ∈ 𝒞′
𝑗(𝑖 ≠ 𝑗), 𝑑(𝑥, 𝑦) < 𝑑(𝑥, 𝑧),

where 𝐷(𝑥, 𝑋) = min{𝑑(𝑥, 𝑡) ∶ 𝑡 ∈ 𝑋}.

Proof.
1) Sufficiency: If 𝑑(𝑥, 𝑦) = min{𝐷(𝑥, 𝒞𝑘) ∶ 𝑘 ≤ 𝑚} and 𝑦 ∈ ⋃𝑚

𝑘=1 𝒞′
𝑘, then ∃𝒞𝑖

such that 𝑑(𝑥, 𝑦) = 𝐷(𝑥, 𝒞𝑖). Since 𝒞′
𝑖 ⊆ 𝒞𝑖, we have ∀𝑧 ∈ 𝑈 − 𝒞′

𝑖, 𝑑(𝑥, 𝑦) <
𝑑(𝑥, 𝑧). Consequently, ∀𝑧 ∈ 𝑈 − 𝒞𝑖 ⊆ 𝑈 − 𝒞′

𝑖, 𝑑(𝑥, 𝑦) < 𝑑(𝑥, 𝑧), which implies
𝑥 ∈ 𝒞𝑖.

2) Necessity: If 𝑥 ∈ 𝒞𝑖, 𝑥 ∈ 𝑈 − ⋃𝑚
𝑘=1 𝒞′

𝑘, and 𝑑(𝑥, 𝑦) = min{𝐷(𝑥, 𝒞𝑘) ∶ 𝑘 =
1, 2, ⋯ , 𝑚} holds for any 𝑦 ∈ ⋃𝑚

𝑘=1 𝒞′
𝑘, then 𝑦 ∈ 𝒞′

𝑖 and ∀𝑧 ∈ 𝒞′
𝑗(𝑖 ≠ 𝑗),

𝑑(𝑥, 𝑦) < 𝑑(𝑥, 𝑧). Otherwise, if 𝑦 ∈ 𝒞′
𝑗(𝑖 ≠ 𝑗), there would exist 𝑡 ∈ 𝒞′

𝑖
satisfying 𝑑(𝑥, 𝑡) = min{𝑑(𝑥, 𝑟)|𝑟 ∈ 𝒞′

𝑖} such that 𝑑(𝑥, 𝑦) < 𝑑(𝑥, 𝑡), which
would imply 𝑥 ∈ 𝒞𝑗, leading to a contradiction.

Explanation: Theorem 1 provides a method for processing boundary region
elements: the element with the minimum distance to all lower approximations
(the smallest 𝐷(𝑥, 𝒞𝑘), 𝑘 ≤ 𝑚) must belong to the lower approximation closest
to it. We can gradually reduce the boundary region by finding the boundary
element 𝑥 closest to all lower approximations and merging it into the nearest
lower approximation. Due to the complexity of real datasets, a more reliable
approach is to replace the distance from 𝑥 to the nearest element in a lower
approximation with the average distance from 𝑥 to the nearest 𝑁0 elements
(where 𝑁0 is the number of elements) in that lower approximation. By com-
paring the minimum distances from 𝑥 to all lower approximations, we can de-
termine the 归属 of each element in the boundary region. In this paper, we set
𝑁0 = min{|𝒞𝑘||𝑘 = 1, 2, ⋯ , 𝑚}. Repeating this process until all elements in the
boundary region are merged into lower approximations yields a new partition
with no indeterminate elements.

Example 3 (Processing of Boundary Region Elements). Continuing
from Example 2, 𝐵𝑁 = 𝑈 − 𝐼𝐷 ∑2

𝑖=1 𝑓𝑖(𝑥1) ∪ 𝐼𝐷 ∑2
𝑖=1 𝑓𝑖(𝑥3) = {𝑥5}. Let

𝑁0 = min{2, 2} + 1 = 2. Let 𝐺𝑟1 represent the lower approximation obtained
from 𝐺𝑟1 and 𝐺𝑟2 represent the lower approximation obtained from 𝐺𝑟2. If
𝑑(𝑥5, 𝑥1) + 𝑑(𝑥5, 𝑥2) < 𝑑(𝑥5, 𝑥3) + 𝑑(𝑥5, 𝑥4), then 𝐺𝑟1 = 𝐺𝑟1 ∪ {𝑥5}; otherwise,
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𝐺𝑟2 = 𝐺𝑟2 ∪ {𝑥5}.

Based on the above discussion, we present the clustering fusion algorithm based
on multi-granulation decision-inconsistent rough sets:

Algorithm 1 (Clustering Fusion Algorithm Based on Multi-
Granulation Decision-Inconsistent Rough Set, MGIDA).
Input: A family of partitions generated by running multiple clustering
algorithms multiple times.
Output: A fused clustering partition.

Step 1: Compute the compatibility degree matrix.
Step 2: Use Otsu’s algorithm to compute the threshold for the compatibility
degree matrix. Compatibility degrees between clustering members greater than
the threshold form an information granule satisfying the threshold condition;
find all such information granules.
Step 3: Use Definition 2 to solve for the lower approximation and compute the
boundary region 𝐵𝑁 .
Step 4: Take 𝑥 ∈ 𝐵𝑁 satisfying 𝑑(𝑥, 𝑦) = min{𝐷(𝑥, 𝐼𝐷 ∑𝑚

𝑖=1 𝑓𝑖(𝑥)) ∶ 𝑘 =
1, 2, ⋯ , 𝑚; 𝑥 ∈ 𝑈}, and reclassify 𝑥 using the method described in Theorem 1.
Step 5: 𝐵𝑁 ← 𝐵𝑁 − {𝑥}; when 𝐵𝑁 ≠ ∅, return to Step 4.
Step 6: Output the classes of all elements.

3 Experimental Results and Analysis
To verify the algorithm’s effectiveness, we conduct experiments on 10 datasets.
The dataset information is shown in Table 3 . To generate different weak parti-
tions from the same dataset, we use Algorithm 2 to process the datasets. The
specific process is illustrated in Example 4.

Example 4 (Generating Different Weak Partitions Using the Same
Dataset). Given an information system as shown in Table 2 , generate two
1-dimensional random vectors with modulus 1: 𝑟1 = ⟨0.5030, 0.8406, 0.2007⟩𝑇 ,
𝑟2 = ⟨0.0979, 0.6985, 0.7089⟩𝑇 . Compute 𝑈 ⋅ 𝑟1 and 𝑈 ⋅ 𝑟2 respectively, where‘⋅’
represents matrix multiplication, to obtain:

𝑈𝑟1 = ⟨0.6967, 0.4586, 0.8946, 1.3101⟩𝑇 , 𝑈𝑟2 = ⟨0.6454, 0.4254, 0.8774, 0.9974⟩𝑇

Applying K-means clustering to 𝑈𝑟1 and 𝑈𝑟2 yields two different weak parti-
tions: 𝐶1 = {{𝑥1, 𝑥2, 𝑥3}, {𝑥4}} and 𝐶2 = {{𝑥1, 𝑥2}, {𝑥3, 𝑥4}}. Thus, different
weak partitions are generated from the same dataset.

Algorithm 2 [5] (Weak Partition Generation).
1. Generate a random 𝑑-dimensional vector 𝑢 with |𝑢| = 1.
2. 𝑋′ = 𝑋𝑛×𝑑 ⋅ 𝑢𝑑×1.
3. 𝐴𝑚 ← 𝐾𝑀𝑒𝑎𝑛𝑠(𝑋′)(𝑚 < 𝑛).
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We use K-means to cluster the processed dataset and compare our fusion results
with true clusters by computing clustering accuracy [11], defined as:

𝐴𝐶 = ∑𝑘
𝑖=1 max𝑗=1,2,⋯,𝑘 𝑛𝑖𝑗

|𝑈|

where if the true clustering partition is 𝐶𝑅 = {𝐶1, 𝐶2, ⋯ , 𝐶𝑘} and the clustering
fusion result is 𝐶𝐹 = {𝐹1, 𝐹2, ⋯ , 𝐹𝑘}, then 𝑛𝑖𝑗 = |𝐶𝑖 ∩ 𝐹𝑗|, 𝑖, 𝑗 ≤ 𝑘.

Four weak partitions are generated each time for clustering fusion. We compare
the average clustering accuracy and variance over 100 trials with CSPA, HGPA,
MCLA (all graph-based clustering fusion algorithms), IWCE [13] (a clustering
fusion weighted iteration model based on rough set theory), and DSCE [5] (a
multigranulation information fusion clustering ensemble method based on evi-
dence theory). Using clustering accuracy as the evaluation metric, we obtain
the results shown in Table 4 and Figure 1 [Figure 1: see original paper].

The comparison shows that MGIDA achieves the best clustering accuracy on
datasets 3, 6, and 10; suboptimal accuracy or very close results on datasets 2, 4,
5, 7, 8, and 9 (differences: -0.0113 on dataset 4, -0.0323 on dataset 5, -0.0023 on
dataset 7); and clearly outperforms HGPA. MGIDA is inferior to MCLA only
on dataset 3, superior to MCLA on datasets 2, 4, 7, 8, and 9, and inferior on
other datasets with small accuracy gaps. MGIDA is inferior to IWCE only on
datasets 4 and 5, and inferior to DSCE only on dataset 9. Overall, the proposed
algorithm is never the worst-performing algorithm on any dataset. Algorithm
2 generates different weak partitions from the same data by essentially adding
varying degrees of noise through data distortion. Therefore, algorithms perform-
ing well on such noisy datasets exhibit good robustness. Since our algorithm
achieves optimal or near-suboptimal accuracy on all datasets, it demonstrates
good performance and robustness across datasets.

Algorithm 2 randomly maps multi-dimensional data to one-dimensional space,
causing some algorithms to perform averagely on certain datasets and poorly
on datasets with complex distributions. This occurs because data distortion
prevents generated clustering members from properly reflecting the true data
distribution.

Time Efficiency. The time efficiency is shown in Table 5 and Figure 2 [Fig-
ure 2: see original paper]. Let each run generate ℎ clustering members, each
with 𝐾 clusters containing 𝑝 elements. After computing the boundary using
multi-granulation rough sets, |𝐵𝑁| = |𝑈|−𝑛. The complexity of computing the
compatibility degree matrix in Step 1 is (ℎ𝐾𝑝)2. The time complexity of Otsu’s
algorithm in Step 2 is |𝑈| log |𝑈|. The comparison count for solving lower approx-
imation and boundary in Step 3 is (𝐾𝑝)2. The time complexity for reclassifying
boundary elements in Step 4 is no greater than |𝑈|(|𝐵𝑁|!). Therefore, the total
time complexity of MGIDA is 𝑂((ℎ𝐾𝑝)2) + |𝑈| log |𝑈| + (𝐾𝑝)2 + |𝑈|(|𝐵𝑁|!).
This shows that universe size and number of clusters are the most important
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factors affecting runtime, and the algorithm has lower time complexity when
the boundary region is small. Table 5 and Figure 2 show that MGIDA achieves
the best time efficiency on 4 datasets and suboptimal efficiency on all datasets
except dataset 1. The algorithm has relatively small time complexity. Notably,
MGIDA has high time efficiency on small datasets, with average performance
on larger datasets.

4 Conclusion
This paper first proposes a multi-granulation decision-inconsistent rough set
model and subsequently presents a clustering fusion algorithm based on multi-
granulation rough sets. The research investigates clustering fusion algorithms
from a new perspective. Data experiments were conducted to compare the algo-
rithm with other clustering fusion methods, using clustering accuracy as the met-
ric to verify its effectiveness. Experimental results show that the new clustering
fusion algorithm can achieve optimal accuracy on some datasets and suboptimal
or near-suboptimal accuracy when not optimal. The algorithm demonstrates
good robustness and time efficiency advantages on small datasets.

The K-means algorithm performs poorly on non-convex distributed data. How-
ever, based on Theorem 1, the proposed clustering fusion algorithm is less af-
fected by data distribution for non-convex data. Improving the algorithm for
application to non-convex distributed data represents a worthwhile research di-
rection.
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