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Abstract
To improve the fault detection capability of FD-KNN for latent variables in
nonlinear and multimodal processes, a K-nearest neighbor fault detection and
diagnosis strategy based on variance-maximizing rotation transformation is pro-
posed. First, a rotation transformation is established through the variance max-
imization method to transform the original data into a new orthogonal space;
next, the FD-KNN method is executed in this orthogonal space for fault de-
tection; finally, a contribution plot-based fault diagnosis strategy is presented
by combining the contribution plot method. Through a nonlinear simulation
example, the effectiveness of the method for latent variable fault diagnosis is
demonstrated; simultaneously, testing is conducted on the Tennessee Eastman
Process, a typical nonlinear industrial process, and comparison is made with
PCA, FD-KNN, and PC-KNN methods, with experimental results further prov-
ing the effectiveness of the method.
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Abstract: To improve the fault detection capability of FD-KNN for latent vari-
ables in nonlinear and multimodal processes, this paper proposes a K-nearest
neighbor fault detection and diagnosis strategy based on varimax rotation. First,
a rotation transformation is established via the varimax method to transform
the original data into a new orthogonal space. Next, the FD-KNN method is
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executed in this orthogonal space for fault detection. Finally, a contribution
plot-based fault diagnosis strategy is presented. A nonlinear simulation exam-
ple demonstrates the effectiveness of the proposed method for latent variable
fault diagnosis. Additionally, tests on the Tennessee Eastman process—a typical
nonlinear industrial process—show comparative results against PCA, FD-KNN,
and PC-KNN methods, further validating the effectiveness of the approach.

Keywords: K-nearest neighbors; varimax rotation; fault detection; fault diag-
nosis; process control; principal component analysis

0 Introduction
With the rapid development of industrial production, process monitoring and
fault diagnosis technologies have become increasingly important for ensuring
production safety and improving efficiency. Since distributed control systems
can automatically measure and store large amounts of multivariate sampling
data, data-driven multivariate statistical process control (MSPC) methods have
emerged as a hot research topic [1]. However, modern industrial processes are
characterized by mechanization, electrification, automation, and chemical pro-
cessing, resulting in numerous complex industrial systems with nonlinear and
multimodal features. Typical examples include penicillin fermentation processes,
semiconductor aluminum etching processes, the Tennessee Eastman (TE) pro-
cess, polymerization processes, and wastewater treatment processes [2–6].

Principal component analysis (PCA) is a typical data-driven MSPC method that
has been widely applied in chemical production processes with promising results
[7–9]. PCA decomposes the original space into a principal component subspace
(PCS) and a residual subspace (RS) through linear transformation based on
variance information, and monitors these two subspaces using Hotelling’s T²
and squared prediction error (SPE) statistics. The control limits for T² and
SPE are typically determined under the assumption that process variables fol-
low a multivariate Gaussian distribution, which affects PCA’s fault detection
performance in nonlinear processes [10]. To address nonlinear process moni-
toring, several PCA-based nonlinear methods have been proposed and rapidly
developed [11–12]. In recent years, kernel principal component analysis (KPCA)
based on kernel theory has been effectively used for nonlinear system process
monitoring [13–15].

To capture process data dynamics and perform related application analyses,
dynamic PCA (DPCA) was developed by augmenting time series variables to
expand the data matrix and incorporate autocorrelation characteristics [16–
17]. DPCA extends traditional PCA to dynamic multivariate processes and
demonstrates good performance in fault diagnosis of systems with time delays
due to its consideration of serial correlation in data. However, methods such
as PCA and KPCA are suitable for monitoring single-mode processes; when
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applied to multimodal processes, they typically exhibit high false alarm rates
[18].

To monitor multimodal processes, He et al. proposed a fault detection method
based on K-nearest neighbors (FD-KNN) [19]. FD-KNN uses the distance sim-
ilarity between the current sample and its neighbors to measure the sample
status, making variable scaling a primary consideration. FD-KNN is typically
combined with Z-score standardization to adjust monitoring variable scales and
improve detection performance. However, when samples have high dimensions,
FD-KNN requires calculating distances in high-dimensional data, resulting in
significant computational time and storage space requirements. To address
these limitations, He et al. proposed a combined PCA and FD-KNN detection
method (principal component-based K-nearest neighbor rule for fault detection,
PC-KNN) [20]. PC-KNN first obtains the principal component subspace using
PCA, then executes FD-KNN in this subspace. By calculating inter-sample dis-
tances in a low-dimensional principal component subspace, PC-KNN reduces
computational complexity and improves efficiency. However, PC-KNN only de-
tects faults occurring in the principal component subspace; when faults occur
entirely in the residual subspace, PC-KNN becomes ineffective. In summary,
PC-KNN does not demonstrate superior detection performance compared to
FD-KNN.

Considering the limitations of PC-KNN and the advantages of FD-KNN in
handling nonlinear and multimodal processes, this paper proposes a varimax
rotation-based K-nearest neighbor fault detection and diagnosis strategy (Rot-
KNN) for typical industrial processes with nonlinear and multimodal character-
istics. Varimax rotation is a method used in PCA that maximizes the sum of
variances of factor loadings through coordinate transformation while rotating
the loading matrix toward a simple structure. Compared to PC-KNN, Rot-
KNN increases computational load but enables more comprehensive fault detec-
tion without the residual subspace detection deficiency of PC-KNN. Compared
to FD-KNN, Rot-KNN improves detection capability for latent variable faults.
Compared to PCA, KPCA, and DPCA, Rot-KNN effectively handles process
monitoring with nonlinear and multimodal characteristics, improving fault de-
tection rate (FDR) while reducing false alarm rate (FAR).

1 FD-KNN
The fundamental principle of FD-KNN is to measure sample differences using
the distance between a sample and its nearest neighbors. First, the k nearest
neighbors of sample 𝑋 are identified in the training set. Second, the sum of
squared distances between 𝑋 and its k nearest neighbors is calculated:
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𝐷2
𝑖 =

𝑘
∑
𝑗=1

𝑑2
𝑖𝑗

where 𝑑𝑖𝑗 is the Euclidean distance between sample 𝑋𝑖 and its 𝑗-th nearest neigh-
bor 𝑋(𝑗). Finally, the detection control limit 𝐷2

𝛼 is determined based on the
non-central chi-square distribution with confidence level 𝛼 [21]. Since kernel
density estimation (KDE) is a typical non-parametric distribution estimation
method that has achieved good results [22–26], it can also be applied to de-
termine the control limit. When the 𝐷2 statistic of a test sample exceeds the
control limit 𝐷2

𝛼, it is classified as a fault; otherwise, it is normal.

The specific calculation process of FD-KNN is as follows:

1) Offline Modeling a) Find the k nearest neighbor samples for each sample
𝑋𝑖 in the training set 𝑋; b) Calculate the distance 𝐷2

𝑖 between 𝑋𝑖 and its k
nearest neighbors using Eq. (1); c) Determine the control limit 𝐷2

𝛼 for the
training model.

2) Online Detection a) Find the k nearest neighbor samples for test sample
𝑋∗ in the training set 𝑋; b) Calculate the distance statistic 𝐷∗2 between 𝑋∗ and
its k nearest neighbors using Eq. (1); c) Compare 𝐷∗2 with 𝐷2

𝛼: if 𝐷∗2 > 𝐷2
𝛼,

𝑋∗ is judged as a fault; otherwise, it is normal.

Due to differences in variable scales and units, effective standardization of sam-
pling data is typically required before process monitoring. Z-score is a commonly
used data preprocessing method that adjusts variable means and variances to
enable comparison of variables with different units on the same scale. There-
fore, Z-score is often combined with monitoring methods to improve process
monitoring capability, as seen in FD-KNN, PCA, and KPCA.

The combination of Z-score and FD-KNN is effective for monitoring processes
with independent variables. Consider a dataset containing two measurement
variables 𝑥1 and 𝑥2, where 𝑥1 ∼ 𝑁(0, 16) and 𝑥2 ∼ 𝑁(0, 1). Randomly gener-
ating 200 training samples and two fault samples F1 and F2 yields the scatter
plot shown in Figure 1: see original paper. Fault samples F1 and F2 deviate
from the data center along the 𝑥1 and 𝑥2 directions, respectively, with a fault
magnitude of 4 times the standard deviation length (e.g., F1(6,4,0), F2(0,4)).
Applying Z-score standardization to this dataset produces the result shown in
Figure 1: see original paper, where fault samples are separated from training
samples, and FD-KNN can accurately identify both faults. The 𝐷2 detection
results are shown in [Figure 2: see original paper].

However, when variables are correlated, the Z-score and FD-KNN combination
has limitations for detecting subtle faults. For example, when two measurement
variables satisfy the relationship 𝑥1 = cos(𝜃)𝑠 − sin(𝜃)𝑡, 𝑥2 = sin(𝜃)𝑠 + cos(𝜃)𝑡
with 𝜃 = 𝜋/4, the data distribution is shown in [Figure 3: see original paper].
Applying the Z-score and FD-KNN combination yields the detection results in
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[Figure 4: see original paper], where Fault 2 is misclassified as normal. This
error occurs because Z-score standardization is applied to observed variables 𝑥1
and 𝑥2, which cannot simultaneously standardize the underlying variables 𝑠 and
𝑡. If data standardization is performed along the 𝑠 and 𝑡 directions, both faults
can be detected by FD-KNN. For this example, establishing a new coordinate
system based on data dispersion and performing standardization along the new
directions can improve FD-KNN detection capability.

2.1 Varimax Rotation Transformation
Let random vector 𝑥 = [𝑥1, 𝑥2, … , 𝑥𝑛]𝑇 contain 𝑛 random variables with covari-
ance matrix Σ = 𝐸(𝑥𝑥𝑇 ). Let 𝜆𝑖 and 𝑝𝑖 be the eigenvalues and eigenvectors of
Σ, respectively, with 𝜆𝑖 sorted in descending order. Consider the linear trans-
formation:

𝑦 = 𝑃 𝑇 𝑥

where 𝑃 = [𝑝1, 𝑝2, … , 𝑝𝑛] is an orthogonal matrix. The random variables 𝑦 =
[𝑦1, 𝑦2, … , 𝑦𝑛]𝑇 have variances 𝑉 𝑎𝑟(𝑦𝑖) = 𝜆𝑖 and covariances 𝐶𝑜𝑣(𝑦𝑖, 𝑦𝑗) = 0 for
𝑖 ≠ 𝑗, meaning 𝑦𝑖 and 𝑦𝑗 are uncorrelated. As shown in [1,2], this transformation
represents the directions of maximum variability, and its covariance matrix has
a simple yet refined diagonal structure.

2.2 Varimax Rotation-Based K-Nearest Neighbor Fault De-
tection and Diagnosis Strategy
Let the training dataset be 𝑋 ∈ ℝ𝑚×𝑛, where 𝑚 and 𝑛 are the numbers of
samples and monitored variables, respectively. First, compute the covariance
matrix Σ of 𝑋 and perform eigen-decomposition. Denote the eigenvalues and
eigenvectors as 𝜆𝑖 and 𝑝𝑖, respectively, sorted in descending order. Next, apply
the rotation transformation 𝑌 = 𝑋𝑃 according to Eq. (2) and standardize 𝑌 to
obtain the standardized dataset 𝑌𝑠𝑡𝑑. Finally, apply the FD-KNN method on
𝑌𝑠𝑡𝑑 for fault detection. Performing standardization sequentially along orthogo-
nal directions with large variability before applying FD-KNN can improve fault
detection rates.

The Rot-KNN procedure is as follows:

1) Model Building a) Center the training set 𝑋; b) Perform eigen-
decomposition of the covariance matrix Σ of 𝑋; c) Apply rotation transforma-
tion 𝑌 = 𝑋𝑃 and standardize 𝑌 to obtain the centered matrix 𝑌𝑠𝑡𝑑; d) Execute
the FD-KNN method on 𝑌𝑠𝑡𝑑 and determine the statistical control limit 𝐷2

𝛼
using KDE.
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2) Online Detection For a test sample 𝑥𝑡𝑒, perform the following steps: a)
Center 𝑥𝑡𝑒 using the mean from step 1a; b) Apply rotation transformation
𝑦𝑡𝑒 = 𝑥𝑡𝑒𝑃 and standardize 𝑦𝑡𝑒 as in step 1c, denoted as 𝑦𝑡𝑒,𝑠𝑡𝑑; c) Find the k
nearest neighbors of 𝑦𝑡𝑒,𝑠𝑡𝑑 in 𝑌𝑠𝑡𝑑 and calculate the distance statistic 𝐷2

𝑡𝑒; d)
Compare 𝐷2

𝑡𝑒 with 𝐷2
𝛼: if 𝐷2

𝑡𝑒 > 𝐷2
𝛼, 𝑥𝑡𝑒 is a fault; otherwise, it is normal.

When a sample is detected as faulty, it is necessary to diagnose the cause. In
classical methods such as PCA and KPCA, contribution plots are typically used
for fault diagnosis [27–29]. For a fault sample 𝑥 centered to 𝑥0, after varimax
rotation transformation it becomes 𝑦 = 𝑥0𝑃 . The statistical index 𝐷2 for sample
𝑦 can be calculated as:

𝐷2 =
𝑘

∑
𝑗=1

(1
𝑘

𝑛
∑
ℎ=1

𝜆−1
ℎ (𝑦ℎ − 𝑦(𝑗)

ℎ )2) =
𝑛

∑
ℎ=1

𝜆−1
ℎ

𝑘
∑
𝑗=1

(𝑦ℎ − 𝑦(𝑗)
ℎ )2

where 𝑦(𝑗)
ℎ is the ℎ-th variable of the 𝑗-th nearest neighbor sample. The contri-

bution of variable 𝑦ℎ to 𝐷2 can be derived as:

𝑐𝑜𝑛ℎ = 𝜆−1
ℎ

𝑘
∑
𝑗=1

(𝑦ℎ − 𝑦(𝑗)
ℎ )2

If sample 𝑥 is detected as faulty and 𝑦ℎ is an out-of-control variable after co-
ordinate rotation, then 𝑐𝑜𝑛ℎ > 𝐷2

𝛼. Since 𝑦ℎ = ∑𝑛
𝑖=1 𝑥𝑖𝑝𝑖ℎ, Eq. (6) can be

rearranged as:

𝑐𝑜𝑛ℎ = 𝜆−1
ℎ

𝑘
∑
𝑗=1

(
𝑛

∑
𝑖=1

𝑝𝑖ℎ(𝑥𝑖 − 𝑥(𝑗)
𝑖 ))

2

= 𝜆−1
ℎ

𝑘
∑
𝑗=1

(
𝑛

∑
𝑖=1

𝑝𝑖ℎΔ𝑥(𝑗)
𝑖 )

2

where Δ𝑥(𝑗)
𝑖 = 𝑥𝑖−𝑥(𝑗)

𝑖 . The contribution of original variable 𝑥𝑖 to out-of-control
variable 𝑦ℎ is:

𝐶𝑜𝑛𝑖→ℎ = 𝜆−1
ℎ 𝑝𝑖ℎ

𝑘
∑
𝑗=1

(𝑥𝑖 − 𝑥(𝑗)
𝑖 ) (

𝑛
∑
𝑙=1

𝑝𝑙ℎ(𝑥𝑙 − 𝑥(𝑗)
𝑙 ))

The total contribution of variable 𝑥𝑖 is:

𝐶𝑖 = ∑
ℎ∈𝒮

𝐶𝑜𝑛𝑖→ℎ

where 𝒮 is the set of out-of-control variables. Variables with larger 𝐶𝑖 are
typically considered the primary causes of faults.
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1) Fault Diagnosis For a fault sample 𝑥 = [𝑥1, 𝑥2, … , 𝑥𝑛], the diagnosis pro-
cedure is: a) Calculate each variable’s contribution 𝑐𝑜𝑛ℎ to 𝐷2 using Eq. (6)
and determine the number of out-of-control variables 𝑠; b) Calculate the contri-
bution 𝐶𝑜𝑛𝑖→ℎ of original variable 𝑥𝑖 to each out-of-control variable 𝑦ℎ using
Eq. (8); c) Calculate the total contribution 𝐶𝑖 of variable 𝑥𝑖 using Eq. (9).

3 Simulation Experiments
3.1 Numerical Example

This example validates the proposed method using a nonlinear system with four
observed variables, modeled as:

⎧{{
⎨{{⎩

𝑥1 = 𝑠 − 0.2𝑡2 + 0.3𝑠2 + 𝑒1
𝑥2 = 𝑡 + 0.1𝑠2 + 𝑒2
𝑥3 = 𝑠 + 𝑡 + 𝑒3
𝑥4 = 0.5𝑠 − 0.3𝑡 + 𝑒4

where latent variables 𝑠 and 𝑡 follow uniform distributions on intervals [−50, 50]
and [0, 1], respectively. Five hundred samples were randomly generated for
training, and 100 samples for validation. Two fault classes were created by
adjusting initial values of latent variables, with Fault 2 having a larger deviation
scale than Fault 1 relative to the uniform distribution of variables. [Figure 5:
see original paper] shows the sample distribution, while [Figure 6: see original
paper] displays the distribution of each variable.

First, conventional FD-KNN was applied with neighbor number 𝑘 = 5 (op-
timized via testing). After Z-score standardization, the detection results are
shown in [Figure 7: see original paper]. FD-KNN cannot effectively detect
Fault 1. As seen in [FIGURES:5] and [6], Fault 1 exhibits a slight shift in
the direction of latent variable 𝑡, but this shift is not visually apparent in ob-
served variables 𝑥𝑖; in other words, from the perspective of observed variables
alone, Fault 1 samples appear normal. Therefore, Z-score standardization along
observed variables cannot improve FD-KNN detection performance.

Next, Rot-KNN was applied and compared with FD-KNN. The observed dataset
was centered, and varimax rotation transformation was performed to obtain a
new dataset. The standardized variable distributions are shown in [Figure 8:
see original paper]. From variable 𝑦4, Fault 1 clearly deviates from the normal
trajectory. Applying FD-KNN on the rotated dataset yields the detection results
in [Figure 9: see original paper], where both fault classes are completely detected.
Observation of fault magnitudes shows Fault 2 has a larger scale than Fault 1,
consistent with the initial setup.
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For comparison, traditional PCA-T², PCA-SPE, and PC-KNN methods were
also applied. Based on a cumulative variance contribution rate (CPV) of 90%,
two principal components were selected, dividing the original space into PCS
and RS. [Figure 12: see original paper] shows PCA-T² and PCA-SPE results.
Combined detection from both subspaces only identifies Fault 2, indicating these
methods are effective only for large-scale faults. Fault 1 is missed primarily
because T² and SPE control limit determination assumes multivariate Gaussian
distributions, which is not satisfied here, as shown in [Figure 13: see original
paper]. PC-KNN, which executes FD-KNN in the PCS, yields the results in
[Figure 14: see original paper]. PC-KNN monitors sample variations only in
PCS without considering RS variations, resulting in high false alarm rates when
faults occur entirely in RS.

Based on Rot-KNN detection results, diagnosis was performed on two fault
samples (the 50th sample from each class). First, Eq. (6) identified the fourth
rotated variable 𝑦4 as out-of-control, as shown in [Figure 10: see original pa-
per]. Then, Eq. (7) calculated original variable contributions to 𝑦4, displayed
in [Figure 11: see original paper]. Variables 𝑥1 and 𝑥2 show large contributions
to 𝑦4 for both faults, indicating their abnormal variations cause the faults. In-
deed, from model (10), abnormal changes in latent variable 𝑡 can be determined
through the linear combination of 𝑥1 and 𝑥2 since they satisfy 𝑡 = 0.1853𝑥1 −𝑥2.

3.2 TE Process

The TE process is a simulation system proposed by Downs et al. based on a real
chemical production process at Tennessee Eastman [30]. The TE simulation
system accurately designs nonlinear relationships between unit operations and
material/energy balances, as well as vapor-liquid equilibrium laws, enabling
simulation of various real faults in chemical processes. Due to severe coupling,
high nonlinearity, and open-loop instability, the TE process has been widely
used as a benchmark platform for research in process control technology, process
monitoring and optimization, and process operation system integration [31]. As
shown in [Figure 15: see original paper], the TE process comprises five operating
units: a reactor, condenser, recycle compressor, separator, and stripper. It
includes four gaseous reactants (A, C, D, E), two liquid products (G, H), and
byproduct F and inert gas B. The entire process contains 22 continuous process
measurement variables, 19 composition measurement variables, and 11 control
variables. As a standard benchmark problem that realistically simulates many
typical characteristics of actual complex industrial processes, the TE process
has been extensively applied in control, optimization, process monitoring, and
fault diagnosis research [32–34].

The TE simulation system can simulate both normal and 21 fault environments
with a 3-minute sampling interval [27]. Following [36], 33 variables were selected
for fault analysis; 960 normal samples were used for model building; 480 normal
samples for model validation; and each fault type contains 960 samples with
faults introduced at time 161 and continuing to the end.
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As described in [35], faults 3, 9, and 15 have small magnitudes and stable process
behavior, making them difficult to detect. PCA-T², PCA-SPE, and FD-KNN
can promptly and accurately detect faults 1, 2, 6, 7, 8, 12, 13, and 14 with
FDR above 95%. Various PCA-based methods, such as KPCA and DPCA,
achieve FDR below 85% for faults 5, 10, 16, and 19. This section compares
Rot-KNN with PCA-T², PCA-SPE, and FD-KNN for faults 5, 10, 14, 16, and
19. Parameter settings are listed in , and FDR/FAR results are shown in . For
fault 14, Rot-KNN achieves 100% FDR with lower FAR than other methods.
For faults 5, 10, 16, and 19, Rot-KNN achieves FDR above 90%, while other
methods remain below 60%. [Figure 16: see original paper] shows the fault
detection control charts for Rot-KNN and FD-KNN on faults 5, 10, 16, and 19.

The contribution plot-based diagnosis strategy was applied to these faults, with
results shown in [Figure 17: see original paper]. Since all methods effectively de-
tect fault 14, it was first diagnosed to validate the method. Fault 14 is caused by
a stuck reactor cooling water valve, which directly affects reactor temperature
(𝑥9), reactor cooling water outlet temperature (𝑥21), and reactor cooling water
flow (𝑥32) [29]. [FIGURE:17(a) shows Rot-KNN diagnosis results, where vari-
ables 𝑥9, 𝑥21, and 𝑥32 show significant contributions to 𝐷2, confirming the diag-
nosis validity. Next, faults 5, 10, and 16 (where Rot-KNN shows high detection
rates) were diagnosed. Fault 5 is caused by abnormal condenser cooling water
inlet temperature, affecting condenser cooling water outlet temperature (𝑥33)
and stripper underflow (𝑥17) measurements, as confirmed in [FIGURE:17(b)].
Fault 10 results from abnormal feed C temperature, affecting stripper underflow
(𝑥17) and stripper temperature (𝑥18) measurements, shown in [FIGURE:17(c)].
Fault 16 diagnosis in [FIGURE:17(d) indicates it is mainly caused by abnormal
variations in stripper-related variables: stripper underflow (𝑥17), stripper tem-
perature (𝑥18), and stripper valve (𝑥31), meaning the fault occurs primarily in
the stripper refining process.

4 Conclusion
This paper proposes the Rot-KNN method to improve FD-KNN detection rates
for latent variable faults through varimax rotation transformation. Simulation
and industrial examples demonstrate its effectiveness compared to PCA, FD-
KNN, and PC-KNN. While Rot-KNN outperforms FD-KNN and PC-KNN in
detection performance, it has higher computational complexity. Reducing com-
putational complexity is a focus for future research. Additionally, determin-
ing the neighbor number 𝑘 remains an open question; this paper uses cross-
validation, which is complex. Future work will focus on 𝑘 determination meth-
ods in Rot-KNN.
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