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Abstract
A dominating set D�V of a graph G=(V,E) is a vertex subset such that every
vertex in the graph is either in D or adjacent to at least one vertex in D. The
Connected Dominating Set problem is to find a dominating set S with the mini-
mum number of vertices such that the induced subgraph G[S] is connected. This
problem is a classic NP-hard problem with applications in connected facility lo-
cation, ad-hoc networks, and other fields. For the Connected Dominating Set
problem in undirected graphs, we carefully analyze the graph structural proper-
ties of the problem, derive several effective reduction rules and branching rules,
design a branch-and-search algorithm, and employ the Measure and Conquer
method to analyze the algorithm’s running time, finally obtaining an exact
algorithm with a running time complexity of O*(1.93^n).
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Abstract: A dominating set of a graph is a subset of vertices such that every
vertex of the graph is either in the set or adjacent to at least one vertex in the
set. The connected dominating set problem asks to find a dominating set with
the minimum number of vertices whose induced subgraph is connected. This
problem is a classical NP-hard problem with applications in connected facility
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location, ad-hoc networks, and other areas. For the connected dominating set
problem in undirected graphs, this paper carefully analyzes structural proper-
ties, explores several effective reduction rules and branching rules, and designs
a branch-and-search algorithm. Using the measure-and-conquer method to an-
alyze the running time, we obtain an exact algorithm with time complexity
𝒪∗(1.9378𝑛).
Keywords: NP-hard problem; exact algorithm; measure-and-conquer; con-
nected dominating set problem

0 Introduction
The history of nontrivial exact algorithms dates back to 1962 when Held and
Karp [?] designed a dynamic programming algorithm for the Traveling Salesman
Problem (TSP) with running time 𝒪∗(2𝑛) (where 𝑛 is the number of vertices
in the graph), which remains one of the fastest algorithms for this problem to
date. Whether there exists an algorithm for TSP with running time 𝒪∗(1.99𝑛)
has become a famous open problem in computational theory. Another well-
known problem is the Maximum Independent Set problem. In 1977, Tarjan et
al. [?] proposed an algorithm with running time 𝒪∗(2𝑛/3). After research by
several scholars, Robson [?] improved the upper bound to 𝒪∗(1.1996𝑛) in 1986.
However, improving this bound below 1.2𝑛 took more than 30 years.

For different NP-hard problems, the time complexities of currently known exact
algorithms vary significantly, as exemplified by the TSP and Maximum Inde-
pendent Set problems mentioned above. This raises important questions: Are
there connections between problems with poor time complexity? Does solving
one NP-hard problem help solve others? Can we classify classic NP-complete
problems to predict how good the worst-case time complexity can be? These
considerations help us better understand the computational complexity of NP-
complete problems.

The concept of domination in graphs was first described by Claude Berge [?]
in 1962. In the same year, Ore [?] first used the term “dominating set”in the
literature. Dominating sets include vertex dominating sets and edge dominating
sets, and the dominating set problem includes both vertex and edge domination
variants. The Minimum Vertex Dominating Set problem is a classic NP-hard
problem [?]. In 2004, Fomin et al. [?] designed an exact algorithm with run-
ning time 𝒪∗(1.9378𝑛), first breaking the trivial 𝒪∗(2𝑛) bound. The currently
best exact algorithm for this problem runs in 𝒪∗(1.4969𝑛) time [?]. For the
Minimum Edge Dominating Set problem, Yannakakis and Gavril [?] proved its
NP-hardness. Schiermeyer [?] first broke the 𝒪∗(2𝑛) bound in 2008, and the
currently best exact algorithm runs in 𝒪∗(1.3160𝑛) time [?].

For the Connected Dominating Set problem studied in this paper, Garey and
Johnson [?] proved it to be NP-hard. In 2008, Fomin et al. [?] first broke the
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𝒪∗(2𝑛) bound, proposing an exact algorithm with running time 𝒪∗(1.9407𝑛).
At first glance, the Connected Dominating Set problem appears closely related
to the Dominating Set problem, suggesting that methods for the latter might
solve the former. However, this is not feasible because, from the perspective
of exact algorithms, these problems differ significantly. In fact, the Connected
Dominating Set problem belongs to a class called “non-local problems,”which
are typically difficult to handle. The classic TSP problem is another example.
Since exact algorithms for Dominating Set are usually based on local structures
and cannot effectively capture the global connectivity property, it is difficult to
adapt Dominating Set techniques to solve Connected Dominating Set. Other
similar non-local problems include the Feedback Vertex Set problem and the
Steiner Tree problem.

This paper presents an exact algorithm for the Connected Dominating Set prob-
lem with running time 𝒪∗(1.9378𝑛). The basic algorithmic idea follows Fomin
et al.’s [?] approach of“maintaining connectivity,”where partial solutions gen-
erated during recursion must remain connected, combined with the measure-
and-conquer method [?, ?] for analysis. When analyzing the time complexity of
recursive algorithms, we employ a straightforward metric setting and clear com-
plexity analysis (see Section 4). We carefully analyze the structural properties
of the Connected Dominating Set problem, identify several effective reduction
and branching rules that simplify the problem, and design a branch-and-search
algorithm. The properties and theorems developed can reduce problem size and
difficulty in practical applications, making them suitable for combination with
heuristic algorithms.

1 Notation and Problem Definition
A simple graph is an undirected graph without parallel edges or loops. All
graphs discussed in this paper are undirected simple graphs. Let 𝐺 = (𝑉 , 𝐸)
denote a graph with vertex set 𝑉 and edge set 𝐸, where |𝑉 | = 𝑛 and |𝐸| = 𝑚. If
a vertex subset contains only one element {𝑣}, we simply denote it as 𝑣. For any
vertex 𝑣 in graph 𝐺, 𝑁(𝑣) denotes the open neighborhood of 𝑣, 𝑁[𝑣] denotes
the closed neighborhood, and 𝑁2(𝑣) denotes the set of vertices at distance 2
from 𝑣. The degree of vertex 𝑣 is denoted by 𝑑(𝑣), which counts edges incident
to 𝑣. In simple graphs, 𝑑(𝑣) = |𝑁(𝑣)| always holds. For a vertex subset 𝑋, let
𝑁(𝑋) = ⋃𝑣∈𝑋 𝑁(𝑣) ∖ 𝑋 denote the neighbors of 𝑋 outside 𝑋. The subgraph
induced by vertex subset 𝑋 is denoted by 𝐺[𝑋], which can be abbreviated as
[𝑋] when 𝐺 is clear from context. If the induced subgraph 𝐺[𝑋] is connected,
we call 𝑋 a connected subset.

For algorithm runtime analysis, we use 𝒪∗ notation to suppress polynomial
factors. For two functions 𝑓(𝑛) and 𝑔(𝑛), 𝑓(𝑛) = 𝒪∗(𝑔(𝑛)) means 𝑓(𝑛) =
𝒪(𝑔(𝑛) ⋅ poly(𝑛)).
Without loss of generality, we make the following assumptions: all graphs men-
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tioned are connected, otherwise the problem has no solution; the size of a mini-
mum connected dominating set in 𝐺 is at least 2, otherwise the problem can be
solved in polynomial time.

During algorithm execution, some vertices must be included in the final solution.
Let 𝑆 denote the set of these vertices, where the induced subgraph 𝐺[𝑆] is
connected. Simultaneously, some vertices must not be in the final solution,
denoted by set 𝐷, which are deleted from the graph during execution. Let 𝑂𝑃𝑇
denote an optimal solution. Then all vertices in 𝑆 must be in 𝑂𝑃𝑇 , and all
vertices in 𝐷 must not be in 𝑂𝑃𝑇 . Let 𝐴 = 𝑉 ∖ (𝑆 ∪ 𝐷) denote vertices that
have not been processed, called the available vertex set. If deleting a vertex
𝑣 ∈ 𝐴 from the graph makes the problem instance unsolvable, we call 𝑣 a
mandatory vertex. If a vertex 𝑣 ∈ 𝐴 is adjacent to at least one vertex in 𝑆,
we call 𝑣 a candidate vertex; otherwise, it is a free vertex. Let 𝐶 denote the
set of candidate vertices, 𝐶 = 𝑁(𝑆) ∩ 𝐴. Let 𝐹 denote the set of free vertices,
𝐹 = 𝐴 ∖ 𝐶.

If a vertex 𝑣 in graph 𝐺 is adjacent to at least one vertex in set 𝑆, we say
that 𝑆 dominates 𝑣. This paper considers the following constrained minimum
connected dominating set problem:

Constrained Minimum Connected Dominating Set Problem

Input: An undirected graph 𝐺 = (𝑉 , 𝐸) and two vertex subsets 𝑆, 𝐷 ⊆ 𝑉 where
the induced subgraph 𝐺[𝑆] is connected.
Problem: Find a minimum vertex subset 𝑌 of 𝐺 satisfying: 𝑆 ⊆ 𝑌 , the induced
subgraph 𝐺[𝑌 ] is connected, and 𝑌 dominates all vertices in 𝑉 .

When 𝑆 contains any two adjacent vertices 𝑢 and 𝑣, the constrained minimum
connected dominating set problem becomes finding a minimum connected domi-
nating set containing 𝑢 and 𝑣. We study this constrained version because, during
branch-and-search algorithms, some branches require keeping certain vertices
in the final solution, which can be directly added to 𝑆. For the constrained
minimum connected dominating set problem, any vertex subset containing all
vertices in 𝑆 and forming a connected dominating set is called a feasible solu-
tion. When a feasible solution has minimum size, it is called an optimal solution,
which we abbreviate as “a solution”in this paper.

2 Algorithm Design
2.1 Preliminary Ideas

Due to the global connectivity property of the minimum connected dominating
set problem, our initial algorithmic approach is to guess that any two adjacent
vertices 𝑣1 and 𝑣2 in the graph might appear in some optimal solution. Then
we select a candidate vertex 𝑣 from 𝐶 and consider two cases: either 𝑣 is in
the solution or not. If 𝑣 is in the solution, we add 𝑣 to 𝑆; if not, we delete
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𝑣 from the graph. This branching search continues until 𝐶 becomes empty
or contains no candidate vertices. While this approach solves the problem, its
theoretical analysis only yields a running time bound of 𝒪∗(2𝑛), which remained
unimproved for a long time until Fomin et al. [?] applied the measure-and-
conquer method.

When solving the connected dominating set problem, Fomin et al.’s main idea
was to continuously select a vertex 𝑣 and consider two cases: either keep 𝑣 in the
final solution or delete it from the graph. However, when adding a vertex to the
solution, they ensured the solution“remains connected.”This paper follows the
same“connectivity-maintaining”principle but provides more refined treatment
of candidate vertices in 𝐶. When considering adding a candidate vertex 𝑣 ∈ 𝐶 to
the solution, there are two purposes: (1) to dominate all free-point neighbors of
𝑣, or (2) to connect some free-point neighbor of 𝑣. In the first case, after adding
𝑣 to the solution, we can simply delete all its free-point neighbors. In the second
case, after adding 𝑣, we can add one of its free-point neighbors to the solution.
Based on this idea, we continuously process candidate vertices in 𝐶. When
𝐶 = ∅ or no candidate vertices exist, the algorithm either finds a solution or
determines that none exists. Finally, we use the measure-and-conquer method
to analyze and design the algorithm, further improving its runtime bound.

2.2 Theorems and Properties

If a solution to instance 𝐼 can be constructed from a solution to another instance
𝐼′ in polynomial time, we say problem instance 𝐼 is equivalent to 𝐼′, and vice
versa. We first prove an equivalence property for problem instances, then define
reduction operations based on this property to simplify the original problem
instance.

Theorem 1. For a constrained minimum connected dominating set problem
instance 𝐼 = (𝐺, 𝑆, 𝐷), if 𝐼 has a solution that does not contain some vertex
𝑣 ∈ 𝐴, then any solution of the instance 𝐼′ = (𝐺 ∖ 𝑣, 𝑆, 𝐷) obtained by deleting
𝑣 is also a solution of the original problem instance 𝐼 . Conversely, if 𝐼 has
a solution containing some vertex 𝑣 ∈ 𝐴, then any solution of the instance
𝐼″ = (𝐺, 𝑆 ∪ {𝑣}, 𝐷) obtained by adding 𝑣 to 𝑆 is also a solution of the original
problem instance 𝐼 .
Proof: Let 𝑂𝑃 𝑇 be any optimal solution of 𝐼 . Since 𝐺 ∖ 𝑣 is a subgraph of 𝐺,
𝑂𝑃𝑇 is also a feasible solution for 𝐼′. Suppose an optimal solution 𝑂𝑃𝑇 ′ of 𝐼′

does not contain vertex 𝑣. Then 𝑂𝑃𝑇 ′ remains a feasible solution for 𝐼 . In this
case, |𝑂𝑃𝑇 ′| ≤ |𝑂𝑃𝑇 |, so 𝑂𝑃𝑇 ′ is an optimal solution for 𝐼 .
Let 𝑂𝑃𝑇 ″ be any optimal solution of 𝐼″. Since the induced subgraph 𝐺[𝑂𝑃𝑇 ″]
is connected, 𝑂𝑃𝑇 ″ is a feasible solution for 𝐼 . Suppose an optimal solution of
𝐼 contains vertex 𝑣. Then 𝑂𝑃𝑇 ″ remains a feasible solution for 𝐼 . In this case,
|𝑂𝑃𝑇 ″| ≤ |𝑂𝑃𝑇 |, so 𝑂𝑃𝑇 ″ is an optimal solution for 𝐼 . �
From Theorem 1, if we know a vertex is in an optimal solution, we can add it
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to 𝑆; if we know a vertex is not in an optimal solution, we can delete it directly.

Property 1. For a constrained minimum connected dominating set problem in-
stance 𝐼 = (𝐺, 𝑆, 𝐷), if there exists a candidate vertex 𝑣 ∈ 𝐶 that is mandatory,
then add vertex 𝑣 to 𝑆.
Since 𝑣 is mandatory, deleting 𝑣 makes the problem instance unsolvable, so 𝑣
must be in the final solution. By Theorem 1, Property 1 follows directly.

Property 2. If there are two candidate vertices 𝑣 and 𝑢, and by Property 1
neither is mandatory, suppose 𝑁(𝑣) ∩ 𝐹 ⊆ 𝑁(𝑢) ∩ 𝐹 . Then delete vertex 𝑣 from
the graph.

Assume an optimal solution 𝑂𝑃𝑇 contains vertex 𝑣. Since all free points dom-
inated by 𝑣 are also dominated by 𝑢, and both 𝑣 and 𝑢 are already domi-
nated, there exists another optimal solution 𝑂𝑃𝑇 ′ = 𝑂𝑃𝑇 ∖ {𝑣} ∪ {𝑢} with
|𝑂𝑃𝑇 ′| ≤ |𝑂𝑃𝑇 |. Thus, 𝑣 can be deleted.

Property 3. If there exists an available vertex 𝑣 ∈ 𝐴 that does not dominate
any free points, then add vertex 𝑣 to 𝑆.
Since 𝑣 does not dominate any free points, all neighbors of 𝑣 are candidate
points, and all candidate points are connected to 𝑣. Therefore, removing 𝑣 from
any feasible solution maintains feasibility.

After reduction by Property 3, we can easily see that if the graph contains a
candidate point 𝑣, then 𝑣 must be adjacent to at least one free point; otherwise,
we could directly add 𝑣 to 𝑆.
Property 4. Suppose graph 𝐺 contains a candidate point 𝑣 that dominates an
available point 𝑢. If after adding 𝑣 to 𝑆, 𝑢 no longer dominates any free points,
then add 𝑢 to 𝑆.
Because after adding candidate 𝑣 to 𝑆, available point 𝑢 no longer dominates
any free points. By Property 3, when an available point no longer dominates
any free points, we can add it to 𝑆.
After reduction by Property 4, we can easily see that if a candidate point 𝑣
dominates an available point 𝑢, then 𝑣 must dominate another free point.

Property 5. Suppose graph 𝐺 contains a candidate point 𝑣 that dominates
only one free point 𝑤, i.e., 𝑁(𝑣)∩𝐹 = {𝑤}. If instance 𝐼 has an optimal solution
containing 𝑣 but not 𝑤, then add 𝑤 to 𝑆.
Proof: Let 𝑂𝑃 𝑇 be an optimal solution of 𝐼 . Assume 𝑂𝑃𝑇 contains 𝑣 but not 𝑤.
Since 𝑂𝑃 𝑇 must dominate 𝑤, at least one neighbor of 𝑤 is in 𝑂𝑃𝑇 . If 𝑣 ∈ 𝑂𝑃𝑇 ,
the property holds directly. If 𝑣 ∉ 𝑂𝑃𝑇 , by Property 5 we can directly add 𝑤
to 𝑆. �
Property 6. Suppose graph 𝐺 contains a candidate point 𝑣 that dominates
only one free point 𝑤, and 𝑤 also dominates only one free point 𝑢. If instance 𝐼
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has an optimal solution containing 𝑣 but not 𝑤, then either add 𝑤 to 𝑆 or add
𝑢 to 𝑆.
Proof: Let 𝑂𝑃𝑇 be an optimal solution of 𝐼 . Assume 𝑂𝑃𝑇 contains 𝑣 but not
𝑤. To derive a contradiction, suppose 𝑂𝑃𝑇 does not contain 𝑢 either. Then
there exists another feasible solution 𝑂𝑃𝑇 ′ = 𝑂𝑃𝑇 ∖ {𝑣} ∪ {𝑢} (where 𝑢 is
some appropriate vertex). Since 𝑂𝑃𝑇 ′ remains connected and 𝑣 only dominates
𝑤, while 𝑤 is dominated by 𝑢, 𝑂𝑃𝑇 ′ is a connected dominating set of size
|𝑂𝑃𝑇 ′| = |𝑂𝑃𝑇 | − 1, contradicting the optimality of 𝑂𝑃𝑇 . See case 1 in
[Figure 1: see original paper]. �

[Figure 1: see original paper] Cases where candidate point 𝑣 dominates only one
free point 𝑤 in graph 𝐺
Theorem 2. Given an instance 𝐼 = (𝐺, 𝑆, 𝐷), suppose graph 𝐺 contains a
candidate point 𝑣 that dominates only one free point 𝑤, and instance 𝐼 has an
optimal solution 𝑂𝑃𝑇 such that:

a) If 𝑤 dominates only one free point 𝑢, i.e., 𝑁(𝑤) ∩ 𝐹 = {𝑢}, then either
𝑂𝑃𝑇 contains 𝑤 or there exists another optimal solution 𝑂𝑃𝑇 ′ that does
not contain 𝑤.

b) If 𝑤 dominates at least two free points, let 𝑁(𝑤) ∩ 𝐹 = {𝑢1, 𝑢2, … , 𝑢𝑘}
where 𝑘 ≥ 2, then either 𝑂𝑃𝑇 contains 𝑤 or 𝑂𝑃𝑇 contains some 𝑢𝑖 where
𝑖 ∈ {1, 2, … , 𝑘}.

Proof:

a) Let 𝑂𝑃 𝑇 be an optimal solution. Assume 𝑂𝑃𝑇 contains 𝑣; otherwise, a)
holds directly. 𝑂𝑃𝑇 must not contain 𝑤, otherwise there would exist a
feasible solution 𝑂𝑃𝑇 ′ = 𝑂𝑃𝑇 ∖{𝑤} with |𝑂𝑃𝑇 ′| < |𝑂𝑃𝑇 |, contradicting
optimality. Since 𝑂𝑃𝑇 is a dominating set, it must dominate 𝑤, so at least
one neighbor of 𝑤 is in 𝑂𝑃𝑇 . If 𝑢 ∈ 𝑂𝑃𝑇 , a) holds directly. If 𝑢 ∉ 𝑂𝑃𝑇 ,
by Property 6 we can find another optimal solution not containing 𝑤, so
a) holds.

b) Let 𝑂𝑃 𝑇 be an optimal solution. Assume 𝑂𝑃𝑇 contains 𝑣; otherwise, b)
holds directly. 𝑂𝑃𝑇 must not contain 𝑤, otherwise there would exist a
feasible solution 𝑂𝑃𝑇 ′ = 𝑂𝑃𝑇 ∖{𝑤} with |𝑂𝑃𝑇 ′| < |𝑂𝑃𝑇 |, contradicting
optimality. Since 𝑂𝑃𝑇 must dominate 𝑤, at least one neighbor of 𝑤 is in
𝑂𝑃𝑇 . If some 𝑢𝑖 ∈ 𝑂𝑃𝑇 , b) holds directly. If no 𝑢𝑖 ∈ 𝑂𝑃𝑇 , by Property
5 we can directly add 𝑤 to 𝑆, so b) holds. �

After reduction by Theorem 2, we can easily see that if the graph contains a
candidate point 𝑣, then 𝑣 must be adjacent to at least two free points.

Property 7. Suppose graph 𝐺 contains a candidate point 𝑣 that dominates
exactly two free points 𝑤1 and 𝑤2. If instance 𝐼 has an optimal solution 𝑂𝑃𝑇
containing 𝑣 but not 𝑤1, and 𝑤2 also dominates only one free point 𝑢, then
either add 𝑤1 to 𝑆 or add 𝑢 to 𝑆.
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Proof: Let 𝑂𝑃 𝑇 be an optimal solution. Assume 𝑂𝑃𝑇 contains 𝑣 but not 𝑤1.
To derive a contradiction, suppose 𝑂𝑃𝑇 does not contain 𝑢 either. Then there
exists another feasible solution 𝑂𝑃𝑇 ′ = 𝑂𝑃𝑇 ∖ {𝑣} ∪ {𝑢} (where 𝑢 is some
appropriate vertex). Since 𝑂𝑃𝑇 ′ remains connected, 𝑣 only dominates 𝑤1 and
𝑤2, and 𝑤1 is dominated by 𝑢, 𝑂𝑃𝑇 ′ is a connected dominating set of size
|𝑂𝑃𝑇 ′| = |𝑂𝑃 𝑇 | − 1, contradicting the optimality of 𝑂𝑃𝑇 . �

[Figure 2: see original paper] Cases where candidate point 𝑣 dominates two free
points 𝑤1 and 𝑤2 in graph 𝐺
Property 8. Suppose graph 𝐺 contains a candidate point 𝑣 that dominates
exactly two free points 𝑤1 and 𝑤2, where 𝑤1 and 𝑤2 each dominate only one
free point, 𝑢1 and 𝑢2 respectively. If instance 𝐼 has an optimal solution 𝑂𝑃𝑇
containing 𝑣 but not 𝑤1 and 𝑤2, then either 𝑂𝑃𝑇 does not contain 𝑢1 and 𝑢2,
or there exists another optimal solution 𝑂𝑃𝑇 ′ that does not contain 𝑣.
Proof: Let 𝑂𝑃𝑇 be an optimal solution. Assume 𝑂𝑃𝑇 contains 𝑣 but not 𝑤1
and 𝑤2. To derive a contradiction, suppose 𝑂𝑃𝑇 contains 𝑢1 or 𝑢2. Since 𝑂𝑃𝑇
must dominate 𝑤1 and 𝑤2, at least one neighbor of each is in 𝑂𝑃𝑇 . If 𝑢1 ∈ 𝑂𝑃𝑇
or 𝑢2 ∈ 𝑂𝑃𝑇 , we can replace 𝑣 in 𝑂𝑃𝑇 with 𝑢1 or 𝑢2 to obtain another feasible
solution 𝑂𝑃 𝑇 ′ with |𝑂𝑃𝑇 ′| = |𝑂𝑃𝑇 |, so 𝑣 can be discarded. See case 4 in
[Figure 2: see original paper]. �

Theorem 3. Given an instance 𝐼 = (𝐺, 𝑆, 𝐷), suppose graph 𝐺 contains
a candidate point 𝑣 that dominates exactly two free points 𝑤1 and 𝑤2, and
instance 𝐼 has an optimal solution 𝑂𝑃𝑇 such that:

a) If 𝑤1 dominates only one free point 𝑢1 and 𝑤2 dominates only one free
point 𝑢2, then either 𝑂𝑃𝑇 contains 𝑤1 or 𝑤2, or 𝑂𝑃𝑇 contains some 𝑢𝑖
where 𝑖 ∈ {1, 2}.

b) If 𝑤1 dominates only one free point 𝑢1 and 𝑤2 dominates at least two free
points, let 𝑁(𝑤2) ∩ 𝐹 = {𝑢2} ∪ 𝑈 where 𝑈 ≠ ∅, then either 𝑂𝑃𝑇 contains
𝑤1 or 𝑤2, or 𝑂𝑃𝑇 contains some 𝑢𝑖 where 𝑖 ∈ {1, 2}.

Proof:

a) Let 𝑂𝑃 𝑇 be an optimal solution. Assume 𝑂𝑃𝑇 contains 𝑣; otherwise,
a) holds directly. If 𝑤1 and 𝑤2 are adjacent, we can replace 𝑣 with 𝑤1 in
𝑂𝑃 𝑇 to obtain a feasible solution 𝑂𝑃𝑇 ′ without 𝑣, with |𝑂𝑃𝑇 ′| = |𝑂𝑃𝑇 |.
Since this case is already considered in the branch that discards 𝑣, we need
not consider 𝑤1 and 𝑤2 being adjacent. If 𝑤1 and 𝑤2 jointly dominate
a free point, we can replace 𝑣 with 𝑤1 in 𝑂𝑃𝑇 to obtain 𝑂𝑃𝑇 ′ without
𝑣. This case is also already considered. Therefore, we consider the case
where 𝑤1 and 𝑤2 dominate different free points 𝑢1 and 𝑢2. If neither
𝑢1 nor 𝑢2 is in 𝑂𝑃𝑇 , by Property 8, either the optimal solution excludes
both 𝑤1 and 𝑤2, or there exists another optimal solution excluding 𝑣, thus
a) holds. If both 𝑢1 and 𝑢2 are in 𝑂𝑃𝑇 , there exists a feasible solution
𝑂𝑃𝑇 ′ = 𝑂𝑃𝑇 ∖ {𝑣} with |𝑂𝑃𝑇 ′| < |𝑂𝑃𝑇 |, contradicting optimality, so
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𝑢1 and 𝑢2 cannot both be in 𝑂𝑃𝑇 . If 𝑢1 ∈ 𝑂𝑃𝑇 , a) holds directly. If
𝑢2 ∈ 𝑂𝑃𝑇 , we must discard 𝑣, and a) also holds.

b) Let 𝑂𝑃 𝑇 be an optimal solution. Assume 𝑂𝑃𝑇 contains 𝑣; otherwise,
b) holds directly. If 𝑤1 and 𝑤2 are adjacent, we can replace 𝑣 with 𝑤1
in 𝑂𝑃𝑇 to obtain 𝑂𝑃𝑇 ′ without 𝑣, with |𝑂𝑃𝑇 ′| = |𝑂𝑃𝑇 |. This case is
already considered. If 𝑤1 and 𝑤2 jointly dominate a free point, we can
replace 𝑣 with 𝑤1 in 𝑂𝑃𝑇 to obtain 𝑂𝑃𝑇 ′ without 𝑣. This case is also
already considered. Therefore, we consider the case where 𝑤1 and 𝑤2
dominate distinct free points and each dominates at least two free points.
Let 𝑁(𝑤2) ∩ 𝐹 = {𝑢2} ∪ 𝑈 . If neither 𝑢1 nor 𝑢2 is in 𝑂𝑃𝑇 , by Property
7, either add 𝑤1 to 𝑆 or add 𝑤2 to 𝑆, thus b) holds. If both 𝑢1 and
𝑢2 are in 𝑂𝑃𝑇 , there exists a feasible solution 𝑂𝑃𝑇 ′ = 𝑂𝑃𝑇 ∖ {𝑣} with
|𝑂𝑃𝑇 ′| < |𝑂𝑃𝑇 |, contradicting optimality, so 𝑢1 and 𝑢2 cannot both be
in 𝑂𝑃𝑇 . If 𝑢1 ∈ 𝑂𝑃𝑇 , b) holds directly. If 𝑢2 ∈ 𝑂𝑃𝑇 , we must discard
𝑣, and b) also holds. �

After reduction by Theorem 3, we can easily see that if the graph contains a
candidate point 𝑣, then 𝑣 must be adjacent to at least three free points.

2.3 Algorithm Design

Based on the above theorems and properties, we now present the detailed algo-
rithm design, whose main steps are shown in Algorithm 1.

Algorithm 1. MCD(𝐺, 𝑆, 𝐷)
Input: An undirected graph 𝐺 = (𝑉 , 𝐸) and two vertex subsets 𝑆, 𝐷 ⊆ 𝑉 where
𝐺[𝑆] is connected.
Output: A minimum connected dominating set 𝑌 of 𝐺 satisfying 𝑆 ⊆ 𝑌 .

1. If 𝐺[𝑆] is not connected, stop the algorithm and return ∅.
2. Else if 𝐺[𝑆] is connected, return 𝑆 as the solution.
3. Else if 𝐴 = ∅ and no candidate vertices exist, return ∅.
4. Else if there exists a mandatory candidate vertex 𝑣 in the graph, return

MCD(𝐺, 𝑆 ∪ {𝑣}, 𝐷).
5. Else if there exist two candidate vertices 𝑣 and 𝑢 (neither mandatory) and

𝑁(𝑣) ∩ 𝐹 ⊆ 𝑁(𝑢) ∩ 𝐹 , return MCD(𝐺, 𝑆, 𝐷 ∪ {𝑣}).
6. Else if there exists an available vertex 𝑣 that does not dominate any free

points (i.e., all neighbors of 𝑣 are dominated), return MCD(𝐺, 𝑆 ∪{𝑣}, 𝐷).
7. Else if there exists a candidate vertex 𝑣 that dominates an available vertex

𝑢, where after selecting 𝑣, 𝑢 no longer dominates any free points, return the
better solution between MCD(𝐺, 𝑆, 𝐷∪{𝑣}) and MCD(𝐺, 𝑆∪{𝑣}, 𝐷∪{𝑢}).

8. Else if there exists a candidate vertex 𝑣 that dominates only one free point
𝑤, and 𝑤 also dominates only one free point, return the better solution
between MCD(𝐺, 𝑆, 𝐷 ∪ {𝑣}) and MCD(𝐺, 𝑆 ∪ {𝑣, 𝑤}, 𝐷).

9. Else if there exists a candidate vertex 𝑣 that dominates only one free point
𝑤, and 𝑤 dominates at least two free points, let 𝑁(𝑤)∩𝐹 = {𝑢1, 𝑢2, … , 𝑢𝑘}
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where 𝑘 ≥ 2, return the best solution among MCD(𝐺, 𝑆, 𝐷 ∪ {𝑣}),
MCD(𝐺, 𝑆 ∪ {𝑣, 𝑤}, 𝐷), and MCD(𝐺, 𝑆 ∪ {𝑣}, 𝐷 ∪ {𝑤}).

10. Else if there exists a candidate vertex 𝑣 that dominates two free points
𝑤1 and 𝑤2, where 𝑤1 and 𝑤2 each dominate only one free point 𝑢1
and 𝑢2 respectively, return the best solution among MCD(𝐺, 𝑆, 𝐷 ∪ {𝑣}),
MCD(𝐺, 𝑆∪{𝑣, 𝑤1}, 𝐷), MCD(𝐺, 𝑆∪{𝑣, 𝑤2}, 𝐷∪{𝑤1}), and MCD(𝐺, 𝑆∪
{𝑣}, 𝐷 ∪ {𝑤1, 𝑤2}).

11. Else if there exists a candidate vertex 𝑣 that dominates two free points
𝑤1 and 𝑤2, where 𝑤1 and 𝑤2 each dominate at least two free points, let
𝑁(𝑤1) ∩ 𝐹 = {𝑢1} ∪ 𝑈1 and 𝑁(𝑤2) ∩ 𝐹 = {𝑢2} ∪ 𝑈2 where 𝑈1, 𝑈2 ≠
∅, return the best solution among MCD(𝐺, 𝑆, 𝐷 ∪ {𝑣}), MCD(𝐺, 𝑆 ∪
{𝑣, 𝑤1}, 𝐷), MCD(𝐺, 𝑆 ∪ {𝑣, 𝑤2}, 𝐷 ∪ {𝑤1}), MCD(𝐺, 𝑆 ∪ {𝑣}, 𝐷 ∪ {𝑤1}),
and MCD(𝐺, 𝑆 ∪ {𝑣}, 𝐷 ∪ {𝑤2}).

12. Else (there exists a candidate vertex 𝑣 with at least three free-point
neighbors), return the better solution between MCD(𝐺, 𝑆, 𝐷 ∪ {𝑣}) and
MCD(𝐺, 𝑆 ∪ {𝑣}, 𝐷).

The algorithm consists of 12 steps described recursively, where each step calls
the algorithm itself. Steps 1, 2, and 3 handle base cases and are clearly correct.
Step 4 adds mandatory points to 𝑆, with correctness given by Property 1. Step 5
deletes a candidate vertex 𝑣 when all free points it dominates are also dominated
by another candidate 𝑢, with correctness given by Property 2. Step 6 deletes
available points that don’t dominate any free points, with correctness from
Property 3. Step 7 handles a candidate 𝑣 dominating an available point 𝑢 where
𝑢 becomes non-dominating after selecting 𝑣. It branches into: (1) deleting 𝑣, or
(2) adding 𝑣 to 𝑆 and deleting 𝑢. Correctness follows from Property 4.

Step 8 handles a candidate 𝑣 dominating a single free point 𝑤, where 𝑤 also
dominates only one free point. It branches into: (1) deleting 𝑣, or (2) adding
both 𝑣 and 𝑤 to 𝑆. Correctness follows from Theorem 2. Step 9 handles a
candidate 𝑣 dominating one free point 𝑤, where 𝑤 dominates at least two free
points. Let 𝑁(𝑤) ∩ 𝐹 = {𝑢1, 𝑢2, … , 𝑢𝑘}. It branches into three subcases: (1)
delete 𝑣, (2) add 𝑣 and 𝑤 to 𝑆, or (3) add 𝑣 to 𝑆 while deleting 𝑤. Correctness
follows from Theorem 2.

Steps 10 and 11 handle a candidate 𝑣 dominating two free points 𝑤1 and 𝑤2.
In Step 10, where 𝑤1 and 𝑤2 each dominate only one free point (𝑢1 and 𝑢2),
the algorithm has four branches: (1) delete 𝑣, (2) add 𝑣 and 𝑤1 to 𝑆, (3) add
𝑣 and 𝑤2 to 𝑆 while deleting 𝑤1, or (4) add 𝑣 to 𝑆 while deleting 𝑤1 and 𝑤2.
Correctness follows from Theorem 3. In Step 11, where 𝑤1 and 𝑤2 each dominate
at least two free points, let 𝑁(𝑤1) ∩ 𝐹 = {𝑢1} ∪ 𝑈1 and 𝑁(𝑤2) ∩ 𝐹 = {𝑢2} ∪ 𝑈2.
The algorithm has five branches: (1) delete 𝑣, (2) add 𝑣 and 𝑤1 to 𝑆, (3) add 𝑣
and 𝑤2 to 𝑆 while deleting 𝑤1, (4) add 𝑣 to 𝑆 while deleting 𝑤1, or (5) add 𝑣
to 𝑆 while deleting 𝑤2. Correctness follows from Theorem 3.

Step 12 performs simple branching on 𝑣: either add 𝑣 to 𝑆 or delete it. Since
𝑣 dominates at least three free points, when 𝑣 is added to 𝑆, at least three free
points become candidates, reducing the measure by at least 3(1 − 𝛼). This step

chinarxiv.org/items/chinaxiv-201805.00470 Machine Translation

https://chinarxiv.org/items/chinaxiv-201805.00470


is clearly correct.

As long as 𝐴 ≠ ∅ in the graph, at least one of steps 3-12 can be executed. When
𝐺[𝑆] is connected, step 2 finds the solution; when 𝐺[𝑆] is not connected, step 1
stops the algorithm. The above analysis establishes the algorithm’s correctness.
We now analyze its running time.

3 Runtime Analysis Using Measure-and-Conquer
The above algorithm is a branch-and-search algorithm containing both reduc-
tion and branching operations. Steps 1, 2, 3, 4, 5, and 6 perform only reduction
operations, while steps 7, 8, 9, 10, 11, and 12 perform branching operations.
Since reduction operations do not increase the algorithm’s running time expo-
nentially, we analyze only the branching operations.

When using the measure-and-conquer method to analyze the algorithm’s time
complexity, we first define a measure for problem size, then design recurrence
relations for all branching operations based on this measure. For an instance
(𝐺, 𝑆, 𝐷) of the constrained minimum connected dominating set problem, we
define the measure as:

𝜇(𝐺, 𝑆, 𝐷) = |𝑆| + |𝐷| + 𝛼 ⋅ |𝐶| + (|𝑉 | − |𝑆| − |𝐷| − |𝐶|)

where 𝛼 is a real number with 0 < 𝛼 < 1. The value of 𝛼 will be determined later
by solving the recurrence relations from all branching operations. According to
this measure, vertices in 𝑆 and 𝐷 have weight 0, candidate vertices have weight
𝛼, and all other vertices have weight 1. The sum of all vertex weights in the
graph serves as the measure 𝜇(𝐺, 𝑆, 𝐷). Clearly, during algorithm execution,
the measure value never exceeds the number of vertices in the graph.

Let 𝑇 (𝜇) denote the upper bound on the size of the search tree generated by
the algorithm on a problem instance with measure 𝜇. We now derive recurrence
relations for each branching operation under this measure.

Step 7: In the first branch, candidate 𝑣 is deleted, reducing the measure by 𝛼.
In the second branch, 𝑣 is added to 𝑆 and 𝑢 is deleted, reducing the measure
by 1 − 𝛼. Since 𝑢 dominates at least one free point that is also dominated by
𝑣, when 𝑣 is added to 𝑆, the free points dominated by 𝑢 become candidates,
reducing the measure by at least 1 − 𝛼. Thus, the second branch reduces the
measure by at least 2 − 𝛼. This yields the recurrence:

𝑇 (𝜇) ≤ 𝑇 (𝜇 − 𝛼) + 𝑇 (𝜇 − (2 − 𝛼))

Step 8: In the first branch, candidate 𝑣 is deleted, reducing the measure by
𝛼. In the second branch, 𝑣 is added to 𝑆 and 𝑤 is also added to the solution,
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reducing the measure by 1 + 𝛼. The neighbor 𝑢 of 𝑤 becomes a candidate,
reducing the measure by 1 − 𝛼. Thus, the second branch reduces the measure
by 2 + 𝛼. This gives:

𝑇 (𝜇) ≤ 𝑇 (𝜇 − 𝛼) + 𝑇 (𝜇 − (2 + 𝛼))

Step 9: In the first branch, candidate 𝑣 is deleted, reducing the measure by
𝛼. In the second branch, 𝑣 is added to 𝑆 and 𝑤 is also added to 𝑆. Since 𝑤
dominates at least two free points, when 𝑤 is added to 𝑆, the free points it
dominates become candidates, reducing the measure by at least 2(1 − 𝛼). Thus,
the second branch reduces the measure by at least 1 + 𝛼 + 2(1 − 𝛼) = 3 − 𝛼. In
the third branch, 𝑣 is added to 𝑆 to dominate 𝑤, so 𝑤 is deleted along with its
free-point neighbors, reducing the measure by at least 2 + 𝛼. This yields:

𝑇 (𝜇) ≤ 𝑇 (𝜇 − 𝛼) + 𝑇 (𝜇 − (3 − 𝛼)) + 𝑇 (𝜇 − (2 + 𝛼))

Step 10: In the first branch, candidate 𝑣 is deleted, reducing the measure by
𝛼. In the second branch, 𝑣 is added to 𝑆 to connect 𝑤1, so 𝑣 and 𝑤1 are added
to 𝑆, reducing the measure by at least 1 + 𝛼. In the third branch, 𝑣 is added
to 𝑆 to connect 𝑤2, so 𝑣 and 𝑤2 are added to 𝑆 while deleting 𝑤1, reducing the
measure by at least 3. In the fourth branch, 𝑣 is added to 𝑆 to dominate 𝑤1
and 𝑤2, so 𝑣 is added to 𝑆 while deleting 𝑤1 and 𝑤2, reducing the measure by
at least 4 − 𝛼. This gives:

𝑇 (𝜇) ≤ 𝑇 (𝜇 − 𝛼) + 𝑇 (𝜇 − (1 + 𝛼)) + 𝑇 (𝜇 − 3) + 𝑇 (𝜇 − (4 − 𝛼))

Step 11: In the first branch, candidate 𝑣 is deleted, reducing the measure by
𝛼. In the second branch, 𝑣 is added to 𝑆 to connect 𝑤1, so 𝑣 and 𝑤1 are added
to 𝑆, reducing the measure by at least 1 + 𝛼. In the third branch, 𝑣 is added
to 𝑆 to connect 𝑤2, so 𝑣 and 𝑤2 are added to 𝑆 while deleting 𝑤1, reducing the
measure by at least 4 − 2𝛼. In the fourth branch, 𝑣 is added to 𝑆 to dominate
𝑤1, so 𝑣 is added to 𝑆 while deleting 𝑤1 and its free-point neighbors, reducing
the measure by at least 4 − 𝛼. In the fifth branch, 𝑣 is added to 𝑆 to dominate
𝑤2, so 𝑣 is added to 𝑆 while deleting 𝑤2 and its free-point neighbors, reducing
the measure by at least 4 − 𝛼. This yields:

𝑇 (𝜇) ≤ 𝑇 (𝜇−𝛼)+𝑇 (𝜇−(1+𝛼))+𝑇 (𝜇−(4−2𝛼))+𝑇 (𝜇−(4−𝛼))+𝑇 (𝜇−(4−𝛼))

Step 12: This step performs simple branching on 𝑣: either add 𝑣 to 𝑆 or delete
it. Since 𝑣 dominates at least three free points, when 𝑣 is added to 𝑆, at least
three free points become candidates, reducing the measure by at least 3(1 − 𝛼).
This gives:
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𝑇 (𝜇) ≤ 𝑇 (𝜇 − 𝛼) + 𝑇 (𝜇 − (3 − 3𝛼))

Treating all these recurrences as constraints, we formulate a quasiconvex pro-
gram to minimize the maximum branching factor. Using the method from [?],
solving this quasiconvex program yields 𝛼 = 0.8644 and a maximum branching
factor of 1.93. Therefore, the algorithm’s running time is bounded by 𝒪∗(1.93𝑛).
Since initially 𝜇 ≤ 𝑛, the constrained minimum connected dominating set prob-
lem can be solved in 𝒪∗(1.93𝑛) time, giving us:

Theorem 4. The Minimum Connected Dominating Set problem can be solved
in 𝒪∗(1.93𝑛) time.

4 Conclusion
This paper addresses the minimum connected dominating set problem in undi-
rected graphs by designing a branch-and-search algorithm with running time
𝒪∗(1.93𝑛) using the measure-and-conquer method. We first analyze problem
properties, design reduction rules to simplify instances, prove important theo-
rems, and finally develop a recursive branch-and-search algorithm. The core
idea is maintaining solution connectivity while distinguishing the roles of can-
didate vertices when added to the solution. The properties and theorems can
reduce problem size and difficulty in practical applications, making them suit-
able for combination with heuristic algorithms to improve solution speed and
quality. The measure-and-conquer method is a crucial analytical technique that
has improved running time bounds for many important NP-hard problems, and
its application to more NP-hard problems is an ongoing research direction.
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