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Abstract

Satellite navigation system positioning accuracy is comprehensively influenced
by multiple factors, including pseudorange measurement errors, atmospheric de-
lay errors, satellite atomic clock biases, and satellite orbit errors. Traditionally,
evaluation of positioning errors typically employs methods based on Dilution
of Precision (DOP) and User Equivalent Range Error (UERE). However, the
derivation of its accuracy characterization formula requires several assumptions
regarding the coefficient matrix H of the measurement equation system and
the error distribution of the User Equivalent Range Error, making it essen-
tially an approximate evaluation formula. Furthermore, among various error
sources, satellite orbit errors constitute three-dimensional errors that require
coordinate transformation and empirical parameter models to be converted into
User Equivalent Range Error. To address this issue, we propose utilizing ma-
trix perturbation theory to investigate the influence of satellite orbit errors on
the solution of the positioning equation system, employing the spectral norm
condition number to characterize the system’ s structure. Simulation results
demonstrate that the proposed method can directly reflect the impact of satel-
lite orbit errors on positioning accuracy without requiring conversion of orbit
coordinates or User Equivalent Range Error, thereby enabling a more direct
and accurate assessment of the influence of satellite orbit errors on positioning
solution accuracy.
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Abstract

GNSS positioning accuracy is comprehensively affected by multiple factors
including pseudo-range measurement error, atmospheric delay error, satellite
atomic clock error, and satellite orbit error. Traditionally, the Dilution of
Precision (DOP) and User Equivalent Range Error (UERE) parameters are
employed to evaluate positioning error. However, the derivation of their
precision representation formula requires several assumptions about the
measurement equation coefficient matrix H and the error distribution of UERE,
making it essentially an approximate evaluation formula. Furthermore, among
various error sources, satellite orbit error is a three-dimensional error that
requires coordinate transformation and empirical parameter models to convert
into UERE. To address this, we propose employing matrix perturbation
mathematical theory to study the influence of satellite orbit error on the
solution of positioning equations, using the spectral norm condition number to
characterize the equation system’ s morphology. Simulation results demonstrate
that this method can directly reflect the impact of satellite orbit error on
positioning accuracy without requiring orbit coordinate conversion or UERE
transformation, enabling more direct and accurate assessment of how satellite
orbit error affects positioning solution precision.

Keywords: Satellite Orbit Error; Navigation and Positioning; User Equivalent
Range Error (UERE); Norm; Condition Number

GNSS positioning error is typically characterized by the Dilution of Precision
(DOP) and User Equivalent Range Error (UERE), as shown in [1-3]: MATH 1,
(1). For a given satellite, UERE is regarded as the statistical sum of influences
from various error sources associated with that satellite, including pseudo-range
measurement error, atmospheric delay error, satellite atomic clock error, and
satellite orbit error. Throughout the construction and development of various
GNSS systems, this error evaluation methodology has played a crucial role. It
serves not only as an important basis for constellation system design but also as
a key indicator for users to perform constellation optimization and positioning
accuracy prediction and analysis. Depending on the type of DOP parameter,
users can also rapidly evaluate the solution accuracy for unknowns in different
coordinate directions as well as receiver clock error.

However, for the sake of convenience, the DOP-UERE based precision charac-
terization method has several theoretical limitations. First, the precision rep-
resentation formula for DOP and UERE is derived based on two assumptions:
(1) the observation equation coefficient matrix H has no random components,
allowing H to be moved outside the expectation operator during derivation; and
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(2) all UEREs have identical variance and are uncorrelated zero-mean values,
enabling simplification of the expectation operator. However, the coefficient ma-
trix H only becomes deterministic when all observed satellites are orthogonally
distributed, while the composition of UERE is highly complex. In addition to
random measurement errors following Gaussian white noise, it includes various
atmospheric delays, biases caused by hardware equipment, and multipath ef-
fects at the receiver. Consequently, both assumptions are difficult to satisfy in
actual positioning scenarios.

Second, among various positioning error sources, pseudo-range measurement er-
ror, atmospheric delay error, and satellite atomic clock error are one-dimensional
vectors—errors along the satellite-to-user line-of-sight direction—that can be eas-
ily converted into UERE. However, satellite orbit error (generally considered as
satellite broadcast ephemeris error) is a three-dimensional error quantity that is
difficult to directly convert into UERE. To evaluate the impact of satellite orbit
error on positioning accuracy, the satellite broadcast ephemeris error must typi-
cally be transformed from the Earth-Centered Earth-Fixed (ECEF) coordinate
system to the orbital coordinate system (RTN frame) at that epoch, obtaining
deviations in the radial (R), along-track (T), and cross-track (N) directions [4-
8]. Based on this, it is assumed that radial orbit error has the greatest impact
on user positioning accuracy, and then relevant empirical models and parame-
ters are used to calculate the satellite URE value, which is incorporated into
UERE for comprehensive consideration [9-10]. For hybrid-constellation GNSS
such as China’ s BeiDou Navigation Satellite System (BDS), different empirical
parameters must be applied to different orbit types (MEO, GEO, and IGSO),
increasing the difficulty and complexity of precision analysis and evaluation.

To address these issues, this paper proposes employing matrix perturbation
mathematical theory to study and analyze the influence of satellite orbit error
on the solution of positioning observation equations, using the spectral norm-
based condition number to characterize the morphology of the measurement
equation system (in fact, the mathematical essence of DOP is precisely the
Frobenius norm of a matrix). Simulation results demonstrate that matrix per-
turbation theory can directly reflect the impact of satellite orbit error on po-
sitioning accuracy without requiring UERE conversion, thereby enabling more
direct and accurate investigation of positioning equation system performance,
solution errors, and the influence of satellite orbit error on positioning solution
precision.

2 Observation Equations and Error Equations

The linear equation system for GNSS single-point positioning solution can be
expressed in matrix form as MATH_ 2 , where H is the direction cosine matrix:
MATH 3, (2) MATH 4, (3) where , , and are the direction cosines of the
unit vector from the user estimated position to the i-th satellite.

is the correction vector between the approximate solution and true solution:
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MATH_5 . is the difference between the geometric distance calculated from
user estimated position and clock bias estimates and the observed pseudo-range:
MATH_6, (4). When n=4, equation (2) is a determined system. Its solution
iss MATH_ 7.

When n>4, equation (2) is an over-determined system. The redundant solu-
tion is obtained using the least squares method: MATH_8 . According to the
derivation of the covariance matrix for least squares solutions in [1-3], the co-
variance of user coordinate position error can be obtained as MATH_9, (6)
MATH_10, (8) where E is the expectation operator; is the mean square er-
ror of user position; is the pseudo-range observation error vector; and n is the
number of observed satellites.

In the above derivation, the system matrix H was assumed to have no random
components and could therefore be moved outside the expectation operator.
Further assuming that all user equivalent range errors have identical variance
and are uncorrelated zero-mean values, the expectation operator in equation
(8) can be simplified to MATH_11, (9) where I is the 4x4 identity matrix.
Thus, the two equations in (8) can be simplified to MATH_ 12, (10) where
is the error amplification factor—Dilution of Precision—when converting user
equivalent range error to user position error, which is inversely proportional to
the solid volume outlined by the user-to-satellite unit vectors.

Depending on the user’ s coordinate reference system, DOP can characterize
position errors in different directions. When the user is in the user equivalent
range error coordinate system, its actual meaning is MATH_ 13, (11) where
the square roots of the diagonal elements correspond to the error amplification
factors—Dilution of Precision—for three-dimensional coordinate positions and
receiver clock error.

Since the derivation of DOP assumed that the coefficient matrix H has no ran-
dom components, the covariance matrix of the matrix in equation (11) is also
considered zero. From this, it can be observed that the definition of DOP is
consistent with the Frobenius norm (F-norm, the square root of the sum of
squares of all matrix elements) in matrix norms, and its mathematical essence
is precisely the matrix F-norm. This also indicates that matrix norm perturba-
tion theory can be further employed to conduct in-depth research on positioning
error solutions of measurement equation systems.

3 Orbit Error Perturbation Analysis Method

From the above error equation derivation, it is evident that the DOP-based
analysis method makes conditional assumptions about the error statistics of
measurements and the random component situation of coefficient matrix H (as-
suming measurement errors follow Gaussian distribution and are mutually in-
dependent, and that system matrix H has no random components). However,
in actual satellite navigation positioning scenarios, it is difficult to satisfy these
ideal conditions.
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In contrast, perturbation analysis theory based on norm concepts can study the
actual morphology of measurement equation systems and provide more direct
and realistic assessment of satellite orbit error impact.

When investigating the influence of satellite orbit error on the positioning solu-
tion, we consider that perturbation error is introduced to the coefficient matrix
H on the left side of the equation system, causing perturbation to the coordi-
nate and clock bias unknown vector. That is: MATH 14, (12). It can be
proven that since matrix H is non-singular and the perturbation error caused
by satellite orbit position error is extremely small, the matrix can maintain
its non-singularity [12]. Therefore, subtracting equation (2) from equation (12)
yields: MATH_15.

Consequently, applying norm expressions to both sides of equation (12) gives:
MATH_16 . Further derivation yields: MATH_17, (13) MATH_18, (14)
MATH_19. (15) Here, is the error amplification rate, meaning the relative
error of the solution is times the relative error of the measurement data. is also
called the matrix condition number. Therefore, equation (15) can be written
as: MATH_ 20, (16). Since is generally sufficiently small, equation (17) can
usually be approximated as: MATH_ 21, (17) MATH_ 22 . (18) This indicates
that when H has perturbation, the resulting relative error of the solution does
not exceed times the relative error of H [11-14].

From the above analysis, it can be seen that when the equation system has
perturbation error in H, the solution error can be determined by the condi-
tion number, which acts as an error transmission amplification factor similar to
DOP. The condition number is related to the chosen matrix norm, and mathe-
matically, the spectral norm (i.e., 2-norm) is generally used for characterization:
MATH_ 23, (19). In this case, is also called the matrix spectral condition num-
ber [11-12,14].

The condition number simultaneously characterizes the morphology of the equa-
tion system, reflecting the sensitivity of the solution to errors. When is relatively
large, the measurement equation system is called ill-conditioned; when is rela-
tively small, it is called well-conditioned.

4 Simulation Experiments and Analysis

To analyze and verify the feasibility of the norm-based perturbation analy-
sis method, a combined approach of real measurements and simulations was
adopted. First, a GNSS receiver was used at a fixed location with known coor-
dinates to measure GPS satellite orbit coordinate data over a period of epochs.
To facilitate error isolation and control, corresponding GPS pseudo-range data
were simulated with 1 =3m pseudo-range error. Second, to investigate the im-
pact of satellite orbit error on positioning accuracy, 1 =3m orbit coordinate
mean square error was generated and added separately in the X, Y, and Z co-
ordinate directions of satellite positions (resulting in a three-dimensional orbit
error of 1 =5.196m). By calculating positioning results before and after adding
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orbit error, the actual solution error caused by satellite orbit error was obtained
and compared with the error estimated by the norm-based perturbation analysis
method, with results shown in Figure 1 [Figure 1: see original paper].

Figure 1 Comparison between perturbation analysis method error estimates and
actual solution errors. The results demonstrate that matrix norm perturbation
analysis theory can directly evaluate and analyze the influence of satellite or-
bit error on GNSS positioning solutions without relying on error distribution
assumptions or undergoing orbit coordinate decomposition and transformation.
Moreover, the error upper bounds calculated by the norm perturbation anal-
ysis method are consistently positioned above the actual solution errors, with
good agreement between them (differences remain within several meters), indi-
cating that the norm perturbation analysis method can accurately and reliably
characterize and evaluate GNSS positioning solution errors.

The DOP-UERE based precision characterization method has played an im-
portant role in constellation optimization, positioning accuracy prediction, and
analysis. However, since the precision representation formula for DOP and
UERE is derived based on several assumptions, it can only serve as an approxi-
mate evaluation method in the strict sense and remains theoretically inadequate.
Additionally, converting all positioning error sources into the UERE concept for
evaluation introduces certain difficulties and increases the complexity of assess-
ing the impact of satellite orbit error on user positioning accuracy.

This paper proposes a new theoretical and practical method based on norm
mathematical concepts and matrix perturbation analysis to study satellite orbit
error effects, enriching and complementing the traditional DOP-UERE based
precision characterization approach. When prior statistical information of satel-
lite orbit error is known, this method can be used to predict and evaluate the
degree of influence of satellite orbit error, or after calculating real satellite or-
bit error using post-processed precise ephemeris, to perform more accurate and
convenient analysis of satellite system constellation performance. This method
avoids conditional assumptions about measurement error statistics and the ran-
dom component situation of the observation equation coefficient matrix, requires
no satellite orbit error decomposition and coordinate transformation, and does
not rely on statistical significance, enabling detailed description of error pertur-
bation for a single positioning solution. Therefore, it can more comprehensively
and directly evaluate and analyze the influence of satellite orbit error on user po-
sitioning accuracy. Simulation experiments and analysis demonstrate that the
matrix norm-based perturbation analysis method features concise calculation
processes, accurate and reliable evaluation results, and possesses both theoreti-
cal significance and practical value.
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