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Abstract

Existing subspace clustering algorithms cannot effectively balance the relation-
ship between the denseness of data within subspaces and the sparsity of data
across different subspaces, nor can they handle data overlap issues. To address
these problems, we propose an Overlapping Subspace Clustering under Sparse
Conditions (OSCSC) algorithm. The algorithm constructs a subspace represen-
tation model utilizing a mixed-norm representation method combining L1 norm
and Frobenius norm, and applies weighted processing to the L1 norm regulariza-
tion term to enhance the sparsity across different subspaces and the denseness
within the same subspace. Subsequently, it performs secondary validation on the
partitioned subspaces using an overlapping probability model that conforms to
an exponential family distribution to determine the overlap conditions among
data from different subspaces, thereby further improving clustering accuracy.
Experiments on both synthetic and real datasets demonstrate that the OSCSC
algorithm achieves favorable clustering results.
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Abstract: Existing subspace clustering algorithms cannot effectively balance
the density of data within the same subspace and the sparsity of data across dif-
ferent subspaces, nor can they handle data overlap. To address these issues, this
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paper proposes an Overlapping Subspace Clustering under Sparse Conditions
(OSCSC) algorithm. The algorithm constructs a subspace representation model
using a mixed norm representation of the ¢; norm and Frobenius norm, and ap-
plies weighted regularization to the ¢; norm term to enhance the sparsity across
different subspaces and the density within the same subspace. Subsequently, an
overlapping probability model conforming to an exponential family distribution
is applied to the partitioned subspaces for secondary verification, determining
the overlap status of data across different subspaces to further improve clustering
accuracy. Experiments on both synthetic and real-world datasets demonstrate
that the OSCSC algorithm achieves favorable clustering performance.

Keywords: overlapping subspace clustering; mixed norm; overlapping proba-
bility model; exponential family distribution

Introduction

Clustering analysis is a crucial research area in data mining with widespread
applications in machine learning, biomedical analysis, and computer vision. In
recent years, data scale has grown rapidly, with increasing data dimensionality.
When processing and analyzing such datasets, traditional clustering methods
often fail to obtain accurate results due to sparse sample distributions where
inter-sample distances become nearly identical. To address issues of large scale
and high dimensionality, Agrawal et al. first applied the concept of subspace
clustering to clustering problems. Since then, numerous subspace clustering
methods have been proposed by scholars and researchers both domestically and
internationally.

Existing subspace clustering methods can be broadly categorized into five
classes: iterative methods, algebraic methods, statistical methods, matrix
factorization-based methods, and spectral clustering-based methods. Among
these, spectral clustering-based subspace clustering methods have gained
significant attention. These approaches construct similarity matrices based on
self-expression models by finding representation coefficients in low-dimensional
spaces, then apply spectral clustering algorithms to obtain final clustering
results. Both Sparse Subspace Clustering (SSC) and Least Squares Regression
(LSR) exhibit this property, assuming each data point in the entire space can
be linearly represented by other data points.

SSC solves the subspace clustering model as:
mzin 1Z]; st x;=Xz; 2z

where | - |; denotes the ¢; norm and X is the data matrix. Z is the coefficient
matrix composed of coefficients z;;. For noisy data, SSC can be extended as:

) A
min |Z], + §||X —XZ[3 st z;=0
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LSR establishes the following objective by minimizing the Frobenius norm of
the coefficient matrix:
mzin 1Z|% st. X=XZ

For noisy data, LSR can be extended as:

. A
min |13, + 51X — XZ}

Based on the symmetry and non-negativity of the similarity matrix, the simi-
larity matrix W can be defined as:

|z + 127
- 2

Spectral clustering is then applied to W to obtain clustering results.

W

Although these subspace clustering algorithms have improved clustering per-
formance to some extent, they are all hard-partitioning methods that ignore
the problem of overlap between data clusters. In practical subspace clustering
problems, data from different subspaces exhibit overlapping regions and are not
completely independent, causing some data to be incorrectly assigned and af-
fecting clustering precision. Addressing data partitioning uncertainty, Banerjee
et al. proposed a Model-based Overlapping Clustering (MOC) algorithm that
uses probabilistic models to handle data overlap and determine whether a sam-
ple belongs to multiple clusters. Fu et al. proposed a Bayesian Overlapping
Subspace Clustering (BOSC) algorithm that discovers overlapping structures
by constructing a hierarchical generative model of the data matrix, though this
approach does not fully exploit structural relationships between data and is
inefficient for high-dimensional datasets.

2. Overlapping Subspace Clustering Under Sparse Condi-
tions

The OSCSC algorithm proposed in this paper integrates subspace clustering
and overlapping clustering concepts to address overlapping clustering prob-
lems across different subspaces. The algorithm employs an iteratively weighted
mixed norm representation of ¢; and Frobenius norms to construct a subspace
clustering model, representing high-dimensional data through low-dimensional
subspace linear representations and optimizing the model using linearized al-
ternating direction methods. Subsequently, an overlapping probability model
estimates data overlap status. Unlike previous hard-partitioning subspace clus-
tering techniques, our algorithm allows a data point to belong to one or multiple
subspaces, thereby improving clustering accuracy and reducing errors.

2.1 Weighted Mixed Norm Subspace Representation

2.1.1 Subspace Representation Model The core of subspace clustering
lies in subspace model construction. Combining ideas from SSC and LSR, this
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paper proposes a mixed norm subspace representation method that ensures
inter-class sparsity while enhancing intra-class density. Define the data matrix
X € RM*N containing N column vectors {x; jlil € RM. Through subspace
linear representation, the goal of subspace clustering is to assign each column
vector x; in X to its correct subspace. The subspace clustering model can be
expressed as:

. Ay
mzln)\lHZHl + ?HZH% st. X=XZ, z;=0

where || - | denotes the Frobenius norm and A;, A\, are trade-off coefficients

balancing the relationship between regularization terms. Z is the coefficient

matrix providing conditions for subspace segmentation.

For noisy datasets, the model can be represented as:

_ A A
min A [Z], + FZI5 + FIX = XZ[% st 2 =0

2.1.2 Weighting Scheme In real-world problems, relationships within
datasets are complex, and relying solely on ¢; regularization to ensure subspace
sparsity is inadequate. Literature [10, 15] propose weighting methods for
¢, regularization, with extensive experiments demonstrating that iteratively
updating weights for the ¢, norm (¢, ,) yields sparser coefficient structures
compared to using the ¢; norm alone, bridging the gap between ¢; and ¢, norms
and making ¢, ,, better approximate /,. Literature [14] obtains the weighting
scheme through iterative updates:

(t) 1
w, = —————
e+ lai |
where wgt) is the weight for data point x, at iteration ¢ and e is a control
parameter.

This paper applies the iteratively weighted ¢; norm concept to the mixed norm
subspace representation model, allowing Equation (10) to be expressed as:

. A A
min A, [W © Z, + f\IZII% + 73||X —XZ|3 st z;=0

where © denotes element-wise multiplication.

2.1.3 Model Optimization The optimization problem in Equation (13) can
be transformed into:

. )‘2 2 >\3 2
wmin AW 0 2], + ZIZIE + B} st X=XZ+B, ;=0
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We optimize this problem using the Linearized Alternating Directions Method
(LADM) [16]. By introducing Lagrange multiplier Y, we obtain the augmented
Lagrangian function:

A A
L(Z,E,Y) = A1HW©Z||1+32IIZII?mLfHEH%HY, X—XZ—E>+gHX—XZ—EII% 8.t.

where p > 0 is the penalty parameter.

Using LADM to optimize Equation (15), let k& denote the iteration number.
Fixing E*)| we minimize £ with respect to Z:

A
VAL arg min Al\|W@Z|\1+72||Z||%+<Y<k>, X—XZ—E<k>>+§\|X—Xz—E<k> 1% s.t.

This can be approximated by linearization:
. A p 1
201 = argagin \ [WOZ| + 2|2+ §12~(Z0 V2 6@ st 2, =0

The solution involves the shrinkage threshold operator §._(-), defined as:

8-(Q) = sgn(Q) © max(|Q| —7,0)

Let ¢ = -1 where o,,,, is the maximum singular value of X. The LADM

optimization process proceeds as follows:

X

Algorithm 1: LADM Optimization for Equation (15) - Input: Data
matrix X, trade-off coefficients A;, Ay, A5 - Output: Coeflicient matrix Z, noise
matrix E

Initialize: Z©®© = 0, E® =0, YO =0, p©® =106, v = 1.6, § = L
€, =10"% e, =107

ile not converged: 1. Update using the shrinkage operator 2. Update
Whil ged: 1. Update Z**V) using the shrinkag 2. Upd
EF) = argming 22 [E[2 + (YW, X — XZ*"Y —E) + £|X — X2 — |
3. Update Lagrange multiplier: Y1) = Y® 4 p(X — XZ*) — Ek+1)) 4,

ate penalt arameter: = min . eck convergence:
Update penalty p plEt) in(yp*),101°) 5. Check g

E+1 .

X X2 B /X < 6 and max(|Z00 20 /X p, [BED
EWX|p/IX]p) < €

From the optimized coefficient matrix Z*, we obtain the similarity matrix W =
* *|T
%, then apply the standard segmentation method Necut [17] to partition

the subspaces and obtain the subspace collection § = {57, 5,, ..., S}

2.2 Overlapping Probability Model

Although the weighted mixed norm subspace representation improves intra-
subspace density and inter-subspace sparsity, errors persist in subspace clus-
tering. Moreover, this method is a hard-partitioning approach that typically
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allows a sample to belong to only one cluster, preventing correction when mis-
clustering occurs. To address this, we employ an overlapping probability model
to determine whether data in partitioned subspaces can belong to multiple sub-
spaces.

Given a high-dimensional dataset X, let the obtained L subspace collection be
8§ =1{5,,5,..., 5.}, where each subspace represents a class. Let y, be a data
point from subspace S;. The overlapping probability model is a probabilistic
model conforming to an exponential family distribution [18], defined as distri-
butions satisfying:
p(yl0) = exp(T(y)"0 — ¢(0))

where T(y) is the sufficient statistic, 6 is the natural parameter, and ¢(0) is the
cumulant function.

The conditional probability of the overlapping probability model across different
subspaces can be expressed as:

L
yz|bz70 = Hp yz‘bihe
1

where b; is a Boolean vector (latent variable) indicating overlap status, with each
element b;; € {0,1} corresponding to a subspace. c¢(b) is a normalization term.
Define 7(b) as the prior of b, where each element follows a Bernoulli distribution
Bernoulli(¢;), and the prior distribution follows Beta(q;, 5;). Substituting into
the joint probability yields:

~

Loy +6) a1

" Fagra T

P31, byl6: . B) = p(yslbs, 6) p(bi|a, B H[ (y:10,)"

=1

Outliers exist in datasets that do not belong to any cluster. While these values
often cannot be ignored, they fall outside the overlapping probability model
structure. Thus, Equation (19) can be expressed as:

(y.l0) = o ifb, =0
P zbi%o p(y;/b;;0)p(b;) otherwise

Each component of the overlapping probability model follows the same expo-
nential family distribution. The conditional probability p(y,|b,,d) has each
component following an exponential family distribution with natural parameter

L
25:1 bilol'
Since latent variable b is a set of Boolean vectors, m(b) is its prior where each
element follows Bernoulli(¢,;), and the prior distribution follows Beta(cq,, 5;).
Substituting into Equation (21) yields the joint distribution of the probability

model. The goal of overlapping subspace clustering is to determine whether
data clusters in different subspaces overlap. By representing high-dimensional
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data through low-dimensional subspace linear representation, we obtain sub-
spaces with dense and similar data points. The overlapping probability model
then judges overlap between these subspaces. This secondary verification allows
misclustered data to be checked against other subspaces, improving clustering
accuracy.

2.3 Parameter Estimation

Parameter estimation uses an alternating maximization algorithm [18] to esti-
mate parameters in the subspace overlapping probability model, consisting of
two parts: Boolean vector selection and parameter estimation.

Boolean Vector Selection: Given parameter values («, 3, 6), we optimize to
obtain maximum log-likelihood using b. Initialize b(®). For any data point, let
v; be the initial assignment vector (abbreviated as v), defined as a Boolean
vector where the [-th element is 1 and others are 0, forming the set {vy,...,v}.
The iterative computation of Boolean vectors is divided into L layers, using
a fast heuristic iterative method [13] to compute the optimal solution b for
each layer. Simulated annealing is employed during Boolean vector selection to
escape local optima.

For each layer’s selected Boolean vector, set an initial temperature parameter 7j,.
The Boolean vector can be expressed as bg?, with 7 as a multiplicative factor
ensuring temperature parameter T decreases at each iteration, and maximum

iterations J. When obtaining a new layer’ s Boolean value, iterative judgment
is required. Compare the newly searched Boolean value b} with bgf). If
fbY.T) < f(b},T) or maximum iterations are reached, the layer iteration
terminates. Select the optimal Boolean vector set b} for each layer. (Parameters
in this paper: T, = 50, n = 0.67, J = 40).

When b;; = 1, the sample is considered to belong to its corresponding subspace;
when b;; = 0, it does not. When a Boolean vector contains two or more elements
equal to 1, the sample is considered overlapping data that can belong to multiple
subspaces.

Parameter Estimation: Given the Boolean vector set b, let n; denote the
count of 1s in b and n, denote the count of 0s. The optimal Beta distribution
parameters satisfy:

ny

0‘7:7 B?‘:

ny+ng—1’

Mo
ny+mng—1

Parameter 6 estimation uses the second part of the log-likelihood function from
Equation (26) to compute the optimal extreme value. The specific derivation is
provided in Appendix 1.
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2.4 Algorithm Description

Algorithm 2: OSCSC - Input: Dataset X, trade-off coefficient A\, number of
clusters L, initial temperature T, - Output: Clustering results

1. Obtain the weighted ¢, and Frobenius mixed norm subspace representation
using Equation (13)

2. Optimize using Algorithm 1 to obtain Z* and similarity matrix W

Apply Ncut segmentation to obtain subspace collection §

4. Use the overlapping probability model to obtain joint distribution func-
tions

5. For each iteration, optimize b and estimate parameters («, 53, 6)

6. Use simulated annealing to search for optimal solutions for Boolean vectors
selected at each layer

7. Obtain final Boolean vector values b* and determine overlap status based
on b*

©w

3. Experimental Results and Analysis

To verify the effectiveness of OSCSC, we compare it with five clustering algo-
rithms: SSC, LSR, RSSC, MOC, and BOSC. All algorithms are implemented
in MATLAB R2016a. Experiments use clustering accuracy (AC) [19-20], nor-
malized mutual information (NMI) [21], and running time as evaluation metrics.
For reliability, each algorithm is run independently 10 times.

AC is calculated as:

1
AC = N ;5(3iamap(7"i))

where N is the total number of samples, 6(-) equals 1 when its two parameters
are equal and 0 otherwise, s; is the original class label, r; is the clustering result
label, and map(-) maps clustering results to equivalent original classes.

N

J

Z35:1 Z;:l n;jlog (:1]71 )
V(S0 milog &) (35, nylog %)

where N is the total number of samples, c is the number of clusters, n, and n;
are the numbers of samples in cluster ¢ and j, and n,; is the number of shared
samples between clusters ¢ and j.

NMI is calculated as:

NMI =

3.1 Synthetic Dataset Results

We generate two synthetic datasets, datasetl and dataset2, using the method
from literature [22]. Datasetl contains 500 samples, 4 clusters, and 30 dimen-
sions. Dataset2 contains 3,000 samples, 6 clusters, and 80 dimensions. To better
approximate real data, we define overlapping samples between different classes
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to test algorithms’ ability to discover overlapping clusters. Dataset information
is shown in Table 1 .

The trade-off coefficient A balances the ¢; and Frobenius norms. We vary A
to achieve optimal clustering. Figure 1 [Figure 1: see original paper| shows
the relationship between A and clustering accuracy on both datasets, revealing
optimal values of A = 0.8 and A = 0.85, respectively.

Experimental results on both synthetic datasets are shown in Tables 2 and 3 .
MOC, BOSC, and OSCSC achieve higher accuracy than hard-partitioning meth-
ods (SSC, LSR, RSSC). However, MOC and BOSC cannot fully exploit spatial
information when processing large, sparse, high-dimensional datasets, resulting
in poor efficiency. OSCSC reduces the difficulty of direct overlapping clustering
on sample sets by partitioning high-dimensional space into low-dimensional sub-
space collections using weighted mixed norm representation, effectively handling
datasets of certain scale and dimensionality.

To further verify OSCSC’ s effectiveness on noisy data, we test all algorithms
with varying noise proportions (10%, 20%, 30%, 40%, 50%) on both synthetic
datasets, with noise positions randomly selected. Results in Table 4 show that
OSCSC handles various noise levels effectively, with minimal accuracy degrada-
tion as noise increases.

3.2 Real-World Dataset Results

We evaluate algorithm performance on six real-world datasets (Table 5 ): musk,
soybean, waveform, and pendigits from UCI; USPS handwritten digits; and AR
face dataset. For USPS, we randomly select 100 images per class (1,000 total).
For AR, we randomly select 960 images from 80 individuals, downsampled to
32 x 24.

The trade-off coefficient X significantly affects results. Figure 2 [Figure 2: see
original paper] shows the A-accuracy relationship across six datasets, with op-
timal values: musk (A = 0.75), soybean (A = 0.95), waveform (A = 0.85),
pendigits (A = 0.8), AR (A =0.7), and USPS (A = 0.8).

Tables 6 and 7 present AC and NMI results. OSCSC achieves favorable perfor-
mance across all datasets. SSC, LSR, and RSSC are hard-partitioning methods
that cannot correct errors during clustering. MOC, BOSC, and OSCSC are soft-
partitioning methods allowing multi-class membership, but MOC and BOSC
perform poorly on large-scale, high-dimensional data. OSCSC first partitions
data into subspaces using weighted mixed norm representation, ensuring intra-
subspace density and inter-subspace sparsity, then applies overlapping probabil-
ity model verification. This avoids direct matching in high-dimensional space,
efficiently discovering overlapping samples and correcting misassignments.

Table 8 shows average running times. LSR is fastest, while OSCSC’ s runtime is
reasonable compared to MOC and BOSC, especially on large datasets. OSCSC’
s efficiency comes from performing overlap judgment on partitioned subspaces
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rather than the entire space. However, for datasets with many overlaps (e.g.,
pendigits) or many classes (e.g., soybean, AR), runtime increases due to exten-
sive overlap processing.

4. Conclusion

The OSCSC algorithm employs a weighted mixed norm representation of ¢; and
Frobenius norms to construct a subspace model, representing high-dimensional
data through low-dimensional subspace linear combinations to enhance intra-
subspace density and inter-subspace sparsity. An overlapping probability model
judges overlap within partitioned subspaces, with parameters estimated via al-
ternating maximization and simulated annealing to find global optima, further
improving accuracy by correctly assigning data to subspaces. Experiments on
synthetic and real datasets demonstrate OSCSC’ s favorable performance. Fu-
ture work will focus on improving the efficiency of overlapping subspace cluster-
ing algorithms.
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Appendix: Calculation of Optimal Extreme Value 0;

Using the second part of the log-likelihood function from Equation (26) to esti-
mate parameter 6;:

07 = argmax » logp(y;|b;, 6
= argmax > logp(y.lbi. )
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Substituting Equation (18):
0; = argmgaxz (b log p(y;10;) + (1 — by) log p(y;16;)]
b=l
Taking the second derivative with respect to 6;:

V3, f(0) == b,V5 0(0)
=1

Since Vglga(Hl) is the cumulant function (always positive), f(6;) is convex. Set-
ting the first derivative to zero yields the optimal extreme value:

Z:L:l bilT<yi)

o) = =
Zizl b’il

Note: Figure translations are in progress. See original paper for figures.

Source: ChinaXiv —Machine translation. Verify with original.

chinarxiv.org/items/chinaxiv-201805.00404 Machine Translation


https://chinarxiv.org/items/chinaxiv-201805.00404

	Postprint of Overlapping Subspace Clustering Algorithms under Sparse Conditions
	Abstract
	Full Text
	Preamble
	Introduction
	2. Overlapping Subspace Clustering Under Sparse Conditions
	2.1 Weighted Mixed Norm Subspace Representation
	2.2 Overlapping Probability Model
	2.3 Parameter Estimation
	2.4 Algorithm Description

	3. Experimental Results and Analysis
	3.1 Synthetic Dataset Results
	3.2 Real-World Dataset Results

	4. Conclusion
	References
	Appendix: Calculation of Optimal Extreme Value \theta_l^*


