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Abstract
Leveraging the powerful nonlinear mapping capabilities of kernel learning, this
paper proposes a class of prediction models based on kernel learning methods
for short-term traffic flow prediction. Kernel Recursive Least Squares (KRLS),
based on Approximate Linear Dependence (ALD) technique, can reduce com-
putational complexity and storage requirements, representing an online kernel
learning method suitable for large-scale datasets. Kernel Partial Least Squares
(KPLS) projects input variables onto latent variables, extracting latent features
by utilizing covariance information between input and output variables. Kernel
Extreme Learning Machine (KELM) employs kernel functions to represent the
unknown nonlinear feature mapping of the hidden layer, calculates the network’
s output weights through a regularized least squares algorithm, and can achieve
good generalization performance with extremely fast learning speed. To vali-
date the effectiveness of the proposed methods, KELM, KPLS, and ALD-KRLS
are applied to various real-world traffic flow datasets and compared with ex-
isting methods under identical conditions. Experimental results demonstrate
that both prediction accuracy and training speed are improved across different
kernel learning methods, reflecting the application potential of kernel learning
approaches in short-term traffic flow prediction.
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Abstract: Leveraging the powerful nonlinear mapping capabilities of kernel
learning, this paper proposes a class of prediction models based on kernel learn-
ing methods for short-term traffic flow forecasting. Kernel Recursive Least
Squares (KRLS) employs Approximate Linear Dependence (ALD) techniques
to reduce computational complexity and memory requirements, making it an
online kernel learning method suitable for large-scale datasets. Kernel Partial
Least Squares (KPLS) projects input variables onto latent variables, extracting
latent features by utilizing covariance information between inputs and outputs.
Kernel Extreme Learning Machine (KELM) uses kernel functions to represent
the unknown nonlinear feature mapping of hidden layers, with output weights
computed through a regularized least squares algorithm, enabling excellent gen-
eralization at extremely fast learning speeds. To validate the proposed meth-
ods, KELM, KPLS, and ALD-KRLS were applied to various real-world traffic
flow datasets and compared against existing methods under identical conditions.
Experimental results demonstrate that these kernel learning methods achieve
improved prediction accuracy and training speed, highlighting their potential
for short-term traffic flow forecasting applications.
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0 Introduction
Machine learning methods have achieved numerous successful applications in
short-term traffic flow forecasting in recent years. References [3–5] applied neu-
ral networks to traffic flow prediction models, while references [6–8] utilized
Support Vector Machines (SVM) and Least Squares Support Vector Machines
(LSSVM) for short-term traffic flow forecasting. As a critical component of
Intelligent Transportation Systems (ITS), traffic flow prediction plays a vital
role in urban traffic signal control, congestion management, and route planning
[1–2]. Accurate traffic forecasting provides travelers with real-time information
to save time and costs while enabling traffic authorities to develop proactive
management strategies that enhance urban network efficiency.

Extreme Learning Machine (ELM) [9] randomly selects hidden layer nodes and
their parameters in Single-hidden Layer Feedforward Networks (SLFNs), offer-
ing extremely fast learning speeds. When the hidden layer mapping is unknown,
kernel matrix methods can substitute for it, forming the KELM approach [11].
References [10–13] successfully applied ELM and KELM to time series predic-
tion. Considering feature extraction techniques, references [14, 15] employed
PCA-SVM and KPCA-SVM methods that combine SVM with Principal Com-
ponent Analysis and Kernel Principal Component Analysis, respectively, effec-
tively improving prediction accuracy to some extent.

Reference [16] introduced the KPLS method as a nonlinear extension of linear
PLS in high-dimensional feature spaces. For online kernel learning, reference
[17] presented the KRLS method, which uses sparsification techniques to limit
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kernel matrix size for large-scale dataset training. Reference [18] applied KRLS
to time series prediction with promising results. Given the success of SVM,
ELM, and related methods in short-term traffic flow forecasting, and consider-
ing that research on kernel learning methods like KELM in this domain remains
relatively limited, this paper proposes a class of kernel learning prediction meth-
ods based on KELM, KPLS, and KRLS to further enhance both prediction
accuracy and computational efficiency. To validate the effectiveness of these
KRLS, KELM, and KPLS-based models, they were applied to real-world traf-
fic data from various regions and compared against existing methods such as
SVM under identical conditions, thereby broadening the application potential
of kernel learning methods in intelligent transportation systems.

1 Kernel Learning Methods
Given training data {(x𝑖, y𝑖)}𝑁

𝑖=1 with x𝑖 ∈ ℝ𝑚 and y𝑖 ∈ ℝ𝑛, we construct ma-
trices X ∈ ℝ𝑁×𝑚 and Y ∈ ℝ𝑁×𝑛. The data are mapped to a high-dimensional
feature space via 𝜙 ∶ ℝ𝑚 → ℱ ⊆ ℝ𝑀 . To avoid computational difficulties in high-
dimensional spaces, we define a kernel function 𝑘(⋅, ⋅) satisfying Mercer’s condi-
tion, yielding the kernel matrix K with elements 𝑘𝑖𝑗 = 𝑘(x𝑖, x𝑗) = 𝜙(x𝑖)𝑇 𝜙(x𝑗).

1.1 KELM Method

KELM extends the ELM method to nonlinear feature spaces. For an SLFN
with 𝐿 hidden nodes, the network output is:

y𝑖 =
𝐿

∑
𝑗=1

𝛽𝑗ℎ𝑗(x𝑖) = h(x𝑖)𝛽, 𝑖 = 1, … , 𝑁

where 𝛽𝑗 denotes the weight vector connecting the 𝑗th hidden node to the output
layer, and ℎ𝑗(x𝑖) = 𝐺(b𝑗, w𝑗, x𝑖) represents the output function of the 𝑗th
hidden node. For RBF hidden nodes, the activation function takes the form
𝐺(b𝑗, w𝑗, x𝑖) = exp(−𝑏𝑗‖x𝑖 − w𝑗‖2).

If the SLFN can approximate 𝑁 training samples with zero error, i.e., ∑𝑁
𝑖=1 ‖o𝑖−

y𝑖‖ = 0, there exists 𝛽𝑗, w𝑗, and b𝑗 such that:

H𝛽 = Y

where H is the hidden layer output matrix. The 𝑖th column of H represents
the output vector of the 𝑖th hidden node across all inputs, while the 𝑖th row
corresponds to the hidden layer feature mapping for input x𝑖. When the num-
ber of hidden nodes 𝐿 is less than the number of samples 𝑁 , SLFNs can still
approximate training samples with minimal error [9]. In this case, H is not
square, so there exists 𝛽̂ such that:
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‖H𝛽̂ − Y‖ = min
𝛽

‖H𝛽 − Y‖

Thus, unlike conventional feedforward neural networks that adjust all layer
weights, ELM only needs to train the output weight matrix 𝛽, making its learn-
ing process equivalent to solving the least squares solution of equation (4).

To further improve generalization capability and matrix solution stability, we
introduce a regularization parameter 𝜆 based on ridge regression to constrain
the solution for 𝛽. The solution to equation (7) can be expressed as:

𝛽̂ = H𝑇 ( I
𝜆 + HH𝑇 )

−1
Y

Correspondingly, the ELM network output becomes:

𝑓(x) = h(x)𝛽̂ = h(x)H𝑇 ( I
𝜆 + HH𝑇 )

−1
Y

In solving equations (8) and (9), we further consider representing the unknown
hidden layer nonlinear feature mapping using kernel functions. By introducing
a kernel function satisfying Mercer’s condition and defining K = HH𝑇 with
elements 𝐾𝑖𝑗 = h(x𝑖)h(x𝑗)𝑇 = 𝑘(x𝑖, x𝑗), the KELM network output becomes:

𝑓(x) = ⎡⎢
⎣

𝑘(x, x1)
⋮

𝑘(x, x𝑁)
⎤⎥
⎦

𝑇

( I
𝜆 + K)

−1
Y

1.2 KPLS Method

KPLS treats the high-dimensional feature space as the dual of the original space,
establishing a linear PLS regression model in the dual space through kernel
transformation. PLS selects latent feature variables based on the covariance
between input X and output Y matrices. The regression model can be written
in matrix form as:

Y = TB + F

where T is the score matrix of latent variables, B is the regression coefficient
matrix, and F is the residual matrix.

Reference [19] extends linear PLS to high-dimensional nonlinear feature spaces,
forming the KPLS method. The algorithm implementation is as follows:

a) Randomly initialize the latent vector u from the output matrix Y and
define the kernel matrix K = ΦΦ𝑇 .
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b) Compute the latent vector t for the input matrix and normalize it:

t = Ku, t ← t
‖t‖

c) Compute the loading vector c:

c = Y𝑇 t

d) Compute u = Yc and normalize it:

u ← u
‖u‖

e) Repeat steps b)–d) until convergence.

f) Deflate the kernel matrix K and output matrix Y:

K ← (I − tt𝑇 ) K (I − tt𝑇 ) , Y ← Y − tc𝑇

After extracting 𝑝 latent variables, the regression coefficient matrix B is obtained
from equation (22), yielding the KPLS regression model prediction output on
the training dataset as:

Ŷ = KU (T𝑇 KU)−1 T𝑇 Y

where the columns of matrix U consist of vectors u𝑗, and the columns of matrix
T consist of vectors t𝑗.

To eliminate bias effects in the regression model, data mapped to the feature
space must be centered. The kernel matrices formed by training and test data
require the following transformation:

K ← K − 1𝑁1𝑇
𝑁K − K1𝑁1𝑇

𝑁 + 1𝑁1𝑇
𝑁K1𝑁1𝑇

𝑁

where K𝑡 is the uncentered test data kernel matrix of dimension 𝑁𝑡 × 𝑁 , 𝑁𝑡 is
the test dataset size, 1𝑁 is an 𝑁 -dimensional column vector of ones, 1𝑁𝑡

is an
𝑁𝑡-dimensional column vector of ones, and I is the identity matrix.

For time series prediction modeling with single output, the regression coefficient
vector 𝛼 has elements 𝛼𝑖. The KPLS prediction model from equation (17) can
be expressed as:

̂𝑦𝑡 =
𝑁

∑
𝑖=1

𝛼𝑖𝑘(x𝑡, x𝑖)
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If only the first 𝑝 latent variables are extracted, the KPLS prediction model can
be interpreted as a linear PLS regression model in the nonlinear feature space:

ŷ = T𝑝w

where T𝑝 contains the first 𝑝 latent variables (nonlinear principal components),
and w is the weight coefficient vector.

1.3 KRLS Method

During the training phase, assume training data up to time 𝑡 are available:
{(x𝑖, 𝑦𝑖)}𝑡

𝑖=1. A dictionary 𝒟𝑡 can be constructed from a subset of training data
{x𝑗𝑖

}𝑠𝑡
𝑖=1, where 𝑠𝑡 is the number of selected training data points. In feature

space, these are linearly independent data vectors. When new data x𝑡 arrives,
we determine whether it satisfies the ALD condition. If 𝛿𝑡 ≤ 𝜈, where 𝜈 is
a threshold parameter affecting sparsity, we find the coefficient vector a𝑡 that
satisfies:

min
a𝑡

∥𝜙(x𝑡) −
𝑠𝑡−1

∑
𝑗=1

𝑎𝑡,𝑗𝜙(x𝑗𝑖
)∥

2

≤ 𝜈

Solving equation (23) yields the optimal coefficient vector a𝑡 and the ALD con-
dition:

𝛿𝑡 = min
a𝑡

∥𝜙(x𝑡) −
𝑠𝑡−1

∑
𝑗=1

𝑎𝑡,𝑗𝜙(x𝑗𝑖
)∥

2

= 𝑘𝑡𝑡 − k𝑇
𝑡 a𝑡

where k𝑡 = [𝑘(x𝑡, x𝑗1
), … , 𝑘(x𝑡, x𝑗𝑠𝑡−1

)]𝑇 and 𝑘𝑡𝑡 = 𝑘(x𝑡, x𝑡). If 𝛿𝑡 is sufficiently
small, the approximation becomes:

𝜙(x𝑡) ≈
𝑠𝑡−1

∑
𝑗=1

𝑎𝑡,𝑗𝜙(x𝑗𝑖
)

Extending to feature space, define matrix Φ𝑡 = [𝜙(x1), … , 𝜙(x𝑡)]. The residual
component vector is 𝜙res

𝑡 = 𝜙(x𝑡)−∑𝑠𝑡−1
𝑗=1 𝑎𝑡,𝑗𝜙(x𝑗𝑖

), where 𝑎𝑡,𝑗 is the 𝑗th element
of coefficient vector a𝑡. The matrix expression becomes:

Φ𝑡 ≈ Φ𝑡−1A𝑡

where A𝑡 is a matrix with elements 𝑎𝑖𝑗. The kernel matrix K𝑡 can be approxi-
mated as:
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K𝑡 ≈ A𝑇
𝑡 K𝑡−1A𝑡

where K𝑡−1 is the kernel matrix formed by all 𝑠𝑡−1 elements in the dictionary.

For single-output time series prediction, the RLS algorithm minimizes the sum
of squared errors:

𝐿(w𝑡) =
𝑡

∑
𝑖=1

(𝑦𝑖 − w𝑇
𝑡 𝜙(x𝑖))2 = ‖Y𝑡 − Φ𝑇

𝑡 w𝑡‖2

where Y𝑡 = (𝑦1, … , 𝑦𝑡)𝑇 . The optimal solution for w𝑡 is:

w𝑡 = (Φ𝑡Φ𝑇
𝑡 )

−1
Φ𝑡Y𝑡

Substituting equation (26) into (28), we obtain w𝑡 = Φ𝑡𝛼𝑡, where 𝛼𝑡 is a vector
of 𝑠𝑡 “reduced”coefficients. Equation (29) then becomes:

𝐿(𝛼𝑡) = ‖Y𝑡 − K𝑡𝛼𝑡‖2

The minimization solution for equation (30) is:

𝛼𝑡 = K†
𝑡Y𝑡

The multidimensional input-output ALD-KRLS implementation proceeds as fol-
lows:

a) Training Phase: Given threshold parameter 𝜈. At time 𝑡 = 1, obtain
data (x1, 𝑦1), set 𝒟1 = {x1}, 𝑠1 = 1, and compute 𝑃1 = [1/𝑘11].

b) Let 𝑡 = 𝑡 + 1 and obtain new data (x𝑡, 𝑦𝑡).
c) Compute equation (24). If 𝛿𝑡 > 𝜈, add x𝑡 to the dictionary, and the

dictionary matrix grows accordingly: 𝒟𝑡 = 𝒟𝑡−1 ∪ {x𝑡}, 𝑠𝑡 = 𝑠𝑡−1 + 1.
Update A𝑡:

A𝑡 = [A𝑡−1 0
0𝑇 1]

Since x𝑡 is a data vector in the dictionary, we have:

Φ𝑡 = [Φ𝑡−1 𝜙(x𝑡)] , K𝑡 = [K𝑡−1 k𝑡
k𝑇

𝑡 𝑘𝑡𝑡
]

From equation (24), we obtain a𝑡 = K−1
𝑡−1k𝑡, and A𝑡 updates to:
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A𝑡 = [A𝑡−1 0
a𝑇

𝑡 0]

d) If 𝛿𝑡 ≤ 𝜈, update the dictionary as 𝒟𝑡 = 𝒟𝑡−1, 𝑠𝑡 = 𝑠𝑡−1. Update A𝑡:

A𝑡 = [A𝑡−1 0
a𝑇

𝑡 0]

Update P𝑡 using the matrix inversion lemma:

P𝑡 = P𝑡−1 − P𝑡−1a𝑡a𝑇
𝑡 P𝑡−1

1 + a𝑇
𝑡 P𝑡−1a𝑡

Recompute 𝛽𝑡 as:

𝛽𝑡 = P𝑡A𝑇
𝑡 Y𝑡

e) Iterate steps 2–4 until all training data are processed.

f) Testing Phase: For a trained KRLS model, the prediction output is:

̂𝑦𝑡 = k𝑇
𝑡 𝛼𝑡−1

If the number of training data is 𝑁 , the computational complexity of the KRLS
algorithm is 𝑂(𝑁𝑚2).
Following time series modeling approaches, the different kernel learning meth-
ods are applied to short-term traffic flow prediction instances. The established
prediction model is:

̂𝑦𝑡+ℎ = 𝑓(x𝑡)

where ℎ denotes the prediction horizon and x𝑡 = [𝑦𝑡, 𝑦𝑡−1, … , 𝑦𝑡−𝑚+1]𝑇 is a multi-
dimensional input vector constructed from historical time series values, with 𝑚
as the embedding dimension. For univariate traffic flow time series, training data
pairs {(x𝑖, 𝑦𝑖)}𝑁

𝑖=1 are constructed, where the model output dimension 𝑛 = 1.
The methods KRLS, KPLS, and KELM are then compared against KPCA-SVM
and SVM under identical conditions.

2 Short-term Traffic Flow Prediction Examples
The experiments employ Normalized Root Mean Square Error (NRMSE), Root
Mean Square Error (RMSE), and Mean Absolute Percentage Error (MAPE) as
performance metrics. The NRMSE expression is:
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NRMSE = √∑𝑁
𝑡=1( ̂𝑦𝑡 − 𝑦𝑡)2

var(𝑦𝑡) ⋅ 𝑁

where ̂𝑦𝑡 denotes the model’s predicted output, 𝑦𝑡 is the actual output, var(𝑦𝑡)
is the variance, and 𝑁 is the number of test data points. The Gaussian kernel
function used in experiments is:

𝑘(x𝑖, x𝑗) = exp (−‖x𝑖 − x𝑗‖2

2𝜎2 )

where 𝜎 is the width parameter of the Gaussian kernel.

2.1 Example 1

This example uses real traffic flow data from a highway observation station in
Beijing, with a total observation period of [duration]. The first 285 data groups
serve as training data, and the remaining 92 groups as test data. The embed-
ding dimension is set to 𝑚 = 4. Model parameters for different kernel learning
methods are determined via cross-validation. KELM, KPLS, KRLS, and KPCA
all use Gaussian kernels with width 𝜎 = 50. The KELM regularization param-
eter is 𝜆 = 15; KPLS uses 𝑝 = 10 latent variables; ALD-KRLS has maximum
dictionary capacity 𝑠max = 200 and threshold 𝜈 = 0.1. For comparison, SVM
uses penalty factor 𝐶 = 0.5 with 𝜖 = 0.01; KPCA-SVM uses 15 nonlinear prin-
cipal components with a linear SVM kernel. Performance evaluation results are
listed in Tables 1 and 2.

shows the 15-minute ahead prediction results for different kernel learning meth-
ods, while presents the 30-minute ahead prediction results. The results indicate
that KELM, KPLS, and KRLS all achieve good prediction performance, with
KRLS showing the best results. [Figure 1: see original paper] and [Figure 2:
see original paper] display the prediction curves for 15-minute and 30-minute
ahead forecasting on the test set, respectively. The figures demonstrate that
all kernel learning methods accurately predict actual traffic flow values with
relatively small error fluctuations. [Figure 3: see original paper] shows the MSE
convergence curve of the KRLS method on the training dataset, confirming its
fast convergence speed.

2.2 Example 2

This example uses traffic flow data provided by a UK transportation agency,
sampled at 15-minute intervals during March 2011, with 336 time points selected.
The embedding dimension is 𝑚 = 3. The first 235 data points serve as training
input, and the last 100 as test samples.

Parameter settings are as follows: KELM, KPLS, KRLS, KPCA, and SVM all
use Gaussian kernels with width 𝜎 = 100. The KELM regularization parameter
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is 𝜆 = 20; KPLS uses 𝑝 = 10 latent variables; ALD-KRLS has maximum dic-
tionary capacity 𝑠max = 90 and threshold 𝜈 = 0.1. For SVM comparison, the
penalty factor is 𝐶 = 0.5 with 𝜖 = 0.01; KPCA-SVM uses 10 nonlinear principal
components with a linear SVM kernel.

[Figure 4: see original paper] and [Figure 5: see original paper] compare the pre-
diction results on the test set for 15-minute and 30-minute ahead single-step and
multi-step predictions, respectively. The results show that the proposed kernel
learning methods exhibit good prediction performance. Performance metrics
for 15-minute and 30-minute ahead predictions are given in and . Compared
with SVM, KELM shows slightly improved prediction accuracy, KPLS performs
moderately, while KRLS demonstrates significantly higher prediction precision.
Convergence time comparisons reveal that KELM and KRLS converge quickly,
KPLS trains slower, and ALD-KRLS, with its adaptive online training charac-
teristics, achieves the fastest convergence and highest prediction accuracy.

3 Conclusion
This paper proposes kernel learning prediction models based on KELM, KPLS,
and KRLS for short-term traffic flow forecasting. The KELM method replaces
the random mapping of traditional ELM with kernel mapping, improving net-
work generalization and learning speed. The KPLS method offers strong fea-
ture extraction capability and easy algorithmic implementation. The KRLS
method features time-varying adaptive learning characteristics and controls ker-
nel matrix size through sparsification algorithms, thereby improving compu-
tational efficiency. Experimental results demonstrate that applying different
kernel learning methods to short-term traffic flow prediction is a feasible and
effective approach. Additionally, while KELM and KPLS are suitable for offline
training, their limitation lies in computational difficulties with kernel matrices
when training datasets exceed certain scales. In contrast, KRLS is appropriate
for online training, making it applicable to large-scale datasets.
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