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Abstract
Currently, research on earthquake precursor anomalies primarily focuses on
“thermal”and“electrical”aspects, with little attention given to GPS data from
reference stations. However, scholars have demonstrated that GPS time series
coordinate data from reference stations near the epicenter also contain precursor
information for major earthquakes. This study investigates three representative
earthquakes that occurred in the continental United States between 2001–2010,
applies Martingale theory to GPS data processing for the first time, proposes
an anomaly extraction algorithm, and analyzes GPS data from multiple refer-
ence stations near the epicenter before and after the earthquakes. Experimental
results indicate that the algorithm can effectively reflect the anomalous varia-
tion trends in GPS data before and after major earthquakes, offering greater
potential for forecasting major earthquakes using GPS data.
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Abstract: Most research studies on earthquake forecasting focus on thermal or
electrical aspects. Scholars have proved that GPS time series also contains pre-
cursory information for large earthquakes. This paper investigates three typical
earthquakes that struck the United States from 2001 to 2010 using GPS data
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from several reference stations near the epicenters. We propose an algorithm
based on Martingale theory to detect anomalies in GPS data. The experimen-
tal results show that the proposed algorithm can effectively reflect the change
process in GPS data before and after large earthquakes, which offers more pos-
sibilities for earthquake forecasting using GPS data.

Key Words: earthquake; Martingale theory; anomaly detection

0 Introduction
Research indicates that GPS time series coordinate data from reference stations,
after preliminary processing, can yield daily coordinate displacement solutions
that reflect medium- and low-frequency crustal deformation information with
good stability. Wang et al. used the Molchan diagram method to demonstrate
that GPS deformation contains seismic precursor information. Sagiya et al. stud-
ied earthquakes and other crustal changes using time series coordinate data from
multiple GPS reference stations. Yeha et al. established a GPS network based
on multiple reference stations and found that GPS time series coordinate data
showed disturbances before the 2013 Nantou and Hualien earthquakes in Tai-
wan. Wang et al. attempted to use a nonlinear filter to extract seismic-related
anomaly signals from GPS data. Zhao et al. used data from several GPS refer-
ence stations in mainland China to study pre-seismic changes before Japan’s
2011 M9.0 earthquake, suggesting that the trend of slowing pre-seismic motion
velocity might be a precursor.

Despite these efforts, research using GPS data as an indicator of seismic precur-
sors remains relatively scarce. However, analyzing GPS data to identify seismic
precursor anomalies is feasible. Existing achievements are primarily limited to
the geography discipline, with analysis mainly based on manual observation, di-
rectly influenced by domain experts’knowledge and experience. This introduces
significant uncertainty in identifying pre-seismic anomalies.

The purpose of data mining is to extract implicit, unknown, yet potentially
useful knowledge and information from massive, incomplete, and noisy data.
Currently, some scholars have applied anomaly detection methods from data
mining to analyze changes in different indicators before earthquakes. For ex-
ample, Marzocchi et al. used Bayesian estimation methods to analyze seismic
data. Xiong et al. applied wavelet transforms to identify anomalies in OLR data
before earthquakes. Konstantaras et al. used fuzzy-neural algorithms to detect
pre-seismic electromagnetic anomalies. Li et al. proposed an anomaly mining
algorithm for pre-seismic observation data based on errors and key points.

The main contribution of this paper is as follows: Research involving the use
of GPS data from reference stations to analyze pre-seismic anomalies is still
limited, and existing methods primarily rely on manual observation with high
uncertainty in anomaly determination. Therefore, this paper utilizes GPS data
provided by the Nevada Geodetic Laboratory and proposes an anomaly detec-
tion algorithm called ADM (Anomaly Detection based on Martingale theory for
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GPS data) based on Martingale theory and the characteristics of GPS data. Ap-
plying this algorithm to three representative earthquakes in the United States,
we analyze GPS time series data from reference stations near the epicenters
before and after the earthquakes. The results not only further confirm that
GPS data contains seismic precursor information but also provide a reference
for applying data mining algorithms to geoscience.

1 Related Data
This study focuses on the largest Ms7.2 earthquake that occurred on
U.S. mainland with depth less than 60km since 2001, along with two
other earthquakes with relatively close epicenters. Earthquake infor-
mation was obtained from the United States Geological Survey (USGS,
https://earthquake.usgs.gov/earthquakes/), as detailed in Table 1.

Table 1 Earthquake Information

Date (y-m-d) Latitude Longitude Depth (km) Magnitude (JMA)
2001-02-28 47.15 -122.73 51.80 6.8
2008-02-21 32.35 -115.29 7.90 6.2
2010-04-04 32.26 -115.29 6.00 7.2

The GPS data used are reference station coordinates in three components: east-
west, north-south, and vertical, obtained from the Nevada Geodetic Laboratory
data sharing service (http://geodesy.unr.edu/). The data use the IGS08 frame-
work. Considering station locations and data completeness, the GPS reference
stations used in the experiments are listed in Table 2.

Table 2 GPS Station Information

Station Latitude Longitude Height (m)
SEAT 47.58 -122.32 52.0
CLOV 32.96 -115.49 481.0
MEXI 32.03 -115.45 18.0
IID2 32.69 -115.93 -22.0
P500 32.50 -115.22 23.0

SEAT and CLOV stations correspond to two earthquakes occurring at differ-
ent times (2001-02-28 and 2008-02-21) with relatively close epicenters, allowing
analysis of GPS data from the same geographic location during different peri-
ods. MEXI, IID2, and P500 stations correspond to the M7.2 earthquake on
2010-04-04, enabling study of whether similar anomalies appear in GPS data
from different reference stations near the same earthquake.
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2 Research Methods
2.1 The ADM Algorithm

Based on the principle of minimizing differences among samples within the same
cluster, let C represent the cluster center, calculated using Equation (1):

𝐶 = 1
𝑛𝑢𝑚

𝑛𝑢𝑚
∑
𝑖=1

𝑑𝑖

where 𝑑𝑖 represents GPS data samples and 𝑛𝑢𝑚 is the number of samples.

The offset degree of data 𝑑𝑡 relative to center 𝐶 can be measured using Equation
(2):

𝑠𝑡 = ‖𝑑𝑡 − 𝐶‖

where ‖ ⋅ ‖ can be any dissimilarity measure function; Euclidean distance is used
in the experiments.

To analyze the distribution of 𝑠𝑡, the anomaly degree can be measured based
on the number of nearest neighbor objects exceeding threshold 𝜃 in set 𝑆 =
{𝑠1, 𝑠2, ..., 𝑠𝑡}. Therefore, the ADM algorithm uses Equation (3) to measure the
stability of GPS data in the specified direction corresponding to 𝑑𝑡:

𝑝𝑡 = |{𝑠𝑗|𝑠𝑗 > 𝜃, 𝑗 = 1, ..., 𝑡}|
|{𝑠𝑗|𝑗 = 1, ..., 𝑡}|

where 𝜃 is a random number in [0, 1], and |{#}| is a function returning the
number of samples satisfying the given condition. From Equation (3), we see
that 𝑝𝑡 ∈ [0, 1], and larger 𝑝𝑡 indicates 𝑑𝑡 better conforms to the distribution of
previous samples, meaning smaller likelihood of anomaly in the current day’s
data.

However, GPS data inevitably contains noise (flicker noise, random walk noise,
etc.). A relatively small 𝑝𝑡 value on a single day does not necessarily indicate
overall GPS data anomaly. Martingale theory must be used to comprehensively
consider the trend of the entire time series.

Martingale theory originated in gambling and probability theory and is one
of the earliest financial asset pricing models, now widely applied in decision
optimization and investment analysis. To accurately reflect continuous changes
in GPS data, combined with Martingale theory and GPS data characteristics,
the randomized Martingale value (hereinafter 𝑀𝑡 value) corresponding to each
data 𝑑𝑡 is calculated using Equation (4):
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𝑀𝑡(𝑝) =
𝑡

∏
𝑖=1

𝜀𝑖

where 𝜀𝑖 is a random variable in [0, 1]. According to Vovk et al., we set 𝜀𝑖 = 0.82
in our experiments.

From Equation (4), larger 𝑀𝑡 values indicate more significant anomalies in GPS
data over a certain previous period.

In clustering algorithms, the selection of initial cluster centers significantly af-
fects results. Similarly, the choice of the first sample 𝑑1 position in 𝐷𝑎𝑡𝑎 sub-
stantially impacts anomaly extraction. Therefore, the algorithm sets an initial
cluster sample parameter 𝑛𝑢𝑚. Intuitively, this uses the average of the first
𝑛𝑢𝑚 days of data as the initial center and begins analysis after 𝑛𝑢𝑚 days to
reduce result uncertainty.

Additionally, since crustal movement is relatively intense before and after large
earthquakes, GPS data may fluctuate significantly in short periods. Accord-
ing to Equation (4), 𝑀𝑡 values would rapidly increase to uncontrollable levels.
To prevent this, the algorithm sets a stop parameter ℎ. If 𝑀𝑡 > ℎ, the algo-
rithm restarts from 𝑑𝑡+1. The effects of parameters 𝑛𝑢𝑚 and ℎ on algorithm
performance are further analyzed in the experimental section.

2.2 Algorithm Steps

Algorithm Name: ADM (Anomaly Detection based on Martingale theory for
GPS data)

Input: GPS data in a specified direction from a reference station; stop param-
eter ℎ; initial cluster sample number 𝑛𝑢𝑚
Output: 𝑀𝑡 value for each sample in 𝐷𝑎𝑡𝑎
Step 1: Initialize sample center - Calculate initial cluster center 𝐶 using
the first 𝑛𝑢𝑚 samples - Set current processing sample index 𝑡 = 𝑛𝑢𝑚 + 1 - Set
loop stop condition 𝑖𝑠𝑆𝑡𝑜𝑝 = 𝑓𝑎𝑙𝑠𝑒 - Set current batch start index 𝑓𝑟𝑜𝑛𝑡 = 1
Step 2: While 𝑖𝑠𝑆𝑡𝑜𝑝 = 𝑓𝑎𝑙𝑠𝑒 1. Calculate offset 𝑠𝑡 using 𝐶 and Equation
(2) 2. Calculate stability 𝑝𝑡 using 𝜃 and Equation (3) 3. Calculate Martingale
value 𝑀𝑡 using 𝑝𝑡 and Equation (4) 4. Update cluster center 𝐶 using 𝑑𝑡 and
Equation (2) 5. If 𝑀𝑡 > ℎ then - Set 𝑖𝑠𝑆𝑡𝑜𝑝 = 𝑡𝑟𝑢𝑒 6. 𝑡 = 𝑡 + 1 7. If 𝑡 > |𝐷𝑎𝑡𝑎|
then - Exit loop 8. End if

Step 3: If 𝑖𝑠𝑆𝑡𝑜𝑝 = 𝑡𝑟𝑢𝑒 - Start a new batch: set 𝑓𝑟𝑜𝑛𝑡 = 𝑡−𝑛𝑢𝑚 - Reinitialize
𝑀 values: 𝑀𝑓𝑟𝑜𝑛𝑡, 𝑀𝑓𝑟𝑜𝑛𝑡+1, ..., 𝑀𝑡 = 1 - Set 𝑖𝑠𝑆𝑡𝑜𝑝 = 𝑓𝑎𝑙𝑠𝑒 - Return to Step 2

Step 4: Output 𝑀𝑡 values
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3 Results and Analysis
3.1 Analysis of SEAT and CLOV Stations

The original GPS time series coordinate data and corresponding 𝑀𝑡 values for
SEAT and CLOV stations are shown in Figure 1 [Figure 1: see original paper]
and Figure 2 [Figure 2: see original paper]. These two reference stations corre-
spond to two earthquakes occurring at different times with relatively close epi-
centers. In the ADM algorithm, parameters are set as 𝑛𝑢𝑚 = 45 and ℎ = 1000.
The studied data span from October of the year before the earthquake to one
month after. To reduce the impact of random 𝜃 values, the figures show av-
erages from 10 experimental runs. For better observation of GPS data trends,
the original values use only the fractional parts while ignoring identical integer
parts. Yellow vertical lines indicate earthquake occurrence times.

From Figures 1(d) and 2(d), we observe that 𝑀𝑡 values show almost no change
in the early stage, indicating stable GPS data. Near the earthquake time, both
stations show significant changes in east-west and north-south components’𝑀𝑡
values, rapidly reaching peaks about one week after the earthquake. This further
confirms that GPS data contains earthquake-related information. Notably, the
reason 𝑀𝑡 values fluctuate before the earthquake but peak after may be that
GPS anomalies can appear only a short time before earthquakes. However, to
reflect trends and reduce noise effects, the algorithm requires accumulation of
a certain number of anomalous samples before 𝑀𝑡 shows significant changes.
Therefore, pre-seismic GPS anomalies may manifest as 𝑀𝑡 peaks shortly after
the earthquake. While setting ℎ to smaller values could advance peak timing,
this might cause false alarms, as verified in experiment 3c.

Since the two earthquakes have relatively close epicenters and similar causes,
the extracted 𝑀𝑡 variation patterns in east-west and north-south components
are similar, demonstrating the reliability of the ADM algorithm. Moreover,
the original GPS data images show no obvious anomaly trends, confirming the
algorithm’s effectiveness in extracting GPS anomalies. Because vertical GPS
measurement errors are much larger than horizontal components, vertical 𝑀𝑡
fluctuations are less pronounced and show no clear earthquake-related patterns.

3.2 Analysis of MEXI, IID2, and P500 Stations

The original GPS data and corresponding 𝑀𝑡 values for MEXI, IID2, and P500
stations near the 2010-04-04 earthquake epicenter are shown in Figures 3 [Figure
3: see original paper], 4 [Figure 4: see original paper], and 5 [Figure 5: see
original paper]. In these experiments, 𝑛𝑢𝑚 = 45 and ℎ = 1000. Because GPS
data at each station showed“cliff-like”changes shortly after this earthquake, the
studied period extends from October of the previous year to two months after
the earthquake. To clearly show anomaly trends in three components, Figures
3-5 separately display 𝑀𝑡 values for each direction.

Comparing Figures 3(c)(d) reveals that due to post-earthquake“cliff-like”GPS
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data changes in specific directions, corresponding 𝑀𝑡 values peak during sub-
sequent periods. Similar patterns appear in Figures 4(a)(b) and 5(c)(d). The
delayed peak appearance demonstrates that the ADM algorithm truly reflects
GPS data anomalies and suggests that anomalies causing 𝑀𝑡 peaks in exper-
iment 1 may have occurred before the earthquake. In Figures 1(a) and 1(b),
MEXI station’s east-west component doesn’t show similar patterns because
potential violent GPS changes occurred before the earthquake, causing 𝑀𝑡 to
exceed the stop parameter ℎ and triggering algorithm restart, which then fitted
this “cliff”data.

Like MEXI and IID2 stations, P500 station’s north-south 𝑀𝑡 values also changed
before the earthquake, though less dramatically, possibly due to the station’s
specific location. Similar to experiment 1, vertical component 𝑀𝑡 values show
no consistent patterns across the three stations. Only IID2 station’s vertical 𝑀𝑡
shows clear fluctuations around the earthquake time. MEXI station’s vertical
fluctuations may stem from“cliff-like”data changes, while P500 station’s vertical
𝑀𝑡 peak appears some time after the earthquake.

Geographically, all three stations are near the epicenter, so no significant differ-
ences exist in the first 𝑀𝑡 peak timing for east-west and north-south components
(with smaller measurement errors). However, MEXI station (closest to the epi-
center) shows earlier first-peak timing in both components than IID2 and P500
stations, indicating that closer stations may experience earlier GPS anomalies.

3.3 Relationship Between Earthquake Magnitude and 𝑀𝑡 Values

Further analysis of the relationship between earthquake magnitude, occurrence
time, and 𝑀𝑡 values from east-west and north-south components reveals that
for the largest 2010-04-04 earthquake (Ms7.2), all three stations’𝑀𝑡 values first
peaked about three months before the earthquake, with changes continuing
until the event. For the relatively smaller 2001-02-28 (Ms6.8) and 2008-02-
21 (Ms6.2) earthquakes, 𝑀𝑡 values began changing about one month before
each earthquake, peaking shortly after. This suggests that larger earthquakes
require more energy accumulation, so GPS anomalies may occur earlier, causing
𝑀𝑡 values to fluctuate sooner. The 2001-02-28 earthquake’s 𝑀𝑡 fluctuations
appeared later than the 2008-02-21 earthquake, possibly because the former’
s focal depth (51.80km) is much greater than the latter’s (7.90km), making
pre-seismic GPS changes less obvious.

3.4 Parameter Sensitivity Analysis

Effect of parameter ℎ: To evaluate ℎ’s impact, we tested values of 250, 500,
1000, and 2000 on MEXI station’s north-south component with 𝑛𝑢𝑚 = 45
(Figure 6 [Figure 6: see original paper]). When GPS anomalies occur, 𝑀𝑡 grows
exponentially. With the same 𝑛𝑢𝑚, smaller ℎ values advance the first 𝑀𝑡 peak
timing. However, excessively small ℎ may cause false alarms, making ℎ = 1000
a reasonable choice.
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Effect of parameter 𝑛𝑢𝑚: We tested 𝑛𝑢𝑚 values of 25, 35, 45, and 55 on
MEXI station’s north-south component with ℎ = 1000 (Figure 7 [Figure 7: see
original paper]). When GPS data is stable, sufficiently large 𝑛𝑢𝑚 ensures similar
initial cluster centers 𝐶 across different 𝑛𝑢𝑚 values, so 𝑛𝑢𝑚 has minimal impact
on first peak timing. However, when the algorithm restarts after detecting
anomalies, different 𝑛𝑢𝑚 values produce different initial cluster centers, causing
variations in second peak timing. Although 𝑛𝑢𝑚 = 55 yields the earliest second
peak, excessively large 𝑛𝑢𝑚 may overly extend the interval between two peaks
in practical applications, so we use 𝑛𝑢𝑚 = 45.

3.5 Comparison with Sigma Criterion

To compare ADM with conventional methods using domain expert knowledge,
we applied the 𝑘𝜎 criterion to SEAT station’s north-south data. In this criterion,

̄𝑥 represents the mean and 𝜎 the standard deviation; data outside [ ̄𝑥−𝑘𝜎, ̄𝑥+𝑘𝜎]
are considered anomalous. Following reference [22], we set 𝑘 = 2 (Figure 8
[Figure 8: see original paper]).

The 𝑘𝜎 criterion failed to detect pre-seismic anomalies, instead showing mul-
tiple exceedances weeks after the earthquake. In contrast, Figure 1(d) shows
𝑀𝑡 peaks appearing shortly before and after the earthquake, clearly reflecting
anomaly trends. Thus, the ADM algorithm demonstrates superior performance.

4 Conclusion
This paper 首次 applies Martingale theory to GPS data, proposing the ADM
algorithm for anomaly extraction and analyzing GPS time series from reference
stations near earthquake epicenters. The results show that 𝑀𝑡 value changes
can truly reflect GPS data’s potential variation trends, unlike traditional geog-
raphy methods limited to expert observation. Even when original GPS values
show no obvious anomalies, corresponding 𝑀𝑡 values change significantly around
earthquake time, potentially peaking before the event. This confirms that GPS
deformation contains seismic precursor information and offers possibilities for
earthquake forecasting using GPS data.

However, based on current data volume and research level, exploring earthquake
forecasting using reference station GPS data remains a long-term endeavor.
While the ADM algorithm reveals preliminary patterns in 𝑀𝑡 anomalies, further
verification across more earthquake cases is needed to statistically analyze rela-
tionships between 𝑀𝑡 trends and earthquake parameters (magnitude, location,
time). This represents our future research direction.
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