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Abstract
To address the low accuracy and poor robustness of the fuzzy C-means clustering
(FCM) algorithm in underdetermined mixing matrix estimation, an underdeter-
mined mixing matrix estimation algorithm based on Genetic Algorithm Sim-
ulated Annealing optimized FCM (GASA-FCM) hybrid clustering and Hough
transform is proposed. The algorithm first combines the advantages of global
search and high precision of the simulated annealing algorithm (SA) with the
powerful spatial search capability of the genetic algorithm (GA), assigning the
cluster centers obtained by the genetic simulated annealing algorithm to FCM to
avoid the randomness in initial value selection. Subsequently, the Hough trans-
form is employed to refine the centers of each class obtained from clustering,
thereby improving the estimation accuracy of the mixing matrix. Experimen-
tal results demonstrate that the proposed algorithm significantly enhances the
stability of the algorithm and the estimation accuracy of the mixing matrix,
demonstrating its effectiveness and feasibility.

Full Text
Preamble
Underdetermined Mixing Matrix Estimation Using GASA-FCM Hy-
brid Clustering and Hough Transform

Li Hu, Xu Yan
(School of Electronic & Information Engineering, Lanzhou Jiaotong University,
Lanzhou 730070, China)

Abstract: The fuzzy C-means (FCM) clustering algorithm suffers from low
precision and poor robustness in underdetermined mixing matrix estimation.
To address these shortcomings, this paper proposes an underdetermined mixing
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matrix estimation algorithm based on genetic simulated annealing optimized
FCM (GASA-FCM) hybrid clustering and Hough transform. The algorithm
first leverages the global search capability and high precision of the simulated
annealing algorithm (SA) combined with the powerful spatial search ability of
the genetic algorithm (GA) to obtain cluster centers that are then assigned to
FCM, thereby avoiding the randomness of initial value selection. Subsequently,
Hough transform is applied to refine the center of each data cluster, improving
the estimation accuracy of the mixing matrix. Experimental results demonstrate
that the proposed algorithm significantly enhances both the stability of the
algorithm and the accuracy of mixing matrix estimation, confirming its validity
and feasibility.

Keywords: fuzzy C-means clustering algorithm; genetic algorithm; simulated
annealing algorithm; Hough transform; mixing matrix estimation

0 Introduction
Underdetermined blind source separation based on sparse signal analysis the-
ory proposes a “two-step”approach where the core problem is mixing matrix
estimation, as the accuracy of mixing matrix estimation directly determines
the precision of source signal separation. For underdetermined mixing matrix
estimation, researchers have exploited the linear clustering characteristics of ob-
servation data in the time or time-frequency domain to develop a series of clus-
tering algorithms that compute line vectors from clustering results to estimate
the mixing matrix. The most widely used method is the fuzzy C-means cluster-
ing algorithm, which represents a natural extension of hard C-means clustering
and offers computational simplicity and convenient implementation. However,
FCM is sensitive to initial cluster centers, requires manual determination of the
number of clusters, easily falls into local optima, and is affected by noise points
and outliers in the clustering results, leading to low stability and accuracy in
mixing matrix estimation.

To address the limitations of FCM, reference [3] proposes a GA-optimized FCM
that utilizes the global search performance of genetic algorithms to obtain initial
cluster centers, avoiding the impact of improper cluster center selection on FCM
results. Reference [4] introduces a differential evolution approach to optimize
fuzzy C-means clustering, overcoming FCM’s dependence on initial values and
its tendency to fall into local optima. This paper proposes an underdetermined
mixing matrix estimation algorithm based on GASA-FCM hybrid clustering and
Hough transform. By integrating the strong global search capability of genetic
algorithms with the robust local search capability of simulated annealing algo-
rithms, the proposed method enhances both global and local search efficiency
and effectiveness. While slightly increasing convergence time, this approach
effectively and rapidly resolves FCM’s excessive dependence on initial cluster
centers and its susceptibility to local optima, thereby improving the stability
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of mixing matrix estimation results. However, this method alone cannot over-
come the influence of isolated points on cluster centers. Therefore, this paper
further employs Hough transform to refine the clustering results obtained from
GASA-FCM, effectively improving mixing matrix estimation accuracy.

1 Underdetermined Mixing Matrix Estimation Based on
Signal Sparsity
The general mathematical model for linear underdetermined blind source sepa-
ration can be written as:

𝑥(𝑡) = 𝐴𝑠(𝑡)
where 𝑥(𝑡) = [𝑥1(𝑡), 𝑥2(𝑡), … , 𝑥𝑀(𝑡)]𝑇 represents 𝑀 observed signals, 𝑠(𝑡) =
[𝑠1(𝑡), 𝑠2(𝑡), … , 𝑠𝑁(𝑡)]𝑇 represents 𝑁 source signals, and 𝐴 ∈ ℝ𝑀×𝑁 is the mix-
ing matrix. When source signals are sparse, the signal amplitude is zero or close
to zero at most sampling points. At any given sampling instant, only one source
signal has a non-zero value, yielding:

𝑥(𝑡) = 𝑎𝑖𝑠𝑖(𝑡) (𝑖 = 1, 2, … , 𝑁)

However, most signals are not sufficiently sparse in the time domain in practical
applications, necessitating alternative transformation methods to enhance signal
sparsity. This paper employs the short-time Fourier transform (STFT), giving
the STFT expression of equation (1) as:

𝑋(𝑡, 𝜔) = 𝐴𝑆(𝑡, 𝜔)

where 𝑋(𝑡, 𝜔) and 𝑆(𝑡, 𝜔) denote the STFT of 𝑥(𝑡) and 𝑠(𝑡), respectively. After
STFT transformation, equation (2) can be rewritten as:

𝑋(𝜔) = 𝐴𝑆(𝜔)

2.1 Fuzzy C-Means Clustering
Fuzzy C-means clustering belongs to the category of objective function-based
fuzzy clustering algorithms. FCM is an optimization algorithm that achieves
data point classification by optimizing an objective function to determine each
data point’s membership degree. The algorithm is simple and offers high pre-
cision, making it a classic clustering algorithm for mixing matrix estimation.

Assuming a sample set 𝑋 = {𝑥1, 𝑥2, … , 𝑥𝑛} to be divided into 𝑐 fuzzy groups,
the cluster center of each group is 𝐶 = {𝑐1, 𝑐2, … , 𝑐𝑖}, and the objective function
is minimized. FCM has a normalization constraint that the sum of membership
degrees across the entire dataset equals 1. The FCM objective function is:

𝐽(𝑈, 𝑐1, … , 𝑐𝑐) =
𝑐

∑
𝑖=1

𝑛
∑
𝑗=1

𝑢𝑚
𝑖𝑗 𝑑2

𝑖𝑗
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where 𝑢𝑖𝑗 represents the membership degree of sample 𝑗 belonging to class 𝑖,
and 𝑑𝑖𝑗 = ‖𝑐𝑖 − 𝑥𝑗‖ is the Euclidean distance between cluster center 𝑖 and data
point 𝑗.

To constrain the objective function, Lagrange multiplier 𝜆 is introduced to con-
struct a new objective function. Taking partial derivatives yields the minimum
value of the objective function and the cluster centers:

𝑐𝑖 =
∑𝑛

𝑗=1 𝑢𝑚
𝑖𝑗 𝑥𝑗

∑𝑛
𝑗=1 𝑢𝑚

𝑖𝑗

𝑢𝑖𝑗 = 1

∑𝑐
𝑘=1 ( 𝑑𝑖𝑗

𝑑𝑘𝑗
)

2
𝑚−1

The FCM process is shown in [Figure 1: see original paper].

2.2 Genetic Simulated Annealing Algorithm
The genetic simulated annealing algorithm is a hybrid optimization algorithm
based on combinatorial thinking. By integrating the strong local search capa-
bility of simulated annealing into the genetic algorithm, which possesses robust
global search capability, the algorithm enhances both global and local search
abilities and efficiency. These two algorithms complement each other in search
capability, resulting in a superior search algorithm with improved performance
and reduced parameter sensitivity.

The overall flow of the genetic simulated annealing algorithm is similar to the
basic genetic algorithm. It begins by generating random initial solutions and
performing global search using genetic algorithms. New individuals are then
produced through crossover and mutation operations, followed by independent
simulated annealing operations on each generated individual to produce the
next generation population. This process repeats until termination conditions
are satisfied. The basic procedure is as follows:

a) Initialize parameters (maximum iteration count, genetic algorithm
crossover rate, simulated annealing initial temperature, etc.);

b) Randomly generate the initial population;

c) Calculate the fitness of all individuals in the initial population using the
fitness function;

d) Select individuals from the population for crossover and mutation
operations to produce a new population;
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e) Apply simulated annealing operations to each individual in the new
population to generate new individuals;

f) Calculate individual fitness values and evaluate them;

g) Check termination conditions. If satisfied, output the optimal solution
and terminate; otherwise, return to step d).

2.3 SAGA-FCM-Based Hybrid Clustering Algorithm
To effectively improve the local convergence of FCM, this paper adopts the
SAGA-FCM hybrid clustering algorithm, which enhances the robustness of clus-
tering results through the strong local search capability of simulated annealing
algorithms and the powerful global search capability of genetic algorithms. The
process is illustrated in [Figure 3: see original paper].

Due to the sparsity of speech signals, observation data points in underdeter-
mined conditions are primarily concentrated along 𝑛 lines with direction vectors
𝑙𝑖:

𝑙𝑖 = [ sin 𝜃𝑖 sin 𝜃𝑖 ⋯ sin 𝜃𝑖
− cos 𝜃𝑖 − cos 𝜃𝑖 ⋯ − cos 𝜃𝑖

]
𝑇

where 𝜃𝑖 ∈ [0, 𝜋) for 𝑖 = 1, 2, … , 𝑀 − 1. The line transformation to parameter
space is given by:

𝜌 = 𝑥 cos 𝜃 + 𝑦 sin 𝜃

3 Hough Transform for Cluster Center Refinement
Applying Hough transform to refine cluster centers obtained from clustering
compensates for the impact of isolated points on estimation accuracy. The
proposed underdetermined mixing matrix estimation algorithm based on GASA-
FCM hybrid clustering and Hough transform first applies GASA-FCM clustering
to time-frequency domain observation signals to obtain initial mixing matrix
estimates, then uses Hough transform to refine the cluster center of each data
class, yielding the final mixing matrix estimate.

The specific steps of the proposed algorithm are as follows:

a) Apply short-time Fourier transform to observation signals and examine
the scatter plot in time and frequency domains;

b) If isolated points exist along line directions in the frequency domain
scatter plot, employ the single-source time-frequency point detection
method from reference [13] to enhance signal sparsity;

c) Set a threshold to remove low-energy points, normalize the remaining
observation signals column-wise, project them onto the 𝑀 -dimensional
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upper hemisphere, and examine the clustering characteristics;

d) Apply the GASA-FCM clustering algorithm to the normalized observation
signals to obtain cluster centers and preliminary mixing matrix estimates;

e) Perform Hough transform on each class of data obtained from GASA-FCM
clustering, detect local maximum point coordinate parameters, calculate
line vectors (i.e., mixing matrix column vectors), and obtain the refined
mixing matrix estimate.

Hough transform maps data from graphical space to parameter space. After
Hough transformation, points on the same line in graphical space correspond to
curves in parameter space that intersect at a single point, creating an extremum
point. The main idea of using Hough transform for mixing matrix estimation
is: applying Hough transform to time-frequency domain observation signals,
where all curves transformed from observation points on the same clustering line
intersect to form extremum points. By accumulating these points to obtain local
maximum positions, line vectors can be calculated, leading to mixing matrix
estimation.

Assuming a line in graphical space passing through point (𝑥, 𝑦) is 𝑦 = 𝑎𝑥 + 𝑏,
its parameter equation in transform space is:

𝜌 = 𝑥 cos 𝜃 + 𝑦 sin 𝜃
where 𝜌 represents the distance from the origin to the line in Cartesian coordi-
nates, and 𝜃 represents the angle between the x-axis and the line normal. The
Hough transform principle is illustrated in [Figure 4: see original paper], show-
ing how points A, B, C, D on the same line in graphical space transform to
curves A’, B’, C’, D’in parameter space that intersect at point P’. Detecting
P’s coordinate parameters enables line direction estimation.

4 Experimental Simulation and Analysis
4.1 Mixing Matrix Evaluation Criteria

To evaluate the precision of underdetermined mixing matrix estimation, this
paper adopts the normalized mean square error (NMSE) from reference [14] and
the deviation angle metric from reference [15] to assess algorithm performance.

The normalized mean square error is expressed as:

NMSE = 1
𝑀𝑁

𝑀
∑
𝑖=1

𝑁
∑
𝑗=1

[𝑎𝑖𝑗 − ̂𝑎𝑖𝑗]2
𝑎2

𝑖𝑗

where 𝑀 and 𝑁 are the row and column dimensions of the mixing matrix, and
𝑎𝑖𝑗 and ̂𝑎𝑖𝑗 are elements of the true mixing matrix 𝐴 and estimated matrix ̂𝐴,
respectively. A smaller NMSE indicates more accurate mixing matrix estima-
tion.
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The deviation angle is expressed as:

ang(𝑎𝑖, ̂𝑎𝑖) = arccos ( 𝑎𝑇
𝑖 ̂𝑎𝑖

‖𝑎𝑖‖‖ ̂𝑎𝑖‖
) × 180

𝜋

which represents the angle between 𝑎𝑖 and ̂𝑎𝑖, where 𝑎𝑖 is the 𝑖-th column
of the true matrix 𝐴 and ̂𝑎𝑖 is the 𝑖-th column of the estimated matrix ̂𝐴
(𝑖 = 1, 2, … , 𝑁). A smaller deviation angle indicates better mixing matrix per-
formance.

4.2 Experimental Simulation and Analysis

To verify the effectiveness of the proposed algorithm, a series of comparative sim-
ulation experiments were conducted in MATLAB R2010b using speech signals
from the NOIZEUS database with an 8 kHz sampling frequency.

Simulation 1: Three source signals were mixed into two observation signals
(𝑁 = 3, 𝑀 = 2). The randomly generated 2 × 3 mixing matrix was:

𝐴 = [0.3633 0.6207 0.6848
0.9317 0.7841 0.7288]

The three source signals were mixed using matrix 𝐴, producing two observation
signals whose time-domain waveforms are shown in [Figure 4: see original paper].
Short-time Fourier transform was applied to the observation signals using a
Hanning window with length 512 and overlap length 256. The resulting time-
frequency domain scatter plot is shown in [Figure 5: see original paper].

As seen in [Figure 5: see original paper], the directionality of observation signals
in the frequency domain is not clear. The proposed time-frequency single-source
point detection method was applied to enhance signal sparsity, revealing good
directionality. A threshold 𝜀 = 0.15 was set to remove low-energy points. The
remaining observation signals were normalized column-wise and clustered to
estimate the mixing matrix. The scatter plots after time-frequency single-source
point detection and normalization are shown in [Figure 6: see original paper].

The mixing matrices estimated by different algorithms were:

• FCM algorithm:

̂𝐴FCM = [0.3761 0.6159 0.6735
0.9266 0.7872 0.7391]

• GAFCM algorithm:

̂𝐴GAFCM = [0.3725 0.6220 0.6752
0.9280 0.7830 0.7376]
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• GASAFCM algorithm:

̂𝐴GASAFCM = [0.3654 0.6189 0.6829
0.9308 0.7855 0.7305]

• Proposed algorithm:

̂𝐴proposed = [0.3652 0.6213 0.6836
0.9309 0.7836 0.7298]

The NMSE and runtime were compared to evaluate mixing matrix estimation ac-
curacy, as shown in . Deviation angles between the estimated and true mixing
matrix columns were calculated to further analyze estimation precision, pre-
sented in .

Simulation 2: Four source signals were mixed into three observation signals
(𝑁 = 4, 𝑀 = 3). The randomly generated 3 × 4 mixing matrix was:

𝐴 = ⎡⎢
⎣

0.9543 0.9748 0.2070 0.1936
0.2220 0.2149 0.6467 0.7505
0.2003 0.0606 0.7342 0.6318

⎤⎥
⎦

The three observation signals are shown in [Figure 7: see original paper], with
the time-frequency domain scatter plot in [Figure 8: see original paper]. After
time-frequency single-source point detection and normalization, the scatter plots
are shown in [Figure 9: see original paper].

The estimated mixing matrices were:

• FCM algorithm:

̂𝐴FCM = ⎡⎢
⎣

0.9330 0.9755 0.1056 0.1477
0.2171 0.2148 0.6782 0.7505
0.2447 0.0473 0.7269 0.6078

⎤⎥
⎦

• GAFCM algorithm:

̂𝐴GAFCM = ⎡⎢
⎣

0.9520 0.9766 0.1967 0.1821
0.2163 0.2080 0.6583 0.7372
0.2166 0.0545 0.7267 0.6507

⎤⎥
⎦

• GASAFCM algorithm:

̂𝐴GASAFCM = ⎡⎢
⎣

0.9570 0.9782 0.2094 0.1941
0.2160 0.1984 0.6444 0.7530
0.1938 0.0616 0.7355 0.6287

⎤⎥
⎦
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• Proposed algorithm:

̂𝐴proposed = ⎡⎢
⎣

0.9533 0.9757 0.2118 0.1967
0.2249 0.2108 0.6458 0.7500
0.2016 0.0640 0.7336 0.6315

⎤⎥
⎦

The NMSE and runtime comparison is shown in , with deviation angles pre-
sented in .

As shown in and , although the proposed algorithm has longer runtime than
other methods, it achieves smaller NMSE and more accurate mixing matrix
estimation. and demonstrate that the proposed algorithm yields the smallest
deviation angles for each column of the mixing matrix, confirming its superior es-
timation accuracy. These results consistently show that the proposed algorithm
can effectively and accurately estimate the mixing matrix.

To verify the practicality of the proposed algorithm, extensive experimental data
and simulations 1-2 were analyzed. The NMSE comparison is shown in [Figure
10: see original paper], revealing that NMSE increases as the number of source
signals grows.

5 Conclusion
The accuracy of underdetermined mixing matrix estimation directly affects
source signal separation performance. Traditional FCM algorithms exhibit ex-
cessive dependence on initial cluster centers and are prone to falling into lo-
cal optima during the search process. This paper combines genetic algorithms
with simulated annealing algorithms to leverage their complementary strengths,
proposing an underdetermined mixing matrix estimation algorithm based on
GASA-FCM hybrid clustering and Hough transform. This approach enhances
both local and global search capabilities, effectively overcoming the local optima
problem of traditional FCM algorithms. Additionally, to improve mixing ma-
trix estimation accuracy, Hough transform is introduced to refine cluster centers
obtained from clustering. Simulation results demonstrate that the proposed al-
gorithm improves mixing matrix estimation accuracy and algorithm robustness,
proving feasible and effective for mixing matrix estimation.
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