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Abstract

In this paper, we study singular integrals that appear in calculations of relativis-
tic and quantum electrodynamic corrections for three-body Coulomb systems
using Hylleraas coordinates. A general scheme is developed to separate the di-
vergent part of a singular integral involving Hylleraas basis functions of type
i, exp(—ar; — Bry). The integrals of type Iy(a,b,—2 — n;«, 8) with a > —1,
b> —1,and n = 1,2, 3 are considered and matched with I, ,, ., (@, 3,7) for both
singular and regular parts. Moreover, we also consider the singular integrals of
type Iq(a, b, c; v, B) where ¢ > —1 and at least one of a and b is negative.

¢ zxzhong@wipm.ac.cn

INTRODUCTION

Few-body atomic and molecular systems serve as fundamental grounds for test-
ing physical laws, such as quantum electrodynamics (QED), and represent one

chinarxiv.org/items/chinaxiv-201805.00309 Machine Translation


https://chinarxiv.org/items/chinaxiv-201805.00309
https://chinarxiv.org/items/chinaxiv-201805.00309

ChinaRxiv [$X]

of the sources for determining fundamental constants of nature through the
combination of precision measurements and precision theoretical calculations.
Important examples include atomic helium, whose 23 P; fine structure holds po-
tential for deriving the fine-structure constant « [1, 2]; hydrogen molecular ions
H; and HD" from which one can determine electron-to-nuclear mass ratios (3,
4]; and antiprotonic helium pHe™ that can be used to test the CPT theorem [4]
in relativistic quantum field theory.

From a theoretical perspective, the eigenvalue problems for the nonrelativistic
Hamiltonians of these Coulomb three-body systems can be solved very precisely
using variationally constructed wave functions in Hylleraas coordinates, which
lays a foundation for further evaluating relativistic and QED corrections to the
required precision. The matrix elements of many singular relativistic and QED
operators can be divergent individually; however, the divergent parts of these
singular integrals should cancel with other counterparts, resulting in a finite
value. In general, rotational degrees of freedom in a matrix element can first
be isolated analytically and treated using angular momentum theory, and the
remaining part of the matrix element becomes an integral that involves only
radial coordinates, such as 7, ry, and r5 = |r; — ry| for a two-electron system
[5]. Of course, the basic type of radial integrals depends on the variational basis
functions chosen.

One of the most popular variational basis sets used for three-body Coulombic
systems is [6]
{Yz%\f (Fy, Pp)e @ Prammz ),

where Yéé\;f (71,75) is the angular momentum eigenfunction formed by ¢; and ¢,,
and «, 8, and 7y are three nonlinear variational parameters. This type of basis
set has been successfully applied to calculations of relativistic and QED effects
for systems like antiprotonic helium [7] and hydrogen molecular ions [8]. The
radial integrals for this type of basis functions are of the form

oo 0o r1+72
— l,.m,n ,—ar;—Bro—r
Ly (e, B7) —/ drl/ d7‘2/ drigriry'ripe” @,
0 0

|7y —75]

The above integral is invariant under the simultaneous permutation of I, m,n
and a, 3,7, and its range of integration covers all possible values of r, ry,
and 75 with (ry,r5,75) forming a triangle. This integral can be evaluated
recursively [9], and the analytical expressions for the singular integrals
L poola,B,7) and ', 4 o(a, B,7) with integer p > 0 have been derived by
Harris et al. [10]. Korobov [11] has recently worked out the singular integrals of
the type I' 5 5 o(c, 3,7). It should be mentioned that the following recursion
relation will be used frequently in dealing with singular integrals:

0
Ly mon (e, B,y) = —%Fl,m,n(a’ﬁ,W)-
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Another widely used basis set is based on the correlated Hylleraas functions
{Yefé\f(f"b Po)ripe @ Fra},

which has been applied to high-precision calculations for two-electron atomic
systems [12, 13], hydrogen molecular ions [14-18], and antiprotonic helium [19].
After averaging the rotational degrees of freedom, the radial integral can be
reduced to [5]

o] 00 r1+7ry
. _ b e —
I (a,b,c;a,3) */ Tldrl/ r2dr2/ r1adryy TiThrise P2 Py (cos f),
0 0

|ry =75

where cos§ = rlg?iwm and P, (cos#) is the Legendre polynomial. By using one
of the recurrence relations for Pq(cos 0), I,(a,b,c; a, B) can be expressed in terms
of various Ij(a,b, c; a, 8) [5]. The analytical expression for I, has been worked
out by Yan and Drake [20] for the case where a,b,c > —2 and a+b+c+5 > 0.
An analytical expression for singular integral I(a,b, —2—n; a, 8) with n > 1 was
obtained in [12] together with some examples for analytical cancellation of some
singularities, where the singular parts are written in terms of some subsidiary
divergent integrals. The analytical expression for Iy(a,b, —2 —n; a, §) has been
derived by Drake [13] applying the differential chain rule on the generation
integral I,(—1,—1,—2 — n;a, B), where the generation integral was treated by
replacing the lower limit of the integral by e and studying the behavior as
e — 07. This idea was adopted by Harris et al. [10] who studied the singular
integrals of type I, ,,, ,(a, B,77). For evaluating high-order relativistic and QED
effects, more singular integrals than I(a,b, —2 — n; o, 3) are required, such as
I(=2—n,b,c;a,B), [,(=2—m,—2—n,c;a, B), and [ (=2 —m,b,—2—n;a, B)
with m,n =0,1,2,....

Comparing Eqgs. (2) and (5), one can establish the following relation
IO(av b, ¢; a, ﬂ) = Pa+1,b+1,c+1(av B, 0)'

Most singular integrals I,(a,b,c; a, 3) can be evaluated through I'; ,, .. («a, 3,0)
except the integrals of type I,(—2 —m,—2 —n, c;a, 8) with m,n > 0. For the
case of m = n = 0, let us evaluate Ij(—2,—2,¢; a, ) through the generation
function I'_; _; (c, 3,0) that can be obtained from the following formula (see
Appendix F of Ref. [10])

Ly ol By7) = 152{1 5T ’Y—&—dlog( iﬁ>+d g(ﬁiﬁ)}

by taking the limit v — 0, where dilog is the dilogarithm function. It is, how-
ever, impossible to evaluate I(—2,—2,¢;a, ) with ¢ > 0 by differentiating
I,(—2,—2,—1; a, 8) with respect to v which equals zero.

The purpose of this paper is to study two types of singular integrals arising from
I,(a,b,c;a, B), including Iy(a, b, —2 —n;a, ) in Sec. Il and I, (=2 —m,—2 —
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n,c;a, ) with ¢ > —1 in Sec. III. The singular parts of these integrals will
be given explicitly. The verification of our results will be presented in Sec. IV
together with a conclusion.

II. SINGULAR INTEGRALS I (a,b,—2 — n;a, 8)

The derivation of Iy(a,b,—2 — n;«, §) with integer n > 1 has been performed
in Ref. [12]. Here we quote the final result:

Io(a/,b7 _2 — n,a,/B) = Ol + 02 + 037

where
(a+ DO+ D (a+b+3—mn)! . B-a
01 = <a+b+3>!aa+27nﬁb+2 2F1 <b+ 2,n;a+ b+47 ﬁ ) y ﬁ > a,
(a+ DO+ (a+b+3—mn)! a—0
= — . . <
02 <a+b+3)!6b+27naa+2 2F1 (a+2’n7a+ b+4; o > s 6 s @,

= (a+1)! (b41)! X, (B ”Z—l (b+1)! (a+1)! X, j(a)
TS e+ 1) @+ b+ 2— ) (at BT g b+ 1) (a+b+2—j)! (a+ Bt

In the above, X () is defined as

Xp(:r:):/o tPe*tdt,

which has different analytical forms for different n. Equation (8) is valid for
a,b>—1and a+b+3 >n > 1. The divergent part of the integral is identified
as the uncalculated subsidiary integrals X,(z). In order to simplify the singu-
larity cancellation procedure so that some matrix elements involving singular
operators like 1/r3, and 1/r}, can be evaluated more easily, it is desirable to
find out the explicit form of X, (z).

In Ref. [13], Drake presented a different derivation for Iy(a,b,—2 — n;a, §),
in which the integral is evaluated by differentiating I(—1,—1,—2 — n;a, )
according to

b+1

Ip(a,b,—2 —n;a, B) = (2})’”1 (7%) Iy(—-1,-1,-2 —n;a, B),

where

T12+7T2 e—ar1—Prs
Iy(-1,-1,—2—n;, B) = / drl/ er/ dr12 T
7‘

12— 72| T12

The above integral can further be simplified to the following form after perform-
ing integrations over r; and ry:

1 > dr
10(717*17*2*71;0435) = - / 1721 (670”12 7675”2)’
) E
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where the lower limit of the integral has been replaced by an infinitesimally
small positive quantity €. One then considers the behavior of the integral as
€ — 0, where the regular part of the integral does not depend on e and the
singular part depends on € in the form of either Ine or 1/e.

In order to evaluate Eq. (12), it would be convenient to introduce an auxiliary
function L, (x) defined by

Lp(x):/ tPe %t dt.

For positive integer p, Lp(x) can be recast to the form listed below as ¢ — 0
(see Eq. (9) of Ref. [10] and Appendix A):

—g)p1 Pl e
s [w@) I D i R PP

Lole) = < jp—i— D)

j:

where ¥(p) is the digamma function defined by
p—1 1

Y(p) = —vp + mZ:1 oo

with v5 = 0.57721 ... being Euler’ s constant. For p < 0, we have

I'(—p+1)

Ly(@) = ——m p <0.

)

Using L, (), the integral in Eq. (12) becomes

1

Iy(=1,-1, -2 —nja, B) = m

[L’Nr‘rl(ﬁ) - Ln+1(a)]7 n =0,

which is the same as Eq. (11) of Ref. [10] by taking ~ as zero. Thus, the expres-
sions for Ij(—1,—1,—2 —n;«, §) for the first few values of n can be obtained
from Eqgs. (13)-(16) of Ref. [10] by setting v = 0. Therefore, I(a,b, —2—n; a, )
can be calculated according to

b+1
AR

Iy(a,b,—2 —n;a, 8) = <_85;)“+1 (—%) m[lznuw) — L (a)].

It should be mentioned, however, that the integral I,(a, b, —2 —n; «, 5) can also
be evaluated recursively using the scheme of Korobov [9)].

Now we have two sets of expressions for the same singular integral I,(a,b, —2 —
n;a, ). The first set, Eq. (8), can be evaluated directly without use of any
recurrence relations; however, it is complicated to deal with singularities. On
the contrary, the second set, Eq. (17), can be evaluated recursively because of
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the derivative nature of the expression, and the regular part can be obtained
by simply dropping singular terms involving Ine and 1/e. We can unify these
two approaches by choosing the following expressions for X, (x) that matches
Eq. (8) with Eq. (17):

LP('T> p S 07
L (o’ _ 2 _ =1landp>0
X (III) _ p(JZ) + (p—l)}1 a++2e n=1landp>0,
? L,(x)+ <(;m,)1); [ﬁ + 6%] n=2andp >0,
Lp(z) + <(;$—)1)! [% + a+§+25 + e%] (1- 5p,1) n =3 and p > 0.

The equivalence of Eq. (8) and Eq. (17) can thus be verified explicitly by using
symbolic software such as Mathematica.

It is noted that Eq. (8) will not be applicable for a + b+ 3 < n due to the
existence of (a+b+3—n)! that appears in O,. In this case, I;(a,b, —2—n;a, )
can be evaluated according to Eq. (17). For example,

oz te — (a+ AWEB) —Ind} + 5 {t —a[¢(3) —Inc]} +Ina+ 3, a#p,
1

2a7 a:ﬂa

Iy(-1,-1,—4;,8) = {

Io(1, -1, —5: a0, B) = {Bia{; W5 4 (0?4 B2 + af)[b(1) ~Ind} — & (BIma+1), a#b,

Q

By — g2+ C[p(4) —Inel — & (3lna+ 1), a=p.

Other integrals I(a, b, —5; o, 8) with a > —1 and b > —1 can easily be evaluated
by differentiating I,(—1, —1, —5; «, ) with respect to a and 3 repeatedly.

I1I. SINGULAR INTEGRALS I (a,b,c;a, ) WITH ¢ > —1

The integral I (a,b, c; @, B) may be calculated directly using the method devel-
oped by Yan and Drake in Ref. [20], in which I (a,b,c; a, 3) can be reduced to
the following form:

2q+1
2

Ly
Iq(a,b,c;a,ﬁ) = chkuR<a’7 b,C;Ol,,B;q,k),
k=0

where C ;. and L, are respectively

min[g—1,(c+1)/2]

c _2q+1 c+2
cak = 42 2k +1

2c— :
2k +2t—c " 2<C+‘f) c is even,
2k +2q—2t+1 1 c is odd,
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and Iy is defined as

(a b, c; Oé,ﬂ,q, / d’/‘l/ dr, ,ra+2 b+2 (‘ q—2k e—ar— ﬂrrz

with . = min(ry,75) and r, = max(ry,75). As usual, the integral can be
broken into two segments at r; = ry:

In(abc;a, Biq k) = 1Y) (v,u) + I (v, ),

where Ig) and Ig) are

00 L
II(%D(U,U) :/ drl/ dry rire om—hrz
0 0

(2,0 7 - - v —ar,—pr
Iy (v, u') = dry dryry ry e @ —Pr2
0 Ty

v=a+2+4+q+2k u=b+2+c—q—2k,

with

vV=a+2+q+2k v =b+2+c—q—2k
It will be convenient to define the parameter s:
s=v+u+l=v+uv +1=a+b+c+5.

Integral Ilg) (v, u)

For the case of v > —1 and u > 0, the regular integral I;?(

in terms of the hypergeometric function:

v,u) can be expressed

1 B
WQF]‘(l 8"‘1 U+2 Tﬂ)

II(%1>(U>U) = / dry rie” @A F (1, u+2; Bry) =

u+1J

If the conditions v > —1 and u > 0 are not satisfied, II(%1> is singular and can be
recast as

Il(%l)(v u) / drl/ dryrirye - ﬁr?—/ drl/ dry r¥rie o= —Lfv(a)qu(ﬁ)—Ig(v,u).

When both v and u are negative integers, we should examine the behavior of
L_,(a)L_,(B) as €, — 0 and €5 — 0. A detailed analysis is given in Appendix
A.
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Integral 11(32) (v,u)

For the case of v > 0 and u > —1, the integral I}g) (v, u) is regular and thus the
order of integration can be exchanged, yielding

1
(a+p

)=

1 > a
17 (v,u) = v+1 / dryrse @t Fy (1, 541 0+2; o o+
0

a
5 )8+12Fl(1,5+1;v+2;7).

For other cases, see Appendix B for details. One can see from Eq. (B5) that
Eq. (35) is valid for s > 0 and v < 0. Also Eq. (35) is valid for any integer u,
provided v > 0 and s > 0.

For the case of s < 0 and w > 0, the singular integral Ig) can be expressed in
the form )
~ I Lyt B)
7® _ u (v+k)
R ('U, U) ; (u _ k‘)' (a + 6)—3—1@

When v < 0, u < 0, and s < 0, we need to consider the singular integrals for
some special values of (v, ). The following recursion relation can be established
(see Egs. (B7) and (B12)):

17 (0, ~1) = I,(a, B), u=—1,
1
—1

where I,(z,y) is the auxiliary function introduced by Harris et al. [10] that is

given in Appendix B.

12 (wu) = ———[L_,(a+8) — BT (v,u+1)], u<-2

IV. DISCUSSION AND CONCLUSION

Using Mathematica, I,(a,b, —2 — n; «, 3) can be calculated analytically accord-
ing to Egs. (8) and (18). Examples are given in Egs. (C4), (C8), and (C12)
of Appendix C for Iy(—1,—1,-3;, ), I)(0,0,—4;«, 5), and I,(0,0,—5; o, 3),
respectively. Let us consider I'_, (0, , 3), T'_3 1 1(0,, ), and T'_ ; 1 (0, @, B).
[ 500(0,0,8)and T3, (0, 0q, ) can be directly obtained using Eqs. (13) and
(23) of Ref. [10]. After taking differentiation using Eq. (15) of Ref. [10], we
obtain

b
3(B=)(

1 { 1 130> =By | 2(a?B+ o’y + %y + By* +4apy)

F74,1,1(04a577) = T2 3 2 ¢ (B— )2 (B—7)3(B+7)?

(B+7)3 [¥(4) 1n6]}+

We thus have
IO<_17 _15 _3, a, 5) = 1—‘72}0,0(07 «a, 5))

IO(O7 Oa _47 «, B) = 1_‘—3,1,1(0) «, ﬁ)a
10(07 07 *5; «, 5) = 1_\74,1,1(()) «, ﬂ)
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For arbitrary integers a and b, we can use the following formula

b+1

9 a+1 9
IQ(avb7_2_n;O‘7ﬁ) = F—l—n,a+1,b+1<0aaaﬁ) = <_%) (_%) F—l—n,0,0(07a76)’

which can be evaluated analytically by using Mathematica.

It is noted that the above expression is valid for both regular and singular
integrals.

The formulas for singular integral I (a,b,c;a, ) with ¢ > —1 have
been presented in Sec. III. In order to compare with the formulas for
L) n(, B,0), we have derived Iy(—2 —n,—1,—-1;a,8), I,(—3,-2,—-1;, ),
and [,(—3,—3,—1;,) in Appendix C. Results of I,(—2 — n,—1,—1;a, )
with n = 1,2,3 are listed in Eqgs. (C21)-(C23). It is easy to see the equivalence
between Iy(—2—n,—1,—1;a,8) and I'_;_,, o o(a, 8,0). It is, however, not so ob-
vious to find the equivalence between I' 5 _; 5(a, 3,0) and I(—3, -2, —1;a, ),
as listed in Eq. (C27). Let us first use Eq. (35) of Ref. [10]:

1 BT ditos (AP 4 ditog (217
F72771,0(a’5’7) = T 52 {ln oty + dilog (m) + dilog (Tﬂ) } .

After taking the limit of v — 0, we obtain

a+p

1 , , +
L 5 10(a,p,0)= {1 +(1—yg)?+ §(lna +1n )% —In® o + dilog <?) + 275 In B —dilog (a—ﬂ/

a2_62

The above equation is the same as Eq. (C27) showing the equivalence of
F72,71,0(av/870) and IO(_37_2a_1;a76)'

In the derivation of I,(—3,—3,—1;a, ), we encounter an unexpected factor
€3/€q, see the last term of Eq. (C29). This factor comes from the function
L_,(a)L_,(B) where v and u are both negative, see Appendix A. The integral
I,(—3,—3, —1; a, B) may have different results due to the fact that the expression
of eg/e, can be randomly chosen as e; and ¢, approach zero independently.
However, I;(—3,—3,—1;a, ) should obey the following relation:

0

Ip(—3,-2,-1; 0, B) = —%[0(—3, -3,—L;a, B).

Moreover, we can determine the expression of ez/€, from the equivalent
relation of Iy(—3,—3,—1;a,8) and I' 5 ,,(a,3,0). Letting v be zero in
[ 5 50(a,B8,7) of Eq. (B3) of Ref. [11], we have

Iy 5o(c6,0) = {(a + A% — 4y + 6+ Inaln f— 4ln(a + )] — 2Aalna + S1nf)ys + (o — )

a2 — B2

Comparing Eq. (C29) and Eq. (47), one can see that
b__ P

- Y
€, o)
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which can be applied to other singular integrals involving L_, (a)L_,(5), see
Eq. (34), with both v and u negative integers.

In conclusion, we have developed a general scheme for dealing with the singular
integrals that appear in variational calculations of three-body Coulomb systems
using Hylleraas coordinates. In this scheme, we first replace the lower limit of
an integral by € > 0 and then check the behavior of the integral as e — 0. The
regular part of the integral does not depend on € and the singular part depends
on e. We then extend the formulas of I,(a,b, —2 — n; o, §) from [12] to coincide
with I'; ,, . (@, 3,0) for both the singular and regular parts. Moreover, the sin-
gular intégrals I q(a, b, c;a, B) with ¢ > —1 can be evaluated in the framework
of Yan and Drake [20].

It should be pointed out that the singular integrals I, (a,b,c; a, §) with ¢ > —1
cannot be calculated through I, ,, ,,(, 3,0) recursively. We have also verified
Eq. (6) for Iy(a,b,—2 —n;a, B), Iy(—2 —n,—1,—1;, B), I(—3,—2,—1;a, 5),
and [,(—3,—3,—1;,8). In our scheme, all divergent terms that are propor-
tional to either Ine or 1/e can simply be dropped, without using a singularity
cancellation procedure. It is noted, however, that there are some singular inte-
grals that should be evaluated using T'; ,,, ,,(c, 3,0), such as I5(—3,—1,—2;, 3)
and Iy(—2,—1,-3; a, B).
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Appendix A: Function L ()

The general definition of L,(z) is given by Eq. (13). For p < 0, it can be
calculated according to Eq. (15). For positive integer p, it can be recast to the
form

E (ze)
_ 5
Ly(@) = —
where E, (z) is the generalized exponential function (see 5.1.12 of Ref. [21]):
(~9 S (o)™
E,(z) = ——[¢¥(n) —Ilnz]— Z ———— |argz| <.
(n—1)! =1 (m—n+1)m!

Thus L,(z) can be written as

(—a)r! S

Ly(@) =y | Vp) ~Inlwe) = ij J—l 2 J+p—1

J=
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After taking the limit e — 0", we can obtain Eq. (14).

Let us consider L,,(z)L, (y) which may appear in the evaluation of Ilg(v,u),
see Eq. (34). It is easy to obtain an analytical result when at least one of
m, n is negative. When both m and n are positive integers, some special terms
appear in L,,(z)L,(y) such as €, In¢, and €,/¢,. In our study, we found that
the ratio €,/e, = g(z,y) where g(z,y) is a function of x and y. Therefore,
special terms of the type ¢,Ine, = g(z,y)e,Ine, are deduced to be zero as
€, — 0 and ¢, — 0. On the other hand, the expression of €, /¢, remains unclear
for L,,(x)L, (y) itself and it can only be determined by properties of referred
singular integrals I (a, b, ¢; a, 3). Subsequently, the explicit formula of €, /€, is
determined as —z/y as €, and €, independently approach zero, see Eq. (48).
When m =n = 1, we have

k=1 k=1

_ 2 (—ae,)" = (—we,)*
Li(z)L,(y) = ¢(1)—lnf—ln€m_ZW 7ﬁ(1)—lny—lney—z k()|

After taking the limit ¢ — 0 and keeping nonvanishing terms, we obtain
Ly(x)Ly(y) = [¥(1) =Inz —Ine,|[)(1) —Iny —Ine,].

When m = 2 and n = 1, we have
o0

k=0

For arbitrary m and n, we can evaluate L, (x)L, (y) in a similar way:

Ly(2) Ly (y) = (=2)[¢(2) —Inz —Ine€,|[(1) —Iny —Ine,] + %v[z/,(l) —Iny].

Appendix B: Integral Ig) (v,u)

We can perform the integration over r, first for Eq. (27). When u > 0, let us
consider the integral

o] u k
/ rge—ﬁrzd,ré — F(U + ]‘3 67'1)6757”1 Z (ﬂrl) u > O

u+1 | ’ = Y
) B — Kl

where we have used the incomplete gamma function, see 8.4.8 of Ref. [22]. Now
II(? with u > 0 can be expressed as

k! Buti-k £kl (a+ Bk

Ig)(v, u) = / dry rie(@Bm Z (Bry)" T(u+1—k Bry) ur L i) ( B)
0

k=0
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For u < 0, the integral I, is finite and can be expressed in the form

o)
I, = / rye radry =Y TUE, (Bry),
T

where E,(z) is the generalized exponential function. Inserting I,, into Eq. (27)
yields
Ilg)(v,u) = / dryr§e *mE_,(Br;), u<O0,
0

with s = v+ u + 1. For the case of s > 0, the integral can be reduced to

2) 1 1

19 (v,u) = )S+12F1(1,s+1;u+2;—), s> 0,u<0.

1 et
v+1(a+p a+p

When s < 0 and v < 0, the integral II(? becomes singular. In practical appli-
cations, we only need to consider a few values of (v,u). Using the following
recursion for E,, (see 5.1.14 of Ref. [21])

1
E, (2)=—le*—=z2E,(2)], n=1,23,..,
n
and inserting it into Eq. (B4), we can derive the following formulas for I 1@:
Case 1: v=—n,u=—1

In this case, s = —n = —1,—2,—3, ... and the integral has been considered in
Ref. [10], i.e.,
I}<22>(_n,_1) :I’Il(a’ﬁ)’ n:172737"'7

where
o0
Ip(xa y) = / tpEl (yt>dta
€
and it can be evaluated recursively according to

1
L(z,y) = 5lln* e —In* 2] + yp(lny + ne) + (Inz + Ine) Iny — dilog (xyﬁ) ,

e " F; (ye) x

1
I = — I -
p(xvy) (p 1>6p71 P 1 pfl(xvy> P 1

Case 2: v=—n,u < —2

L,(x+y).

When u = —2, Ig) can be expressed using Eq. (B6):
I (~n,~2) = / dryry® e e PNy By (Bry)] = L (at+8) =BT} (=n, 1),
0

Applying the recursion relation for E, (z), we can build a recursion relation for

1
Ig)(—n, —m—1)=—[L_,(a+ ) — ﬂ]g)(—n, —m)], m,n=1,23, ...
m
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Appendix C: Analytical expressions for some special singu-
lar integrals

Iy(a,b,—2 —n;a, )

In this subsection, we will consider I(a,b, —2 — n; a, §) for some special values
of a,b,and n. Fora =b=—1and n=1, O, Oy, and O4 in Eq. (8) are

01:71113:16116’
~ Ing+Ine—9(2)
0, =— s ,
_ Ina+Ilne—1(2)
04 =— P )
and thus we have
T(~L—1,=3i0,8) = —=[¥(2) ~lnd + = (g - alna),
For a =b=0and n =2, Oy, O,, and O, are
0. — (a+B)(Ina—Inp) 1
b 2(a—pB)? (a—p)*’
0. — (1) —Inf—Ine  BY((2) —InS—In€
: 2(a+ B)? (a+pB)3 ’
0. — Y1) —Ina—Ine of(2) —Ina—In¢
T 2atpp (at 8
and thus we have
1 1 daf(a® 4+ 8%) | (a+B)*

I0(0707*4;O‘a6) = + (lnﬂ—lna).

@t A (@t B2 (@—p)F ' (a—pp

Finally, consider the case of a = b = 0 and n = 3. The corresponding O, O,,
and O are
0. — B% —a?+2aB(Ina—1nB)
1 — 6(0{ _ 6)3 ’
1 1 a—p
— 1 Ine — (4 e
Gt BE | Bl pp AT vl gr g
1 1 B—a 1
— 1 Ine — (4
6(a+ )2 + 3(a+ﬁ)3[na+ ne—p()]+ 3(a+ B)3e + (a+ B)3e2’

and thus we have

02:

03:

1,(0,0,—5; 0, B) = 3 L (@®+3af%) Ina— (8% +3a?B)In B+ (a— B)* Ine]—

Baz— 7 |

chinarxiv.org/items/chinaxiv-201805.00309 Machine Translation

3(a—p)?

(a+p)?


https://chinarxiv.org/items/chinaxiv-201805.00309

ChinaRxiv [$X]

Iy(=2—n,b,c;, B), Iy(—3,—2,—1;, ), and Iy(—3,—-3,—1;, )

Let us consider Iy(—2 — n,b,c;, ) for b = c = —1 and n = 1,2,3. One can
find that L, = 0 and subsequently & = 0. Furthermore, the coefficient C,, is
thus reduced to C_;4y = 1. The integral I, of Eq. (21) can be expressed as

Iy(-2—n,—-1,-1;a,8) = 2[g(—2 —n,—1,—1;a,5;0,0).

Using the explicit formulas of Ig)(v,u) and L,(z) from Egs. (15) and (14), we
obtain the following expressions. Here we list 11(%2) (v,u) for some special values
of (v, u) according to Eq. (36):

1

17/ (-1,0) = —5[6(2) —In(a+ ) ~ Ind,
(2) S —In(a —ne—i&
Ig (—270)—(a+5)2[¢(1) In(a + ) —Ine CEIER
(2) = 1 —In(a —In¢] — e 2p¢”
IR (=3,0) = m[w(l) In(a + 3) — In€] @+B8? (atBp
(2) —7ﬁ2 —In(a —1167756
(- _ —In(a —In¢] — pe 26
3 2, o? — 32
Ig>(_471) = (aiﬁﬁ)‘l[w(g) —In(a+ 3) —In¢] — (;f B + QBZe(afﬂ)Q'

Inserting Eq. (34) into Eq. (25), the integral I can be written as

Ip(abyc;a, B4, k) = L_y(@)L_y(B) — I (v,u) + I (v ).

The following expressions are obtained:

2
=3, ~L~Lia.§) = 7 lala—(a-+ ) lfa + 9]
2 2 1 2 1
Iy(—4,—1,~ L 0, B) = %_%W@)_lne]—’—aQﬁ—ﬁQ (a+B) r;fgjﬂi) a na]’
1 2 2 2 3432 31 _ 3]
Iy(=5,~1,~1;0, 8) = 262_(;:35)6 e ;;a_ﬂﬁtﬁ [¢(4)—1ne]—a2€ﬂ2 {a na (§2+_5ﬁ)2 n(a + 5)
For Iy(—3,—2,—1;a, f) where s = —1, it can be written as

Io(—3,~2,~1;a, B) = 2[I}, (—2,0) + I}y (—1, 1),
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where

1

I7)(=2,0) = Ly(a)Lo(8) ~ I;}(-2,0) = 5=

[Ly(a) = Ly(a+ )],

I (-1,-2) = I (@, §).
By using Egs. (A3) and (B9), we finally obtain the following expression:

1 1
Ip(—3,—2,— 1,0, B) = e {1 + (1 —7vg)?+ 5(111& +1n8)2 — In” a + dilog (aT—i_B) + 275 In B — dilog (E

Finally we consider [,(—3,—3,—1;«, 8) where s = —2. This integral can be
expressed in terms of L, (z) and I,(z,y):

I(~3,~3,~1) = 2[Ly (@)L, (8) — Ly, B) + Lo(a + B) — B (o, B)]

By using Egs. (A3), (A6), (B9), and (B10), I,(—3,—3,—1;«, 3) can be simpli-
fied to

Iy(=3,-3,~Lia, 8) = — {(a+ﬁ)[7%—47E +6+Ialf—4n(a+ )] —2(alna+ fnf)yg + (o -

a2 — B2

where we have used the following property of the dilogarithm function:

. X . Yy
dil —_— dil —— | =—Inxzlny.
10g(x+y)—|— 10g<x+y> nriny
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