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Abstract
This paper addresses the synthesis optimization problem of area and delay for
ternary fixed-polarity Reed-Muller (FPRM) logic circuits, proposing a polarity
search scheme based on Multi-Objective Discrete Competitive Particle Swarm
Optimization (MODCPSO). First, the MODCPSO algorithm introduces a com-
petitive behavior mechanism that divides the population into different teams,
randomly selecting two particles from each team for comparison and causing
the inferior particle to update its velocity and position toward the superior
particle. Simultaneously, a mutation mechanism is introduced to enable pop-
ulation particles to escape local optima and continue evolving. Subsequently,
combining ternary FPRM polarity conversion techniques with the MODCPSO
algorithm, the optimal polarity for circuit area and delay is searched. Finally, al-
gorithm testing is implemented using MCNC Benchmark circuits in PLA format,
with performance comparisons conducted against the DPSO and MODPSO al-
gorithms. Experimental results verify the effectiveness of the MODCPSO algo-
rithm.
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Abstract: This paper addresses the synthesis optimization problem of area and
delay in ternary fixed-polarity Reed-Muller (FPRM) logic circuits by proposing
a polarity search scheme based on a Multi-Objective Discrete Competitive Par-
ticle Swarm Optimization (MODCPSO) algorithm. First, the MODCPSO algo-
rithm introduces a competitive behavior mechanism that divides the population
into different teams. Two particles are randomly selected from each team for
comparison, and the inferior particle updates its velocity and position toward
the superior particle. Simultaneously, a mutation mechanism is introduced to
enable population particles to escape local optima and continue evolving. Sec-
ond, the algorithm combines ternary FPRM polarity conversion techniques with
MODCPSO to search for the optimal polarity that minimizes circuit area and
delay. Finally, the proposed algorithm is tested using MCNC Benchmark cir-
cuits in PLA format and compared against DPSO and MODPSO algorithms.
Experimental results validate the effectiveness of the MODCPSO algorithm.

Keywords: competitive behavior mechanism; multi-objective discrete particle
swarm optimization (MODCPSO); ternary FPRM circuit; polarity search

0 Introduction
Boolean logic and Reed-Muller (RM) logic represent two primary forms for
ternary logic functions. Compared with traditional Boolean logic circuits, RM
logic-based circuits (such as arithmetic logic circuits and parity check circuits)
exhibit significant advantages in area, power consumption, speed, and testabil-
ity. Ternary fixed-polarity RM logic is a common logical expression form, where
an n-variable RM logic function has 3� ternary FPRM expressions. Each expres-
sion varies in complexity, corresponding to different circuit area and delay char-
acteristics. Consequently, polarity substantially impacts circuit performance
metrics.

The search for optimal polarity in ternary FPRM circuits to minimize area
and delay constitutes a multi-objective optimization problem. Current research
primarily employs weighted coefficient methods [2,3] to transform this into a
single-objective optimization problem. However, this approach suffers from sev-
eral limitations: (a) weight coefficients cannot be definitively determined, and
different weight settings may yield different results; (b) the method is sensitive
to the shape of the Pareto frontier, making it difficult to obtain optimal solu-
tions in concave regions; and (c) weight selection requires prior knowledge that
is often unavailable. Therefore, recent studies have adopted multi-objective op-
timization concepts for comprehensive circuit performance optimization. For
instance, reference [4] utilized Pareto dominance to optimize area and reliabil-
ity of MPRM circuits, while reference [5] proposed a multi-objective discrete
particle swarm algorithm for area and delay optimization in large-scale FPRM
circuits.

Particle swarm optimization, genetic algorithms, and immune algorithms are
effective intelligent algorithms for solving combinatorial optimization problems,
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widely applied in engineering [6-8]. Among these, particle swarm optimiza-
tion offers robustness and fast convergence, attracting increasing attention for
multi-objective problems. However, excessive traction from the global best par-
ticle often causes premature convergence. To address this, researchers have
proposed various improvements. Reference [9] introduced a multi-objective
quantum-behaved particle swarm algorithm using a shared learning mechanism
and double-potential-well model to avoid premature convergence. Reference
[10] proposed a multi-objective particle swarm algorithm based on decomposi-
tion, which divides the search space into sub-regions with different strategies to
maintain diversity.

In light of these considerations, this paper proposes a multi-objective discrete
particle swarm algorithm based on competitive behavior to mitigate the influ-
ence of the global best particle. This algorithm is applied to search for opti-
mal polarity in ternary FPRM circuits for area and delay optimization. The
approach maps circuit polarity to population particles, combines polarity con-
version algorithms with area and delay estimation models to search for optimal
polarity, and validates the algorithm using multiple MCNC Benchmark circuits.

1 Ternary Expressions and Area/Delay Estimation Models
1.1 Ternary FPRM Expressions

Any n-variable ternary logic function f(x�,x���,⋯,x�) has 3� fixed polarities, with
each polarity corresponding to a ternary FPRM logical expression. The ternary
FPRM expression for polarity p is given by:

𝑓(𝑥𝑛, 𝑥𝑛−1, … , 𝑥0) = ⨁
3𝑛−1
∑
𝑖=0

𝑏𝑖 ⋅
𝑛−1
∏
𝑗=0

𝑥𝑖𝑗
𝑗

where ⨁ ∑ denotes modulo-3 addition, 𝑏𝑖 is the product term coefficient
with 𝑏𝑖 ∈ {0, 1, 2}, 𝑖 is the product term index representable in ternary as
(𝑖𝑛, 𝑖𝑛−1, … , 𝑖0), 𝑝 is the polarity representable as (𝑝𝑛, 𝑝𝑛−1, … , 𝑝0), and ∏
denotes modulo-3 multiplication. The polarity 𝑝 and product term index 𝑖
determine the representation form of variable 𝑥𝑖𝑗

𝑗 , as shown in Table 1 .

When a ternary FPRM expression for a given polarity is known, another polarity
expression can be obtained through polarity conversion algorithms. Reference
[11] proposed a polarity conversion technique based on list algorithms that en-
ables conversion between Boolean minterms and RM logic expressions, as well
as conversion between different polarity RM logic expressions.

1.2 Area and Delay Estimation Models

In circuit design, the gate-level unit delay model is commonly used to estimate
circuit delay. First, multi-input gates are decomposed into two-input modulo-3
adders and two-input modulo-3 multipliers. Circuit area is then represented by

chinarxiv.org/items/chinaxiv-201805.00302 Machine Translation

https://chinarxiv.org/items/chinaxiv-201805.00302


the number of two-input gates, while circuit delay is represented by the sum of
transmission delays along the critical path. For a two-input gate 𝑓 , the output
delay 𝑡𝑓 is:

𝑡𝑓 = max(𝑡𝑓𝑎
, 𝑡𝑓𝑏

) + 𝑡𝑔𝑎𝑡𝑒

where 𝑡𝑓𝑎
and 𝑡𝑓𝑏

are the input delays of the two-input gate at node 𝑓 .

Different decomposition methods for multi-input gates yield different circuit de-
lays, with Huffman-like algorithms [12] being a common approach for obtaining
minimal circuit delay. For the decomposed circuit network, let 𝑀𝑜𝑑_3𝐴 be the
number of two-input modulo-3 adders, 𝑀𝑜𝑑_3𝑀 be the number of modulo-3
multipliers, and 𝑛𝑢𝑚(𝑘𝑒𝑦) be the total number of two-input gates on the critical
path. The area and delay models for ternary FPRM circuits are therefore:

𝑎𝑟𝑒𝑎 = 𝑀𝑜𝑑_3𝐴 + 𝑀𝑜𝑑_3𝑀

𝑑𝑒𝑙𝑎𝑦 =
𝑛𝑢𝑚(𝑘𝑒𝑦)

∑
𝑓=1

𝑡𝑓

1.3 Multi-Objective Optimization Model

Circuit polarity determines circuit area and delay. Only by obtaining the opti-
mal polarity can circuit area and delay be comprehensively optimized. Tradi-
tional weighted coefficient methods convert this into a single-objective problem
by assigning weights to area and delay. However, circuit area and delay do not
necessarily follow the same trend, necessitating multi-objective optimization for
comprehensive improvement.

Let 𝑎𝑟𝑒𝑎(𝑝) and 𝑑𝑒𝑙𝑎𝑦(𝑝) denote the circuit area and delay corresponding to
polarity 𝑝, respectively. Assuming 𝑝1 and 𝑝2 are two circuit polarities, 𝑝1 dom-
inates 𝑝2 (denoted 𝑝1 ≺ 𝑝2) if and only if:

𝑎𝑟𝑒𝑎(𝑝1) ≤ 𝑎𝑟𝑒𝑎(𝑝2) ∧ 𝑑𝑒𝑙𝑎𝑦(𝑝1) ≤ 𝑑𝑒𝑙𝑎𝑦(𝑝2)

If polarity 𝑝1 is not dominated by any other polarity, then 𝑝1 is one of the
optimal polarities satisfying the Pareto relationship between area and delay.
The Pareto optimal solution set consists of all such Pareto-optimal polarities.

2 MODCPSO Algorithm
2.1 Multi-Objective Discrete Particle Swarm Algorithm

Particle swarm optimization is a swarm intelligence algorithm that simulates
bird foraging behavior. During optimization, particles track individual best
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particles 𝑝𝑖 and global best particles 𝑝𝑔 to adjust their velocity and position.
Assuming a D-dimensional search space, the velocity 𝑣𝑖 = (𝑣𝑖1, 𝑣𝑖2, … , 𝑣𝑖𝐷) and
position 𝑥𝑖 = (𝑥𝑖1, 𝑥𝑖2, … , 𝑥𝑖𝐷) of the 𝑖-th particle are updated as:

𝑣𝑖𝑑(𝑡 + 1) = 𝜔𝑣𝑖𝑑(𝑡) + 𝑐1𝑟1(𝑝𝑖𝑑 − 𝑥𝑖𝑑(𝑡)) + 𝑐2𝑟2(𝑝𝑔𝑑 − 𝑥𝑖𝑑(𝑡))

𝑥𝑖𝑑(𝑡 + 1) = 𝑥𝑖𝑑(𝑡) + 𝑣𝑖𝑑(𝑡 + 1)

where 𝜔 is the inertia weight factor, 𝑐1 and 𝑐2 are learning factors, and 𝑟1, 𝑟2
are random numbers in [0, 1].
An external archive stores the Pareto optimal solution set obtained in the cur-
rent iteration, with the global best particle 𝑝𝑔 selected from the archive via
roulette wheel selection. In subsequent iterations, external archive particles are
compared with population particles based on non-dominance relationships to
update the archive. When the archive exceeds its capacity, particles with larger
crowding distances are removed to maintain uniform distribution.

In the Multi-Objective Discrete Particle Swarm Optimization (MODPSO) algo-
rithm, excessive traction from the global best particle often leads to premature
convergence. To address this, we introduce a competitive behavior mechanism.

2.2 Multi-Objective Discrete Particle Swarm Algorithm Based on
Competitive Behavior Mechanism

In MODPSO, the concentrated traction effect on each particle causes the algo-
rithm to easily fall into local optima. Figure 1 [Figure 1: see original paper]
illustrates the dynamic search process of MODPSO for minimizing a multi-peak
function. Regardless of whether particles 𝑥1(𝑡) or 𝑥2(𝑡) are within the local
optimum search space, the influence of the global best particle 𝑝𝑔(𝑡) and indi-
vidual best particles 𝑝1(𝑡), 𝑝2(𝑡) ultimately traps 𝑥1(𝑡) and 𝑥2(𝑡) in local optima,
causing premature convergence.

To overcome this, we introduce a competitive behavior mechanism. The popu-
lation is divided equally into two teams, and one particle is randomly selected
from each team for comparison. The inferior particle 𝑥𝑙(𝑡) updates its velocity
and position toward the superior particle 𝑥𝑤(𝑡), as shown in Figure 2 [Figure 2:
see original paper]. Through information exchange between teams, particle 𝑥𝑙(𝑡)
can escape local optima, effectively avoiding premature convergence caused by
concentrated effects of global and individual best particles. The velocity update
formula for the inferior particle is:

𝑣𝑙𝑑(𝑡 + 1) = 𝜔𝑣𝑙𝑑(𝑡) + 𝑐1𝑟1(𝑥𝑤𝑑(𝑡) − 𝑥𝑙𝑑(𝑡)) + 𝑐2𝑟2(𝑚𝑒𝑎𝑛(𝑥𝑑) − 𝑥𝑙𝑑(𝑡))
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where 𝑣𝑙𝑑 and 𝑥𝑙𝑑 are the velocity and position of the inferior particle, 𝑥𝑤𝑑 is
the position of the superior particle, and 𝑚𝑒𝑎𝑛(𝑥𝑑) is the average position of
population particles, facilitating information acquisition from the team.

To enhance algorithm diversity, we introduce a mutation mechanism. Since par-
ticle positions use ternary encoding, gene-bit mutation is employed. A mutation
probability 𝑃𝑚 and random number 𝑐𝑑 ∈ [0, 1] are set. If 𝑐𝑑 ≥ 𝑃𝑚, the 𝑑-th bit
of the particle is mutated: 0 becomes 1, 1 becomes 2, and 2 becomes 0.

2.3 Ternary FPRM Circuit Area and Delay Optimization Scheme
Based on MODCPSO Algorithm

The algorithm proceeds as follows:

a) Initialize population particle velocities and positions, and calculate the
area and delay for each particle’s corresponding circuit.

b) Compute non-dominance ranks for population particles and store Pareto
non-dominated particles in the external archive (rep).

c) Divide the population into two teams and randomly select one particle
from each team for comparison.

d) If a dominance relationship exists between the two particles, update
the inferior particle’s velocity and position using equations (8) and (9),
then calculate the corresponding circuit area and delay. If no dominance
relationship exists, mutate both particles simultaneously and calculate
area and delay.

e) Repeat steps c)-d) until all particles in the teams have completed
comparison.

f) Compute non-dominance relationships between updated population
particles and rep particles, then update the rep set.

g) If rep exceeds archive size, remove particles with larger crowding distances.

h) Repeat steps c)-g) until maximum iterations are reached, then output the
area and delay of particles in rep.

The algorithm has time complexity 𝑂(𝑁2), where 𝑁 is the population size.

3 Experimental Data and Analysis
To validate MODCPSO for ternary FPRM circuit area and delay optimization,
we compare it against the MODPSO algorithm from reference [5] and the Dis-
crete Particle Swarm Optimization (DPSO) algorithm from reference [12]. Pa-
rameters are set as follows: DPSO uses weighted coefficient method with both
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weights set to 0.5; MODPSO and MODCPSO use multi-objective optimization
with external archive size 20. Other parameters: learning factors 𝑐1 = 𝑐2 = 2.0,
population size 40, maximum iterations 120, inertia weight 𝜔 ranging from 0.9
to 0.4, maximum velocity 4.0, 𝑘 = 0.2, 𝑀 = 3.

Since MODPSO and MODCPSO produce Pareto solution sets, we process these
sets by calculating fitness for each polarity using normalization:

𝑓𝑖𝑡𝑛𝑒𝑠𝑠𝑖 = 𝑎𝑟𝑒𝑎𝑖
∑𝑚

𝑗=1 𝑎𝑟𝑒𝑎𝑗
+ 𝑑𝑒𝑙𝑎𝑦𝑖

∑𝑚
𝑗=1 𝑑𝑒𝑙𝑎𝑦𝑗

where 𝑚 is the number of optimal solutions in the Pareto set. The polarity with
minimum fitness is selected as the best solution for comparison.

Table 2 presents the best-polarity circuit area and delay for three algorithms
running MCNC Benchmark circuits. “Name”and“input”denote circuit name
and input variables; “area”and “delay”are cumulative values from five runs;
“area%”and “delay%”indicate optimization rates calculated as:

𝑎𝑟𝑒𝑎% = 𝑎𝑟𝑒𝑎1 − 𝑎𝑟𝑒𝑎3
𝑎𝑟𝑒𝑎1

× 100%

where 𝑎𝑟𝑒𝑎1, 𝑎𝑟𝑒𝑎2, and 𝑎𝑟𝑒𝑎3 represent results from DPSO, MODPSO, and
MODCPSO, respectively.

Results show MODCPSO finds polarities with smaller area and delay compared
to DPSO and MODPSO. For the newtpla circuit, MODCPSO achieves area op-
timization rates of 18.99% and 17.67% over DPSO and MODPSO, respectively.
Although area increases slightly for misex1, overall average optimization rates
are 6.57% and 0.83% for area, and 4.56% and 1.12% for delay compared to DPSO
and MODPSO. Variance analysis across five runs shows DPSO area/delay vari-
ances of 33.07/0.22, MODPSO 26.21/0.15, and MODCPSO 15.20/0.13, demon-
strating MODCPSO’s superior robustness.

To better observe search performance, we accumulated the best area and delay
solutions across five iterations for 13 test circuits. Figures 3 [Figure 3: see
original paper] and 4 [Figure 4: see original paper] show the evolution curves.
DPSO and MODPSO converge early and become trapped in local optima, while
MODCPSO continues evolving and discovers superior polarities with smaller
area and delay.

4 Conclusion
This paper proposes a polarity search scheme based on MODCPSO for ternary
FPRM circuit area and delay optimization. The competitive behavior mech-
anism divides the population into two teams, where inferior particles update
toward superior particles, avoiding premature convergence. The mutation mech-
anism further enables escape from local optima. Experimental results from 13
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Benchmark circuits demonstrate that MODCPSO achieves better optimization
efficiency and robustness compared to DPSO and MODPSO.
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