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Abstract

In parameter modeling for many intelligent systems, users often face the chal-
lenge of scarce training samples. To address the problem of Bayesian network
(BN) parameter modeling under small dataset conditions, a Constrained Data
Maximum Entropy BN Parameter Learning Algorithm (CDME) is proposed.
First, BN parameters are estimated using the small dataset, then qualitative
expert experience is converted into inequality constraints, and the Bootstrap
algorithm is utilized to generate a set of parameter candidates satisfying the
constraints, after which BN parameters are calculated through weighted averag-
ing based on the maximum entropy principle. Experimental results demonstrate
that when the data volume is sufficient, the learning accuracy of the CDME pa-
rameter learning algorithm is comparable to that of the classical MLE algorithm,
indicating the correctness of the algorithm; under small dataset conditions, the
CDME algorithm can be used for BN parameter modeling, with learning ac-
curacy superior to both the MLE algorithm and the QMAP algorithm. The
CDME algorithm obtains diagnostic BN model parameters under conditions of
relatively scarce actual fault diagnosis sample data, and the diagnostic inference
results completed on this basis also confirm the effectiveness of the algorithm,
providing a new approach for parameter modeling under small dataset condi-
tions.
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Abstract: In parameter modeling for many intelligent systems, users often face
the dilemma of scarce modeling samples. To address the problem of Bayesian
network (BN) parameter modeling under small datasets, this paper proposes a
constrained data maximum entropy (CDME) algorithm for BN parameter learn-
ing. The algorithm first estimates BN parameters using a small dataset, then
converts qualitative expert experience into inequality constraints. It generates
a set of parameter candidates satisfying these constraints using the Bootstrap
algorithm, and finally computes the BN parameters through maximum entropy
weighting. Experimental results demonstrate that when data is sufficient, the
learning accuracy of the CDME algorithm approximates that of the classical
MLE algorithm, confirming its correctness. Under small dataset conditions, the
CDME algorithm enables BN parameter modeling with learning accuracy su-
perior to both MLE and QMAP algorithms. When applied to real-world fault
diagnosis with relatively scarce sample data, the diagnostic reasoning results
obtained from the learned BN model parameters further validate the algorithm’
s effectiveness, providing a novel approach for parameter modeling under small
dataset conditions.

Keywords: Bayesian network; small dataset; parameter learning; maximum
entropy model

0 Introduction

Bayesian networks (BN) demonstrate powerful adaptability in solving uncer-
tainty and incompleteness problems in complex systems and have been success-
fully applied in numerous domains related to intelligent systems [1~3]. BN mod-
eling forms the foundation for BN inference, and the results of BN reasoning can
often validate the effectiveness of modeling approaches. BN modeling comprises
both structural modeling and parameter modeling [4~5]. While domain experts
can often provide qualitative knowledge to complete BN structural modeling,
they typically struggle to directly determine accurate quantitative parameters
for BN parameter modeling—that is, the problem of estimating BN parame-
ters. Under sufficient sample data conditions, the classical maximum likelihood
estimation (MLE) algorithm represents one of the more effective data-driven
learning methods. However, in practice, obtaining large amounts of effective
sample data from certain systems is extremely difficult and expensive, such as
in earthquake prediction or aero-engine fault diagnosis systems. This results
in relatively limited system characteristic data that cannot accurately estimate
BN parameters, consequently affecting system model inference and even leading
to results that contradict objective laws [6~8].

In research on BN parameter modeling under small dataset conditions, refer-
ence [9] utilized qualitative constraints to propose a gradient-descent estima-
tion (GDE) method, employing adaptive probabilistic networks (APN) algo-
rithms for solution. Reference [10] proposed an isotonic regression estimation
(IRE) method for qualitative influence constraints, using isotonic regression algo-
rithms to correct initial parameters to satisfy order constraints. Reference [11]
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introduced a minimum free energy (MFE) estimation method for normative
constraints, which first constructs an objective optimization function contain-
ing both KL divergence and entropy functions, then combines it with normative
constraints using Lagrange multipliers, and finally obtains parameters through
extremum methods. Reference [2] proposed a constrained expectation max-
imum (CEM) method for BN parameter learning using qualitative influence
constraints. However, GDE, IRE, MFE, and CEM methods employ single con-
straint types with relatively weak constraint strength, limiting parameters to
broad feasible regions and resulting in insufficiently precise learning outcomes.
Reference [8] proposed a dual constrained estimation (DCE) method based on
double constraints, using Beta distribution fitting and isotonic regression for
parameter learning under small datasets. This algorithm is limited to BN
models with binary-valued nodes. In real-world systems, such as multi-mode
classification problems in fault diagnosis, network node states are often multi-
valued, restricting the applicability of the DCE algorithm. References [12,13]
proposed a constrained maximum likelihood (CML) method, which first con-
structs non-monotonic constraint models and then solves them by combining
the maximum entropy function with non-monotonic constraints to form convex
optimization problems. Reference [14] introduced a qualitative maximum a pos-
teriori (QMAP) method, which combines real statistical data with virtual small
data using Bayesian estimation to learn BN parameters.

Analysis reveals that while the CML method imposes no special requirements
on parameter constraint types, it exhibits low utilization of parameter con-
straints and often yields inferior learning performance compared to QMAP [12].
The QMAP method represents a relatively effective new approach under small
dataset conditions [8]. QMAP uses qualitative constraints to perform virtual
sampling of parameter sets satisfying constraints through rejection-acceptance
algorithms. However, since rejection-acceptance algorithms are based on prob-
ability distribution function estimation, and the probability distribution func-
tions of BN parameters are often difficult to estimate in practice, the practicality
of the QMAP method faces challenges.

To address BN parameter estimation problems under small dataset conditions,
this paper proposes a constrained data maximum entropy (CDME) parameter
learning algorithm. It organically combines small dataset parameter learning
results with parameter candidate sets generated from expert experience con-
straints, estimating BN parameters based on the principle of maximum infor-
mation entropy.

1 Background on BN Parameter Learning

BN parameter learning aims to obtain the conditional probability distribution of
all network nodes through sample data and prior knowledge when the network
structure is known. A BN consists of a directed acyclic graph (DAG) G and
a set of probability distributions associated with each variable. Equation (1)
represents the joint probability distribution of a BN [1]:
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P(Xy, ..., X,) = [[ P(Xi| Pa(X,))
i=1
where Pa(X;) denotes the parent node set of X; in G, and P(X,;|Pa(X,)) rep-

resents the conditional probability distribution of each variable value given its
parent node values.

Let 0,;, = P(X; = k|Pa(X;) = j) denote the k-th probability value in the
conditional probability table for node X, where 6,;, € 6,1 <i<n,1<j<g,,
and 1 < k < r,. Here, r; represents the number of states for node X, and g;
represents the number of combined states for the parent nodes of X;. Clearly,
node X, has a total of r; x g, parameters, which form an r; x ¢, dimensional
matrix called the conditional probability table (CPT) for node X;.

1.1 Maximum Likelihood Estimation Algorithm

Maximum likelihood estimation (MLE) is expressed as:

L(9) = Hf(ei“g) = fleq, €9, €50)

=1

where e, ey, ..., €, represents the sample set and 6 denotes the parameters of
the distribution. f(e;;#) is the probability density function [7]. In practice, each
parameter can be estimated using Equation (3):

MLE __ Nijk
ijk T N

ij

where N; represents the frequency of parent node Pa(X;) taking the j-th com-
bined state in sample D, and N, represents the frequency of node X; being in
state k when its parent nodes are in the j-th combined state.

MLE is commonly used for BN parameter estimation with relatively sufficient
datasets. However, Equation (3) has a major drawback: it cannot estimate 0, ;;
when N;; = 0. When the training set is limited, observations with zero values
frequently occur, especially with small-scale datasets. To address this issue, a
slight modification is made to Equation (3), resulting in Equation (4):

gr — Nk T H
ik N;;+e

where p and € are constants close to zero but not equal to zero. To satisfy
experimental requirements, € is set to 0.00001 in Equation (4).

chinarxiv.org/items/chinaxiv-201805.00283 Machine Translation


https://chinarxiv.org/items/chinaxiv-201805.00283

ChinaRxiv [$X]

1.2 Common Constraint Sets

In the real world, although domain experts find it difficult to provide quanti-
tative expressions for BN model parameters, they can often supply qualitative
information between nodes—that is, constraint information. Equation (5) re-
flects the relationship between expert prior knowledge (2 and G), data (D),
and BN parameters [11,12]:

log P(0|D, G, Q) =log P(0|G, ) + log P(D|0, G) — log P(D|G, §2)

where 0 represents the learned BN parameters, G is the BN structure, D is the
sample data, and €Q is the constraint information formed from expert experience
knowledge.

Common constraint sets in BNs can be derived from qualitative domain knowl-
edge, which can be defined as various constraints on conditional probabilities.
These constraints can be expressed in the following forms [13,15]:

a) Range constraints define the upper and lower bounds for any parameter

b) Cross-distribution constraints define the relative relationship between
two parameters from different conditional distributions. If two constrained
parameter nodes have the same index ¢ and state value k£ but different
parent node combinations j, this constraint is called a cross-distribution
constraint, typically obtained from qualitative causal relationships: 6, ;, <
Oijir OF O35, = Oijprs Vi F 5.

¢) Intra-distribution constraints define the relative relationship between
two parameters sharing the same node index ¢ and parent node combi-
nation j but having different state values k: 6, < 60, or 0, > 0,,/,
Vk £ K.

d) Inter-distribution constraints define the relative relationship between
two parameters that do not share any node index ¢, parent node combina-

tion j, or state value k: 0,5, < 0,4 or 0,5 > 040y, ViFE VG F G kF K.

e) Axiom constraints describe relationships between parameters referring
to fixed parent node configurations. These are fundamental constraints
that domain experts need not provide: 22:1 O = 1, 0 < 0,5, < 1,
Vi, j, k.

f) Approximate equality constraints describe close relationships be-
tween any two parameters. For computational convenience, they can be
written as: |0, — 0,54 | <o, ViFE i jF 5 kFE.

g) Additive synergy constraints describes comparative relationships be-
tween sums of two parameters under different distributions: 6; ; , +

9i2j2k2 < 9i3j3k3 + 9i4j4k4a Vi, ig, U3, 0y, J10 Jos I35 Jas K1y Koy kg, Ky
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h) Product synergy constraint describes comparative relationships be-
tween products of two parameters under different distributions: 6

91232k2 < 9z3]3k3 X 914]4k47 V2177'27'L3’Z47.717]2a.73a.74aklak27k3ak4'

ZJklx

1.3 Maximum Entropy Principle

The fundamental idea of maximum entropy is to make the most objective and
uniform estimates of unknown events while satisfying all known events. To
select a model from an allowable probability distribution set C, the model with
maximum entropy H(p) is chosen, formally expressed as [16]:

p(ylz)
* = argmax H(p) = argmax z,y)lo
p' = argmax H(p) = argmay ;;p( u)log =0

where C is the set of probability distributions satisfying constraints, and x, y are
random variable pairs corresponding to events. The mathematical measurement
of conditional distribution is provided by conditional entropy.

This paper selects the maximum entropy statistical model as the estimation
model bridging the original domain (BN knowledge and sample data) and tar-
get domain (BN parameter learning) based on the following considerations: the
BN distribution parameters employed by maximum entropy impose no require-
ments on the prior distribution of data and can be arbitrarily combined without
compromising the consistency of the entire estimation model. Simultaneously,
it naturally addresses parameter smoothing in statistical models. Assuming L
parameter candidate sets satisfy the constraint knowledge €2, according to the
maximum entropy principle, they have equal probability of approximating the
true BN parameters. Therefore, even if some features in the target domain do
not appear in the original domain, satisfactory parameter estimation results can
still be obtained due to the support of constraint knowledge.

1.4 KL Distance

KL distance is commonly used to measure the distance between two probability
distributions. This paper employs KL distance to measure the accuracy of BN
parameter estimation methods, as shown in Equation (7) [17]:

n 4% T
L(0]|6) ZZZ%1 ”’“

i=1 j=1k z]k

where 6 represents the true parameters and 6’ represents the estimated param-
eters. Clearly, the closer the estimated BN parameters are to the true BN
parameters, the smaller the KL value.
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2 Constrained Data Maximum Entropy Parameter Learn-
ing Algorithm
The flowchart of the proposed constrained data maximum entropy BN parameter

learning algorithm is shown in [Figure 1: see original paper]. The main steps of
the CDME algorithm are as follows:

a) Set the parameter weight factor o (0 < a < 1), the number of candidate
parameter sets L, the constraint set 2, and initialize the intermediate
variable parameter set 6 as empty.

b) Calculate an initial parameter set 6*(S;;;) from the initial small sample
set using Equation (4) and insert it into parameter set 6.

¢) Generate the (L — 1)-th parameter candidate set 9<L’1>(Sijk) using the
Bootstrap method [18].

d) Check whether the (L—1)-th parameter candidate set §(“~1) (S, ;1) satisfies
constraints Q. If satisfied, insert 9L 1) (S, ;%) into the intermediate variable
parameter set 6 and set L = L — 1; otherwise, return to step c).

e) Check whether L < 1:

o (a) If true, output and extract the candidate parameter set 6. Calcu-
late the final learning parameters GiCjkD ME according to the max-
imum entropy principle using Equation (8):

L7
(1—a) 3=
1

CDME __ *

ijk 7

~
Il
—

where ZlL:_ll Qsé)k is the sum of (L — 1) constraint-satisfying pa-
rameter candidate sets obtained through parameter expansion,
G;fjk is the initial parameter set calculated from the small sample
set, and « is the weight factor.

e (b) Otherwise, jump to step c).

Note that in the parameter model of Equation (8), when « = 0 and L = 1,
the form is essentially the MLE result when calculating BN parameters under
sufficient data conditions. Therefore, this parameter model is a generalization
of the MLE algorithm; MLE is a special case of this parameter model.

The candidate parameters generated according to qualitative constraints have
equal weight, reflecting the maximum entropy principle. Additionally, when «
takes a smaller value, the decisive role of sample data in parameter learning be-
comes prominent, while the influence of qualitative constraint expert experience
on learning results decreases. Conversely, when « takes a larger value, the in-
fluence of qualitative constraint expert experience on learning results increases,
compensating for the impact of insufficient sample data on learning results.
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The constrained data maximum entropy BN parameter learning algorithm estab-
lishes a framework for estimating BN parameters using constraint information
and small datasets. It can integrate different sources of information, such as
sample data and expert qualitative experience, into a unified framework for com-
prehensive consideration, demonstrating good formal consistency in solving BN
parameter problems.

3 Experiments and Analysis

This paper conducts two sets of experimental analyses to validate the effective-
ness of the proposed method. The first set of experiments employs the classic
Bayesian network model—the lawn wetness model [19]—to compare BN parame-
ter learning using MLE, QM AP, and the proposed method under simulated data.
The second set of experiments applies the proposed method to BN parameter
learning and inference diagnosis under real fault diagnosis data to further vali-
date the superiority and practicality of the BN parameter learning method. All
experiments in this paper were conducted on a PC with a 2GHz processor and
6GB of memory, with programs implemented in MATLAB 2014a.

3.1 Simulated Data BN Parameter Modeling Experiment

The lawn wetness model is a classic experimental model for validating BN learn-
ing algorithms. [Figure 2: see original paper] shows the structure of this BN
model. The network contains four nodes: C, S, R, and W. Parameter learning
is performed on node W.

3.1.1 Experimental Setup The parameter weight factor « is set to 0.3, and
the number of candidate parameter sets L is 500. The parameter event set is
shown in ;| where parameters in node W are numbered. Event value “1” indicates
the event is “false,” and “2” indicates the event is “true” . shows the constraint
set ) satisfied by parameter P(W|S, R).

In, P1 > P5 indicates that under the condition of “sprinkler (S) not watering
and weather (R) not raining,” the probability of lawn event W being “not wet”
is greater than the probability of “wet lawn.” This is referred to as constraint
condition “C1,” and similarly for the other eight constraints. Clearly, these con-
straint sets align with common knowledge and are readily accepted by domain
experts.

3.1.2 Experimental Results Analysis Under the condition of 35 sample
groups, the parameters of node W were learned using MLE, QMAP, and CDME
methods respectively. [Figure 3: see original paper| shows the comparison of
average KL distances between estimated parameters and true parameters across
15 learning runs. [Figure 4: see original paper] shows the corresponding box
plots of KL distances.
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When sample data is relatively sufficient, 300 sample groups were used in the
experiment. [Figure 5: see original paper] shows the KL distance comparison
among the three methods for learning node W parameters.

Through comparative experiments on BN parameter learning, the following ob-
servations can be made: Under small sample sizes, the KL distance of the MLE
method is relatively large, while QMAP and CDME methods show clear advan-
tages, with CDME achieving slightly higher learning precision than QMAP. As
sample size increases, the KL distance of the MLE method gradually decreases,
intersecting with those of QMAP and CDME methods at sample sizes of 30
and 31 respectively. However, the KL distance of the QMAP method shows an
insignificant downward trend. Unlike QMAP, the KL distance of the CDME
method exhibits an overall decreasing trend as sample size increases.

Analysis reveals that under small dataset conditions, the CDME method can
fully utilize parameter constraints to estimate BN parameters with superior pre-
cision compared to MLE and QMAP methods. When sample data is sufficient,
the proposed method remains feasible and can fully leverage the information
contained in the obtained datasets to compensate for uncertainties in BN mod-
eling, continuously refining and improving the precision of learned parameters.

3.2 Real Fault Diagnosis Data Experiment

The bearing fault diagnosis model and 469 feature datasets used in this exper-
iment are derived from reference [20]. The original experimental data comes
from the Bearing Fault Simulation Laboratory at Case Western Reserve Univer-
sity, where rich monitoring data for typical fault types were obtained through
destructive testing. In actual production processes, however, equipment fault
data available to practitioners is often limited. Therefore, this paper attempts
to perform BN parameter learning using the CDME algorithm under both small
data (35 groups) and sufficient data (300 groups) conditions. Subsequently, di-
agnostic reasoning experiments were conducted using the remaining 169 groups
of feature datasets to validate the effectiveness of the CDME algorithm. The
bearing fault diagnosis BN model structure is shown in [Figure 6: see original

paper].

In [Figure 6: see original paper], the BN model contains 9 nodes: 1 parent node
and 8 child nodes representing 8 feature vectors DO~D7. The parent node has
four states: normal condition, inner ring fault, outer ring fault, and rolling el-
ement fault, corresponding to the four diagnostic outputs of the BN diagnosis
model with diagnostic confidence v = 0.70. To diagnose bearing faults, the BN
model structure was first completed through domain expert experience. Sec-
ond, feature vectors were obtained by applying feature extraction functions and
discretization to fault data. The CDME method was then applied for fault
diagnosis BN parameter modeling to obtain the BN model required for fault
diagnosis reasoning.
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3.2.1 Experimental Parameter Settings The number of candidate param-
eter sets L is set to 500. The parameter constraint set ¢} contains 8 constraints
derived from expert experience. « is set to 0.3. The classical junction tree
algorithm is selected for BN inference.

3.2.2 Fault Diagnosis Reasoning Results Comparison and present the
diagnostic reasoning results using 169 groups of feature data, based on models
trained with 35 groups and 300 groups of feature data respectively.

**#% CDME learning method reasoning results under 35 groups of data

| State Type | Test Count | Correct Count | Correct Rate | | \ |

| ——-| | Normal condition | 169 | 169 | 100% | | Inner ring fault | 169 | 169 |
100% | | Rolling element fault | 169 | 154 | 91.12% | | Outer ring fault | 169 |
139 | 82.25% |

*##% CDME learning method reasoning results under 300 groups of data

| State Type | Test Count | Correct Count | Correct Rate | | \ |

| ——-| | Normal condition | 169 | 169 | 100% | | Inner ring fault | 169 | 169 |
100% | | Rolling element fault | 169 | 162 | 95.86% | | Outer ring fault | 169 |
157 | 92.90% |

Experimental results demonstrate that under small dataset conditions, reason-
ing after modeling with the CDME algorithm achieves high overall correct rates
with strong inference capability (only slightly lower for outer ring fault diagno-
sis). This further validates the effectiveness of using the CDME algorithm for
parameter modeling under small dataset conditions. When sample data is rela-
tively sufficient, the CDME algorithm can utilize dataset information to refine
BN learning parameters, improving BN model learning precision.

4 Conclusion

The CDME algorithm proposed in this paper estimates BN parameters using
small datasets while converting qualitative expert experience into inequality con-
straints. It generates constraint-satisfying parameter candidate sets using the
Bootstrap algorithm and computes BN parameters according to the principle
of maximum information entropy. Experiments demonstrate that the proposed
CDME method exhibits certain effectiveness and superiority in learning BN pa-
rameters under small datasets. Its application in fault diagnosis modeling con-
firms the algorithm’ s practicality through diagnostic reasoning results. When
sample data is sufficient, the proposed algorithm remains feasible and can fully
leverage information contained in the obtained datasets to reduce uncertainties
in BN modeling and continuously refine and improve learning parameter pre-
cision. The CDME algorithm studied in this paper shows promising practical
prospects for intelligent system modeling under data-scarce conditions, provid-
ing a novel approach for BN parameter modeling under small dataset conditions.
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