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Abstract
To address the issue of high bit error rate in the demodulation of binary phase
shift keying (BPSK) signals under low signal-to-noise ratio (SNR) conditions, a
K-means demodulation method based on chaotic Duffing oscillator is proposed.
The methodology leverages the sensitivity to initial conditions and noise immu-
nity characteristics of chaotic Duffing oscillator systems. When a BPSK signal is
input to the Duffing oscillator system at low SNR, the phase jumps of the BPSK
signal between 0° and � induce changes in the output phase trajectory state of
the Duffing oscillator. To capture these changes in phase trajectory state, the K-
means clustering algorithm is employed to iteratively compute centroids of the
phase trajectories, and decision-based demodulation of the BPSK signal is per-
formed according to the inter-centroid distance after convergence. Simulation
results demonstrate that, compared with several existing demodulation meth-
ods, the K-means clustering demodulation method for BPSK signals based on
chaotic Duffing oscillator achieves substantial improvements in demodulation
speed and demodulation accuracy under low SNR conditions.

Full Text
Preamble
K-means Clustering Demodulation Method for BPSK Signal Based
on Chaotic Duffing Oscillator

Jiang Liangliang, Jiang Hong, Zeng Min
(School of Information Engineering, Southwest University of Science & Technol-
ogy, Mianyang, Sichuan 621010, China)

Abstract: Binary phase shift keying (BPSK) signals typically exhibit high
bit error rates (BER) when demodulated in low signal-to-noise ratio (SNR) en-
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vironments. To address this issue, this paper proposes a K-means clustering
demodulation method based on chaotic Duffing oscillators. The method lever-
ages two key characteristics of chaotic Duffing oscillators: extreme sensitivity
to initial conditions and inherent immunity to noise. When a BPSK signal is
input to a Duffing oscillator system at low SNR, the phase transitions of the
BPSK signal between 0° and � cause corresponding changes in the output phase
trajectory state of the oscillator. To detect these phase trajectory variations,
the K-means clustering algorithm is employed to iteratively compute the cen-
troids of the phase trajectories. Demodulation is then performed by comparing
the distance between the converged centroids. Simulation results demonstrate
that compared with existing demodulation methods, the proposed K-means
clustering demodulation method based on chaotic Duffing oscillators achieves
significant improvements in demodulation speed and accuracy under low SNR
conditions.

Keywords: Duffing oscillator; phase trajectory; K-means clustering; bit error
rate

0 Introduction
In digital communication technology, BPSK modulation signals are widely em-
ployed in satellite communications, digital television, and other communication
systems due to their excellent spectral efficiency, strong anti-interference ca-
pabilities, and straightforward hardware implementation. However, modern
communication channels exhibit increasingly complex characteristics, with fac-
tors such as background noise and inter-symbol interference contributing to
high demodulation error rates at the receiver. Consequently, reducing signal
demodulation BER in low-SNR environments is of paramount importance for
enhancing reception performance and ensuring communication quality.

Numerous scholars have introduced nonlinear processing methods to address
BPSK demodulation challenges in low-SNR scenarios. References [1,2] uti-
lized chaotic Duffing oscillators for BPSK signal processing and proposed
mean-square deviation algorithms for demodulation decisions, though these
approaches required excessively high sampling rates and neglected inter-symbol
interference in the BPSK baseband signal. References [3,4] employed stochastic
resonance methods for 2FSK and 4FSK signal demodulation, but similarly over-
looked baseband signal inter-symbol interference while also being constrained
by signal frequency magnitude. References [5,6] investigated a parameter-tuned
stochastic resonance approach for BPSK signal demodulation, which achieved
some success in low-SNR environments. However, this method proved highly
sensitive to algorithm parameters, signal frequency, and amplitude, making
parameter matching between the stochastic resonance system and signal
parameters extremely difficult.

A comprehensive review of existing literature reveals several critical limitations
in current BPSK demodulation techniques: (a) many advanced demodulation
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methods face significant difficulties in parameter adjustment, and (b) most stud-
ies on BPSK demodulation ignore inter-symbol interference phenomena in base-
band signals. To address these issues, this paper considers inter-symbol interfer-
ence in baseband signals under Gaussian channel transmission conditions and
designs an interference-resistant shaping filter suitable for channel transmission.
By integrating chaos theory, the Duffing oscillator is applied to BPSK signal
processing, and a K-means clustering demodulation algorithm is employed for
the processed signal, thereby reducing the BER of BPSK signal demodulation
in low-SNR environments.

1.1 BPSK Signal Modulation Principle
BPSK signals typically represent binary symbols “1”and “-1”using phases of
0° and �, respectively. The time-domain expression is given by:

𝑆bpsk(𝑡) = 𝐴 cos(2𝜋𝑓𝑐𝑡 + 𝜙)

where 𝐴 is the signal amplitude, 𝑓𝑐 is the carrier frequency, and 𝜙 is the phase
(� for symbol “-1”and 0° for symbol “1”). As shown in Figure 1a [Figure 1:
see original paper], this represents the time-domain waveform of an unshaped
BPSK signal.

Most existing literature analyzes BPSK signals using the waveform shown in
Figure 1(a). However, in practical communications, adjacent symbols interfere
with each other due to pulse tailing phenomena (as illustrated in Figure 1b).
Therefore, the unshaped BPSK signal in Figure 1(a) cannot be transmitted di-
rectly through communication channels. To eliminate inter-symbol interference,
the signal must undergo shaping filter processing.

The common approach for eliminating inter-symbol interference involves design-
ing shaping filters using low-pass impulse responses [7]. The filter expression
is:

ℎ(𝑡) = Sa ( 𝜋𝑡
𝑇𝑠

) ⋅ cos(𝛼𝜋𝑡/𝑇𝑠)
1 − 4𝛼2𝑡2/𝑇 2𝑠

where 𝑇𝑠 is the sampling interval and 𝛼 is the raised cosine roll-off coefficient
satisfying 0 ≤ 𝛼 ≤ 1. With 𝛼 values of 0, 0.5, 0.8, and 1, the corresponding
impulse responses of the shaping filters are shown in Figure 1c. Larger roll-off
coefficients result in faster tail decay of the impulse response function ℎ(𝑡), re-
ducing timing precision requirements. However, increased roll-off coefficients
expand the transmission bandwidth to 𝐵 = (1 + 𝛼)𝑓𝑠, which decreases band-
width utilization to 𝜂 = 𝑅𝐵/𝐵 = 2/(1 + 𝛼) [8].

Combining equations (1) and (2), the time-domain expression for the shaped
BPSK modulation becomes:
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𝑆bpsk(𝑡) = 𝐴(𝑡) cos(2𝜋𝑓𝑐𝑡 + 𝜙)

where 𝐴(𝑡) = 𝑎(𝑡) ∗ ℎ(𝑡) and 𝑎(𝑡) represents the symbol sequence. Using a
random sequence of length 𝐿𝑒𝑛 = 20 symbols with baseband amplitude 0.1 V,
symbol rate 𝑅𝑏 = 1 kbaud, carrier frequency 𝑓𝑐 = 8 kHz, sampling frequency
𝑓𝑠 = 40𝑓𝑐 = 320 kHz, and roll-off coefficient 𝛼 = 0.7, the BPSK signal shaping
modulation process is shown in Figure 2a [Figure 2: see original paper], with
BPSK signals at different SNRs displayed in Figure 2b.

1.2 Chaotic Duffing Oscillator Overview
Chaotic Duffing oscillators exhibit sensitivity to initial conditions and immunity
to noise. Minute variations in initial conditions cause substantial changes in
system output [9], while the oscillator maintains its rich dynamic characteristics
despite noise perturbations [10]. These properties offer significant advantages
for weak signal detection and demodulation in low-SNR environments. This
paper exploits these characteristics to achieve BPSK signal demodulation at
low SNR.

The standard dynamic equation describing Duffing oscillator behavior is:

𝑓(𝑥) + 𝑘 ̇𝑥 + 𝑥 = 𝛾 cos(2𝜋𝑓𝑐𝑡)

where 𝑥 is the system output, 𝑘 is the damping coefficient, 𝛾 cos(2𝜋𝑓𝑐𝑡) is the
periodic driving force with amplitude 𝛾, and 𝑓(𝑥) is a nonlinear restoring force
function expressed as 𝑓(𝑥) = −𝑎𝑥 + 𝑏𝑥3. Parameters 𝑎 and 𝑏 are nonlinear
restoring force coefficients [11][12] satisfying 𝑎 > 0, 𝑏 > 0. The Duffing oscillator
equation can therefore be written as:

̈𝑥 + 𝑘 ̇𝑥 − 𝑎𝑥 + 𝑏𝑥3 = 𝛾 cos(2𝜋𝑓𝑐𝑡)

This can also be expressed in state-space form as:

{ ̇𝑥 = 𝑦
̇𝑦 = −𝑘𝑦 + 𝑎𝑥 − 𝑏𝑥3 + 𝛾 cos(2𝜋𝑓𝑐𝑡)

For the Holmes-type Duffing oscillator with 𝑎 = 1, 𝑏 = 1 and damping coefficient
𝑘 = 0.5, the Melnikov method [13] yields driving force amplitudes 𝛾 of 0.8,
0.826, and 0.83. Using fourth-order Runge-Kutta integration of equation (6),
the resulting phase trajectories are shown in Figures 3(a)-(c) [Figure 3: see
original paper]. As the periodic driving force amplitude increases, the Duffing
oscillator transitions from chaotic to critical chaotic and finally to periodic states.
By setting an appropriate driving force amplitude (𝛾 = 0.826 in this paper), the
phase trajectory state can be altered when the signal under test is applied.

chinarxiv.org/items/chinaxiv-201805.00266 Machine Translation

https://chinarxiv.org/items/chinaxiv-201805.00266


In this work, the BPSK signal to be demodulated is injected into the Duffing
oscillator system, modifying equation (5) to:

̈𝑥 + 𝑘 ̇𝑥 − 𝑎𝑥 + 𝑏𝑥3 = 𝛾 cos(2𝜋𝑓𝑐𝑡) + 𝑠𝑛(𝑡)

where 𝑠𝑛(𝑡) is the BPSK signal with channel noise, i.e., 𝑠𝑛(𝑡) = 𝑆bpsk(𝑡) + 𝑛(𝑡),
and 𝑛(𝑡) is additive white Gaussian noise with zero mean and variance 𝛿2. The
input SNR is defined as:

SNRin = 10 log10 (𝑃bpsk
𝑃𝑛

) = 10 log10 (𝐴2(𝑡)
2𝛿2 )

where 𝑃bpsk and 𝑃𝑛 are the BPSK signal power and Gaussian noise power,
respectively. When the BPSK signal is applied, the Duffing system equation
becomes:

̈𝑥 + 𝑘 ̇𝑥 − 𝑎𝑥 + 𝑏𝑥3 = 𝛾 cos(2𝜋𝑓𝑐𝑡) + 𝐴(𝑡) cos(2𝜋𝑓𝑐𝑡 + 𝜙) + 𝑛(𝑡)

Applying trigonometric identities to the right side yields:

𝛾 cos(2𝜋𝑓𝑐𝑡) + 𝐴(𝑡) cos(2𝜋𝑓𝑐𝑡 + 𝜙) = 𝛽(𝑡) cos(2𝜋𝑓𝑐𝑡 + 𝜃(𝑡))

where

{𝛽(𝑡) = √𝛾2 + 2𝛾𝐴(𝑡) cos 𝜙 + 𝐴2(𝑡)
𝜃(𝑡) = arctan ( 𝐴(𝑡) sin 𝜙

𝛾+𝐴(𝑡) cos 𝜙 )

For BPSK signals, 𝜙 assumes only values of 0 and �, making 𝜃(𝑡) = 0, with:

{𝛽(𝑡) = |𝛾 − 𝐴(𝑡)|, 𝜙 = 𝜋
𝛽(𝑡) = 𝛾 + 𝐴(𝑡), 𝜙 = 0

Thus, based on the amplitude variation 𝛽(𝑡) after superposition of the periodic
driving force and BPSK signal, the Duffing oscillator’s phase trajectory alter-
nates between periodic and chaotic states. This alternation corresponds directly
to the BPSK symbol transitions between“-1”and“1”, as modeled in Figure 4
[Figure 4: see original paper]. Following system output of the phase trajectory,
a decision mechanism can be designed for demodulation. Based on the charac-
teristics of the chaotic Duffing oscillator’s output phase trajectory, this paper
proposes a K-means clustering demodulation method.
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2 K-means Clustering Demodulation Algorithm for BPSK
Signals
The K-means clustering algorithm is a simple unsupervised learning method.
The process involves: (1) clustering samples into K clusters with randomly
selected initial centroids, (2) computing new centroids for each cluster and re-
assigning points, and (3) iteratively recalculating centroids until convergence is
achieved [15,16]. The K-means centroid iteration flowchart is shown in Figure
5 [Figure 5: see original paper].

When noise-free BPSK signals are input to the Duffing oscillator, the phase
trajectories generated by symbol “1”(phase 0) and symbol “-1”(phase �) are
shown in Figure 6a [Figure 6: see original paper]. At SNR = -20 dB, the phase
trajectories for both symbols are displayed in Figure 6b. Notably, noise only
roughens the trajectories without altering their fundamental states.

The Duffing oscillator’s phase portrait exhibits two saddle points at (±1,0)
according to Melnikov method analysis [14]. Thus, the initial centroids are
(±1,0) for noise-free conditions. For noisy signals, after K-means clustering
iteration, the converged centroids for symbols“1”and“-1”are shown in Figure
6c. The centroid for symbol“1”exhibits minimal offset from its initial position,
while the symbol “-1”centroid shows substantially greater displacement.

Using the horizontal distance between converged centroids 𝑑 = |𝑥𝑙 − 𝑥𝑟| as a
metric (where 𝑥𝑙 and 𝑥𝑟 are the x-coordinates of left and right centroids), Figure
7 [Figure 7: see original paper] shows the distribution of centroid distances 𝑑 for
40 samples each of symbols“1”and“-1”at input SNRs of -15 dB, -20 dB, -25 dB,
and -30 dB. The results clearly show that after K-means convergence, symbol“1”
trajectories yield centroid x-coordinate distances in the range of approximately
1.76~2.0, while symbol “-1”trajectories produce distances of approximately
1.48~1.74. By establishing an appropriate distance threshold and applying K-
means clustering to phase trajectory data, the converged centroid distance can
be compared against this threshold to determine the transmitted symbol.

The demodulation procedure is summarized as follows:

a) For 𝑛 points on the Duffing oscillator output phase trajectory, initialize
centroids at (±1,0). Compute distances from each trajectory point to
centroids (-1,0) and (1,0) as 𝑑𝑖1 = √(𝑥𝑖1 + 1)2 + (𝑦𝑖1 − 0)2 and 𝑑𝑖2 =
√(𝑥𝑖2 − 1)2 + (𝑦𝑖2 − 0)2, respectively.

b) Classify each point to the nearest centroid, dividing the trajectory into
two clusters with 𝑛1 and 𝑛2 points (𝑛1 + 𝑛2 = 𝑛).

c) Recalculate new centroids (𝑋1, 𝑌1) and (𝑋2, 𝑌2) for each cluster, where
𝑋1 = 1

𝑛1
∑𝑛1

𝑖=1 𝑥𝑖 and 𝑌1 = 1
𝑛1

∑𝑛1
𝑖=1 𝑦𝑖 (similarly for 𝑋2, 𝑌2).

d) Repeat steps (a)-(c) until centroids cease moving (or satisfy a minimal
displacement criterion).
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e) Compute the distance between converged centroids 𝑑 = |𝑥𝑙 − 𝑥𝑟| and
compare with threshold 𝑉𝑡ℎ𝑑. Symbols are decoded as“1”when 𝑑 > 𝑉𝑡ℎ𝑑
and “-1”otherwise.

This K-means clustering decision algorithm exhibits low computational complex-
ity. Compared with coherent demodulation, it eliminates the need for carrier
recovery and low-pass filtering, reducing receiver computational load. Relative
to the stochastic resonance method in [5], which involves numerous parame-
ters requiring complex tuning and precise matching between signal and system
parameters, the proposed method avoids such computational complexity and
parameter matching requirements.

Matlab simulations were conducted at SNRs of -25 dB, -20 dB, -15 dB, and -10
dB, comparing the proposed Duffing-K-means method with the stochastic reso-
nance approach from [5] and conventional coherent demodulation. Performance
metrics included simulation time (computational complexity) and demodulation
BER, with results summarized in Table 1 .

Table 1 Simulation Results of K-means Clustering Demodulation at
Different SNRs

Simulation parameters: Symbol length 𝐿𝑒𝑛 = 500, symbol rate 𝑅𝑏 = 1 kbaud,
carrier frequency 𝑓𝑐 = 8 kHz, sampling frequency 𝑓𝑠 = 40𝑓𝑐 = 320 kHz, roll-off
coefficient 𝛼 = 0.7, centroid distance threshold 𝑉𝑡ℎ𝑑 = 1.75.

SNR
(dB)

Avg.
Simulation
Time (s)

BER -
Proposed
Method (%)

BER -
Stochastic
Resonance (%)

BER - Coherent
Demodulation
(%)

-25
-20
-15
-10

The results demonstrate that at equivalent SNRs, the proposed method
achieves significantly lower BER and faster computation than both alternative
approaches. Extending the SNR range with 20 simulations per point (other
parameters unchanged) yields the SNR-BER curves shown in Figure 8 [Figure
8: see original paper]. At -20 dB input SNR, the proposed method achieves
approximately 10% BER, compared to 16% and 22% for stochastic resonance
and coherent demodulation, respectively. At -10 dB SNR, the proposed method’
s BER is only ~1%, versus 4% and 6% for the other methods, confirming its
superiority in low-SNR demodulation.

3 Conclusion
Low-SNR BPSK signal demodulation presents significant challenges in digital
communications. To enhance communication quality, this paper integrates
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chaotic oscillator theory with a straightforward K-means clustering demodu-
lation algorithm. By injecting low-SNR BPSK signals into a chaotic Duffing os-
cillator and performing nonlinear iterative solving, the output phase trajectory
is obtained. K-means clustering then iteratively computes trajectory centroids,
using the converged inter-centroid distance as a decision metric for baseband
symbol detection. Simulations demonstrate that at -10 dB SNR, the proposed
method achieves a BER of merely 1%, offering substantial improvements over
alternative approaches.
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