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Abstract

To address the issues of time-consuming histogram matching and poor engi-
neering applicability in shape similarity measurement for inner-distance shape
context (IDSC) and contours points distribution histogram (CPDH), a method
using EMD-L1 to measure the distance of contour feature histograms is pro-
posed. EMD-L1 integrates the L1 norm based on the original Earth Mover’ s
Distance (EMD). By replacing the ground distance calculation method, it re-
duces the variables in the objective function, accelerates histogram matching
speed, and enables rapid shape matching while maintaining favorable retrieval
performance. Simulation experimental results on shape datasets demonstrate
that the proposed method can effectively perform shape recognition and re-
trieval on datasets, and its matching speed on the MNIST dataset outperforms
other algorithms.
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Abstract

To address the problems of long histogram matching time and poor engineering
applicability associated with Inner-Distance Shape Context (IDSC) and Con-
tour Points Distribution Histogram (CPDH) in shape similarity measurement,
this paper proposes using EMD-L1 to measure the distance between contour
feature histograms. EMD-L1 integrates the L1 norm into the original Earth
Mover’ s Distance (EMD) by replacing the ground distance calculation method,
which reduces the variables in the objective function and accelerates histogram
matching speed, enabling rapid shape matching while maintaining good retrieval
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performance. Simulation experiments on shape datasets demonstrate that the
proposed method can effectively perform shape recognition and retrieval, and
its matching speed on the MNIST dataset outperforms other algorithms.

Keywords: inner-distance shape context; contour points distribution
histogram; earth mover’ s distance (EMD); L1 norm; shape retrieval

0 Introduction

Shape is a crucial feature of objects that conveys deeper visual information
compared to appearance characteristics such as texture and grayscale. Shape
matching finds applications in numerous computer vision domains, including
object recognition and image retrieval, where shape serves as a basis for classi-
fication and identification. Shape retrieval can be categorized into 2D and 3D
shape retrieval. While deep learning-based 3D shape retrieval algorithms have
gained significant attention from researchers in recent years, 2D shape retrieval
remains a representative problem in computer vision.

The 2D shape matching process primarily consists of two components: first,
designing a shape descriptor to represent the shape through some method; then
calculating the distance between descriptors of different shapes to measure their
differences and complete matching. This approach can be divided into three
categories based on shape representation: shape point sets, shape boundary
contours, and shape internal skeletons. Contour-based methods incorporate
ordering information of points, while skeletons contain geometric features and
topological structures of shapes.

Among contour-based methods are multi-scale approaches such as Triangle-Area
Representation (TAR), Multiscale Convexity (MCC), and Multiscale Integral
Invariants. These methods construct shape features at multiple scales to enrich
feature information. Shape Context (SC) is a classic method based on the
relative positional relationships of contour points. This algorithm focuses on
the spatial distribution relationship between a particular contour point and
all other points, but suffers from poor noise resistance and time-consuming
histogram distance calculation using Thin Plate Spline (TPS) functions.

Ling proposed the Inner-Distance Shape Context (IDSC) method, which re-
places Euclidean distance with inner distance between contour points to mea-
sure differences. This approach provides good representation for non-rigid object
contours and uses dynamic programming to measure distances between target
shapes, though its high computational complexity limits practical applicability.
Shu and Wu proposed a 2D shape descriptor called Contour Points Distribution
Histogram (CPDH), which uses the minimum enclosing circle of a target shape
as the feature extraction region and constructs a contour point distribution his-
togram in polar coordinates centered at the circle’ s origin. CPDH employs
Earth Mover’ s Distance (EMD) to measure histogram distances, but its focus
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on local contour features leads to poor performance on datasets with large de-
formations, unstable retrieval, and high EMD algorithm time complexity that
makes shape matching too slow for practical use.

This paper proposes using EMD-L1 to measure the similarity between two shape
contour feature histograms generated by contour descriptors. EMD-L1 lever-
ages the L1 norm (Manhattan distance) as a new ground distance on top of the
original EMD. The improved EMD-L1 reduces computational complexity and
accelerates shape matching speed by decreasing the number of variables and con-
straints in the objective function, without weakening the discriminative power
of shape descriptors. Additionally, the L1 norm offers advantages in feature
extraction such as denoising and reducing outliers, making shape descriptors
more robust. Experimental analysis across various datasets demonstrates that
the improved algorithm effectively maintains the good retrieval performance of
IDSC and CPDH while improving matching speed and enhancing engineering
applicability.

1 Fundamentals of CPDH and IDSC Algorithms

Contour features are the most essential characteristics of images. CPDH is a
target feature descriptor proposed based on contour point distribution, while
IDSC is a shape descriptor with good representation capability based on spatial
distribution relationships between sample points and inner distances.

1.1 Constructing the CPDH Descriptor

First, the standard Canny operator is used to extract the target contour from
the image. However, since target shape contours contain too many points, an
equal-interval sampling method is applied to reduce computational load and
meet real-time requirements, obtaining partial contour points. The number of
points is denoted by n, which describes the object’ s shape.

As shown in [Figure 1: see original paper], (a) represents the original image,
(c) shows the sampled contour image, and (d) displays the minimum enclosing
circle of the target shape. Using the contour point set P as the target region,
we construct its minimum enclosing circle C and establish a polar coordinate
system with the circle center (Cx, Cy) as the origin. Within this minimum
enclosing circle, a sector grid model is built using concentric circles to 4iit#Es
AMDTIHE, as illustrated in [Figure 2: see original paper].

For each sector region Ri, we obtain a triple (i, i, ni), where i is the radius
of the i-th concentric circle, iis the angle between a sector edge of region Ri
and the horizontal direction (rotating clockwise), and ni is the number of points
falling within region Ri. Thus, an image I can be described as a histogram H
consisting of R triples. Specific details of CPDH description can be found in
reference [7].
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1.2 IDSC Shape Descriptor

First, the second-order gradient Canny operator is used to extract partial con-
tour points of the target shape. For any sampling point, it can be represented by
vectors constructed from the remaining n-1 points and the point itself. There-
fore, the entire target shape can be represented by nx(n-1) vectors, which con-
tain both distance and orientation information of contour points within the
whole shape. The orientation parameter represents the number of equal divi-
sions of a circle’ s circumference, while the distance parameter represents the
number of equal divisions of the radius. The resulting vector set is then repre-
sented using a shape statistical histogram.

Inner distance is defined as the length of the shortest path connecting two points
m and n inside shape A, denoted as dA(m,n). The shortest path generally has
two cases: if the line segment between points m and n lies completely within the
target shape, the inner distance is equivalent to Euclidean distance; otherwise,
the Floyd-Warshall shortest path algorithm is used to calculate the distance
between each pair of sampling points. Combining the above components yields
the IDSC of the target shape.

As shown in [Figure 3: see original paper|, Figure 3(a) displays the extracted
bat shape contour with four contour points marked, while Figure 3(b) shows the
corresponding inner-distance shape context features for these marked points.

2 EMD Algorithm

Similarity measurement is a crucial ¥¥ that directly affects retrieval perfor-
mance, and researchers have long HAFHFIMARIERE MR REGIEFHELAE
4#2E. Rubner et al. [13] proposed the EMD algorithm, which is widely applied
to transportation problems in linear programming. Intuitively, this paper views
two compared images as two different distributions of image features in space
—one as a pile of earth and the other as a pit. The EMD algorithm finds the
optimal path to complete the earth transportation task, where the work done
under this optimal path can be considered as the distance between the two
distributions.

The algorithm can be formally described as the following linear programming
problem: Let space S distribute m earth piles P = {(p1, wpl), -, (pm, wpm)},
while simultaneously distributing n pits Q = {(ql, wql), -, (qn, wqn)}, where
the j-th pit qj can accommodate earth mass wqj. Let D = [dij] represent the
ground distance matrix. We need to find the optimal transportation scheme F
= [fij], where fij represents the mass of earth transported from pile pi to pit qj.
The minimum work for earth transportation is:

Work(P,Q, F) = Z > dif
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This must satisfy the following four constraints: 1. Condition 1 limits that earth
can only be transported from pile set P to pit set Q, not vice versa; 2. Condition
2 limits that the maximum mass of earth that pile pi can transport does not
exceed wpi; 3. Condition 3 limits that the maximum mass of earth that pit qj
can accommodate does not exceed wqj; 4. Condition 4 indicates transporting
as much earth as possible.

Once this transportation problem is solved, the optimal transportation scheme
F is found, and the EMD distance can be calculated using the final normalized
form:

Zizl Zj:l dijfij

i=1 Zuj=1J1ij

3 EMD-L1 Metric

CPDH uses the original EMD to measure similarity between contour feature
histograms, but it suffers from high computational complexity and weak ro-
bustness to #/HE. IDSC uses chi-square #% to calculate shape histogram
similarity to obtain a cost matrix, then applies dynamic programming to find
the optimal match. Although these two measurement algorithms achieve high
matching accuracy, their excessive computation time is unfavorable for engi-
neering applications.

To address this deficiency, this paper adopts EMD-L1 as the measurement cri-
terion. The core of the EMD-L1 algorithm lies in replacing the ground distance
of the original EMD with the L1 norm (Manhattan distance). The L1 norm
(Manhattan distance) refers to the sum of absolute values of elements in a vec-
tor. Therefore, the newly defined ground distance is calculated as in equation
(7). By replacing the original ground distance calculation method with the L1
norm, the number of variables in the objective function is reduced, accelerating
histogram matching speed. Since the L1 norm demonstrates better robustness
to noise and outliers than the L2 norm, it is selected for this application.

Let (i,j) and (k,]) represent blocks in the contour feature histograms of the
target and query shapes, respectively. Given two mxn 2D histograms P and Q
generated by CPDH, each containing N blocks, we define:

a) The index set of histogram blocks: = {(i,j) |1 1 m, 1 j n}, where
(i,j) represents a block in the histogram.

b) The set of flows between blocks: = {(i,j,k,]) | (i,j) , (k) }.

¢) From (a), we obtain the definitions of histograms P and Q: P = {pij | (i,j)
hQ={dj| i) }
Based on these three definitions, we redefine the EMD between histograms P
and Q:
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EMD(P,Q) = mFin Z d; i i gk
(i,5,k,D)ev

where F represents the flow from histogram P to Q; f_{i,j;k,1} represents the flow
from block (i,j) to (k,1); and the ground distance d_ {i,j;k,1} can be calculated
using equation (7).

To further optimize the objective function, is divided into three subsets, each
corresponding to a flow under different circumstances:

= {(i,j,,j) }, representing flows between blocks at the same histogram posi-
tion, named s-flows.

= {(i,j,k,1) | |i-k| + |j-1] = 1}, representing flows between adjacent blocks
in the histogram, named n-flows.

= {(i,j,k,1) | [i-k| + [j-1] > 1}, representing the remaining flows, named
f-flows.

According to the above definitions, f-flows can be divided into several n-flows
because the L1 distance on integer histogram blocks can form a shortest path
system. For example, given an f-flow, the .1 ground distance can be decomposed
as:

k—1 -1
dijioa = D dajiostg + O Doy
r=1 y=7

In summary, the EMD-L1 distance between contour histograms under CPDH
for target shape P and query shape Q is:

EMD-L1(P, Q) = min > G
(2,4,k, )€V,

subject to:

9 kg = 0, V(i, j, k1) € vy
Z(k,l)en i g5kt — Z(k,l)en Grpsig = bijn V(i,J) €

where b_ {ij} =p_{ij} - q {ij} represents the difference in contour point counts
between the two histograms at block (i,j).

Compared with the original EMD, the objective function (11) and constraint
(12) reduce the number of variables and constraints. Additionally, based on the
characteristics of L1 distance, there is no need to calculate ground distances
between blocks, significantly reducing algorithmic computational complexity.
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4 Algorithm Time Complexity Analysis

The optimization problem in the improved algorithm reduces the number of
variables in the objective function from O(N?) to O(N), where N represents
the number of blocks divided in the enclosing circle. EMD-L1 utilizes the L1
norm to calculate ground distance, substantially improving histogram matching
speed. The original EMD algorithm has a complexity of O(N® log N), while the
optimized algorithm complexity is O(IN). Experimental verification confirms that
the improved algorithm effectively enhances shape matching speed.

5 Experimental Results and Analysis

To verify the effectiveness of the proposed method, experiments were conducted
on different datasets. During testing, each sample in the dataset was treated
as a query shape, with the remaining samples as target shapes. Shape distance
results were sorted in ascending order. If the matching results showed that the
query shape and target shape belonged to the same category, the match was
considered correct.

5.1 Kimia-25 and Kimia-99 Shape Datasets

The Kimia-25 database [14] contains 25 samples across 6 categories, with exam-
ples shown in Figure 4: see original paper. The Kimia-99 database [15] contains
99 samples across 9 categories, with 11 samples per category, as shown in Figure
4: see original paper.

In all experiments, to ensure fair comparison with other methods, the number
of sampling points for each shape contour was set to N = 100. During testing
on Kimia-25 and Kimia-99 databases, the target shape’ s minimum enclosing
circle was divided into 12 equal angular segments and 5 equal radial segments,
resulting in 5 x 12 = 60 region blocks.

The simulation results on the Kimia-25 database are presented in , which lists
retrieval results under different methods on the Kimia-25 dataset, showing the
number of correctly classified results among the 1st to 3rd most similar target
shapes to the query shape. The results indicate that the proposed algorithm
outperforms the classic SC method, primarily because SC’ s local histogram
construction suffers from poor discriminative ability when the radius is too
short, and includes excessive noise when the radius is too long. However, the
proposed algorithm’ s retrieval performance is weaker than CPDH+EMD and
IDSC+DP. Analysis reveals that replacing the original EMD ground distance
with L1 distance ignores spatial information between contour points, leading to
slightly decreased retrieval performance.

The simulation results on the Kimia-99 database are shown in , presenting the
number of correctly classified results among the 1st to 10th most similar target
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shapes and the total count. The table demonstrates that the proposed algo-
rithm’ s retrieval performance is superior to SC but weaker than CPDH-+EMD.
However, when retrieving the 8th to 10th most similar classes, the proposed
algorithm is more stable than the other two algorithms, returning more valid
shapes. This is because the L1 distance provides better robustness to f#/\f
%, Additionally, the improved IDSC algorithm’ s retrieval performance is sig-
nificantly better than SC and CPDH+EMD, proving that EMD-L1 can well
preserve IDSC’ s shape description capability.

5.2 Articulated Shape Dataset

The Articulated dataset [10] contains 8 classes with a total of 40 images. Each
class has 5 images with varying degrees of deformation, as shown in [Figure
6: see original paper|. This dataset is used to test shape articulation, which
represents a special case of deformation, and can also HMISEENF TR EEME.

This experiment employs cross-validation, using chi-square #3 and EMD-L1 to
measure similarity between histograms generated by the same shape descriptor.
The number of correctly retrieved target shapes among the 1st to 4th most
similar shapes returned is used as the evaluation criterion. Analysis of experi-
mental data shows that comparing the first and second groups of experiments,
EMD-L1 performs better than chi-square #3& on datasets with obvious defor-
mation, demonstrating greater robustness. Comparing the second and third
groups, IDSC’ s shape discriminative ability is superior to SC. Comparing the
first and fifth groups, CPDH’ s ability to describe shape deformation is better
than SC because IDSC’ s shape description includes relative positional relation-
ships between contour points, while SC has poor noise resistance.

5.3 MPEG-7 Dataset

Based on the proposed algorithm, experiments were conducted on the MPEG-
7 dataset [16], which contains 1400 shape silhouettes evenly divided into 70
categories with 20 samples per category.

5.3.1 Comparison of CPDH+EMD and CPDH+EMD-L1 presents a
comparison between CPDH+EMD and CPDH+EMD-L1 algorithms. This ex-
periment was conducted on a subset of MPEG-7 Set B, which includes 216
shape images divided into 18 categories with 12 images per category. The re-
sults show that although CPDH+EMD returns more valid shapes in total than
CPDH+EMD-L1, analyzing retrieval results from the 8th to 11th classes—es-
pecially the 10th to 11th classes—reveals that EMD’ s returned shape count
decreases rapidly while EMD-L1 decreases steadily, with far more shapes re-
turned in the 11th class than the original algorithm. This indicates that CPDH
based on EMD-L1 has superior robustness to deformation when the number of
classes is large. However, due to the L1 norm’ s characteristic of ignoring spatial
information between contour points, the overall effect is slightly inferior to the
original algorithm.
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5.3.2 Comparison of IDSC+H+EMD-L1 with Other Methods This ex-
periment uses the MPEG-7 dataset and employs the Bullseye [17] method to
determine retrieval accuracy: each query shape is compared with all shapes in
the dataset, and the 40 most similar shapes are retrieved. The number of shapes
belonging to the same category as the query shape among these 40 is counted,
and the corresponding recall rate is calculated. shows that EMD-L1 improves
IDSC’ s retrieval performance and surpasses most shape retrieval algorithms,
proving the effectiveness of the proposed algorithm.

6 Rotation Invariance Test

To verify the rotation invariance of IDSC+EMD-L1, this experiment randomly
selected 10 images from the MPEG-7 dataset as reference images. Each image
was then rotated clockwise and counterclockwise by 5°, 15°, 30°, 45°, 60°, and
75° to generate 12 new images. Including the 10 reference images, the rotation
dataset contains 130 images. lists the retrieval results using the 10 reference
images as queries. With 118 images retrieved correctly and only 12 retrieval
errors, the improved algorithm maintains good rotation invariance.

7 Algorithm Speed Test

This experiment compares two groups of algorithms.  The first group:
CPDH+EMD-L1, CPDH+EMD, and SC. The second group: IDSC+DP,
IDSC+EMD-L1, and SC. The dataset used is the MNIST [22] handwritten
digit image training set, which contains 10,000 images of digits 0-9. 1,000
images were randomly selected for the experiment (digit shapes range from
low to high complexity, making the calculated recognition speed more general).
The results are shown in [Figure 6: see original paper] and [Figure 7: see
original paper]. Experiments prove that the improved algorithm’ s running
time is significantly better than the original algorithms and SC, making it more
suitable for engineering applications.

8 Conclusion

This paper replaces EMD and DP algorithms in CPDH and IDSC with EMD-L1
as the measurement criterion for contour point histograms. The main advantage
lies in the L1 norm (Manhattan distance) providing better robustness to defor-
mation and reducing algorithmic computational complexity by decreasing the
number of variables in the objective function. Experimental results demonstrate
that the improved algorithm maintains good retrieval capability and accelerates
shape matching speed. However, the L1 norm’s characteristic of ignoring spatial
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information between contour points leads to slightly decreased retrieval perfor-
mance. Given the recent surge in deep learning, 3D shape retrieval based on
neural networks will be the author’ s next research direction.
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