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Abstract
Polar codes, proposed by Arikan, have attracted widespread attention due to
their simple encoding and decoding structures. As a high-performance chan-
nel coding scheme, polar codes exhibit excellent performance when the code
length exceeds #1;. Based on the successive cancellation (SC) decoding algo-
rithm structure, their decoding latency intensifies with increasing code length.
Through analysis of the SC decoding algorithm, an improved SC decoding al-
gorithm scheme based on frozen bits is proposed, which effectively reduces the
latency of traditional SC decoding algorithms. The improved algorithm can
reduce decoding latency by 50% compared to the original, and introduces the
successive cancellation single-bit-flip decoding algorithm as decoding compensa-
tion to further enhance the error correction capability.
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Abstract
Polar codes, proposed by Arikan, have attracted widespread attention due to
their simple encoding and decoding structure. As a high-performance chan-
nel coding scheme, polar codes exhibit excellent performance when the code
length exceeds 210. However, the decoding latency of the successive cancella-
tion (SC) algorithm intensifies with increasing code length. By analyzing the
SC decoding algorithm, this paper proposes an improved SC decoding scheme
based on frozen bits that effectively reduces the latency of traditional SC decod-
ing. The improved algorithm can reduce decoding latency by 50% compared to
the original, and introduces successive cancellation single-bit-flipping decoding
as compensation to further enhance error correction capability.
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0 Introduction
In 1984, Shannon demonstrated that reliable communication over unreliable
channels can be achieved through channel coding techniques that enable effec-
tive and reliable information transmission in the presence of interference and
noise [1]. A core research direction in channel coding involves constructing
channel codes that achieve or approach channel capacity, along with developing
feasible corresponding decoding algorithms. Over the past two decades, chan-
nel coding techniques such as Turbo codes and LDPC codes have been shown
to approach Shannon’s channel capacity. Although these coding techniques
perform well in practical applications, their theoretical foundations remain in-
complete, making it difficult to theoretically prove their optimal transmission
characteristics. In 2009, Arikan proposed polar codes based on channel polariza-
tion theory, sparking a research boom in the theoretical community. Based on
the successive cancellation decoding algorithm, polar codes are the first channel
coding method that can be rigorously proven to achieve channel capacity [2,3].
Compared with Turbo codes and LDPC codes, polar codes can be implemented
with simple encoders and decoders, and the decoding algorithm does not require
complex iterative calculations. The computational complexity of encoding and
decoding is only 𝑂(𝑁 log 𝑁), growing logarithmically with code length.

Although the polar code encoding scheme offers excellent anti-interference per-
formance, the latency issue in SC decoding systems becomes increasingly promi-
nent as the number of encoded bits increases [4,5]. To address this deficiency,
we briefly elaborate on the construction principle of polar codes and focus on
analyzing the SC decoding algorithm structure to propose improvements for
decoding latency.

1 Polar Codes
Polar codes are constructed through the concept of channel polarization, which
consists of two stages: channel combining and channel splitting. Erdal Arikan
proved that through these linear operations, the symmetric capacities of the split
sub-channels exhibit a polarization phenomenon. As the number of combined
channels 𝑁 (i.e., the code length) increases, the symmetric capacities of some
sub-channels approach 1, while the symmetric capacities of the remaining sub-
channels approach 0. Utilizing this channel polarization phenomenon, polar
codes are constructed by transmitting 𝐾 information bits over sub-channels
whose symmetric capacities tend to 1, and transmitting frozen bits over the
remaining sub-channels. Frozen bits are fixed bits known to both transmitter
and receiver, defaulting to zero. The SC algorithm improvement proposed in
this paper is precisely based on this characteristic of frozen bits. The encoding
scheme proposed according to this polarized channel is the polar code, with code
rate 𝐾/𝑁 .
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1.1 Encoding Steps

Arikan’s paper discusses the polar code encoding scheme based on binary-input
discrete memoryless channels (B-DMC) [6], denoted as 𝑊 ∶ 𝑋 → 𝑌 . The
encoding steps based on channel polarization are as follows:

a) Reliability estimation of polarized channels. For B-DMC channel
𝑊 , the Bhattacharyya parameter 𝑍(𝑊) is used to measure channel relia-
bility. The Bhattacharyya parameter value is negatively correlated with
channel reliability; that is, the smaller the Bhattacharyya parameter, the
greater the channel reliability, and vice versa. According to Arikan’s
Bhattacharyya parameter calculation formula (for binary erasure channel
(BEC)):

𝑍(𝑊 (𝑖)
𝑁 ) = ∑

𝑦𝑁
1 ∈𝑌 𝑁

∑
𝑢𝑖−1

1 ∈𝑋𝑖−1

√𝑊 (𝑖)
𝑁 (𝑦𝑁

1 , 𝑢𝑖−1
1 |0)𝑊 (𝑖)

𝑁 (𝑦𝑁
1 , 𝑢𝑖−1

1 |1)

The Bhattacharyya parameter values for each channel are calculated, where
𝑊 (𝑖)

𝑁 represents the channel transition probability of the 𝑖-th polarized channel.

b) Bit mixing. Based on the first step, according to the relationship be-
tween Bhattacharyya parameters and channel reliability, the top 𝐾 most
reliable split sub-channels are selected to transmit message bits, while the
remaining 𝑁 −𝐾 split sub-channels transmit frozen bits. At this point, the
original bit sequence 𝑢𝑁

1 and the received signal 𝑦𝑁
1 can be constructed.

c) Generator matrix construction. Arikan proposed the generator ma-
trix expression:

𝐺𝑁 = 𝐵𝑁𝐹 ⊗𝑛

where 𝐹 ⊗𝑛 denotes the 𝑛-th Kronecker product of matrix 𝐹 , and 𝐵𝑁 is a per-
mutation matrix used to complete bit-reversal reordering operations. The final
encoding formula is:

𝑥𝑁
1 = 𝑢𝑁

1 𝐺𝑁

where 𝑥𝑁
1 is the encoded bit sequence with code length 𝑁 = 2𝑛.

1.2 Successive Cancellation Decoding

To obtain the decoding output of information bits, the key is to calculate the
log-likelihood ratio (LLR) 𝐿(𝑖)

𝑁 (𝑦𝑁
1 , 𝑢̂𝑖−1

1 ), which can be computed recursively
[7~9]. The receiver obtains 𝑦𝑁

1 and recursively calculates from the receiver side
to obtain the LLR for subsequent decoding decisions.
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The above SC decoding process shows that the decoding decision for the current
𝑖-th bit depends on the previous 𝑖 − 1 polarized channel inputs 𝑢̂𝑖−1

1 . This
linear dependency characteristic determines the sequential output of decoding.
Assuming the inputs 𝑢̂𝑖−1

1 of the first 𝑖 − 1 polarized channels are all frozen bits,
then according to the previous estimated bits, the decoding of 𝑢̂𝑖 can directly
utilize the default values of frozen bits without waiting for the decoding of
𝑢̂𝑖−1. At this point, the decoding of 𝑢̂𝑖 causes unnecessary decoding delay and
overhead for the information bits we need.

The output of polarized channel 𝑊 (𝑖)
𝑁 includes not only the channel received

signal 𝑦𝑁
1 but also the partial output sequence 𝑢̂𝑖−1

1 of the first 𝑖 − 1 polarized
channel inputs. The channel transition probability is 𝑊 (𝑖)

𝑁 (𝑦𝑁
1 , 𝑢̂𝑖−1

1 |𝑢𝑖). The
bit estimation function for estimating bit 𝑢̂𝑖 based on received signal 𝑦𝑁

1 and
partial output sequence 𝑢̂𝑖−1

1 is:

𝑢̂𝑖 = ℎ𝑖(𝑦𝑁
1 , 𝑢̂𝑖−1

1 ) = {0, 𝑖 ∈ 𝐴𝑐

𝜒(𝐿(𝑖)
𝑁 (𝑦𝑁

1 , 𝑢̂𝑖−1
1 )), 𝑖 ∈ 𝐴

where 𝐴 denotes the set of information-carrying channels, and 𝐴𝑐 denotes its
complement. When 𝑖 ∈ 𝐴𝑐, it indicates that the bit is a frozen bit and can be
directly decided as the default value according to the prior agreement between
transmitter and receiver to avoid decoding errors at fixed positions. When 𝑖 ∈ 𝐴,
it indicates that the bit carries information, and the decision function is 𝜒(𝐿(𝑖)

𝑁 ).
The log-likelihood ratio calculation formula is:

𝐿(𝑖)
𝑁 (𝑦𝑁

1 , 𝑢̂𝑖−1
1 ) = ln 𝑊 (𝑖)

𝑁 (𝑦𝑁
1 , 𝑢̂𝑖−1

1 |0)
𝑊 (𝑖)

𝑁 (𝑦𝑁
1 , 𝑢̂𝑖−1

1 |1)

2 Improved SC Decoding Algorithm
Regarding research on SC decoding latency, various schemes have been proposed
[10~12]. In [10], merged processing elements (MPE) for outputs F and G were
proposed, along with related definitions. [Figure 1: see original paper] shows the
MPE calculation principle diagram proposed in [10]. Although these decoding
schemes improve decoding latency, they present certain difficulties in hardware
implementation.

[Figure 1: see original paper] MPE module unit calculation

[Figure 2: see original paper] shows the traditional SC decoding algorithm struc-
ture for 𝑁 = 8 [10], and shows the specific clock cycles for decoding calculation
units. Analyzing the data in , for 𝑁 -bit polar codes, the traditional SC decoding
algorithm requires 𝑁 − 1 clock cycles for decoding. shows the specific decoding
output for 𝑁 = 8 polar codes. The decoding of 𝑁 -bit polar codes can be divided
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into 𝑁/2 decoding output steps, with each step outputting two decoded bits.
For stage 𝑖, 2𝑖−1 MPEs are needed, hence the MPE calculation is:

MPEcalc =
log 𝑁
∑
𝑖=1

2𝑖−1 × 𝑁
2𝑖 = 𝑁 log 𝑁 − 𝑁 + 1

Generalizing to 𝑁 -bit polar codes, according to the above decoding scheme,
decoding latency is effectively reduced.

The MPE operation modules in the first stage shown in [Figure 2: see original
paper] are replaced by adders in [Figure 3: see original paper]. Analyzing the
three outputs of MPE in [Figure 1: see original paper], the computational load of
the adder output is 1/3 of the MPE computational load. The MPE computation
amount of the improved decoding scheme is defined as follows:

[Figure 3: see original paper] Improved SC decoding algorithm structure

Through the improved encoding and decoding scheme, the latency of the SC
decoding algorithm is effectively improved. The improved polar code encoding
and decoding scheme is now presented:

a) Channel reliability estimation. The Bhattacharyya parameters pro-
posed above target BEC channel reliability estimation. For binary sym-
metric channel (BSC) and additive white Gaussian noise channel (AWGN),
different estimation parameters are selected. The parameters for the three
channel types are shown in .

b) Modify the original bit mixing scheme. Change the information bits
in the first 𝑁/2 positions to frozen bits.

c) Perform decoding compensation for the previous step. Change the
frozen bit positions in the latter 𝑁/2 of the original bit mixing scheme to
information bit positions.

3 Decoding Bit Positions
For polar codes (𝑁, 𝐾, 𝐴, 𝑢𝐴𝑐), the expression is interpreted as calculating the
reliability of each sub-channel according to Bhattacharyya parameters, selecting
𝐴 as information bits, and constructing 𝑁 = 8 mixed bits with 𝑢𝐴𝑐 as frozen bits.
According to the characteristics of traditional SC decoding, decoding the 𝑖-th bit
depends not only on the transition probability of the split polarized channel but
also on the previous 𝑖 − 1 decoding outputs. From , to obtain the information
bit position 𝑢4, the first three decoding outputs are required, demanding four
clock cycles of work. However, for the first four decoding outputs, according to
the mixed bit information, only the 4th bit is an information bit while the first
three are frozen bits. The 8-bit decoding output requires computing 12 MPEs
(8/2 × log2 8 = 12). From , when the 4th bit is decoded, 8 MPEs need to be
computed, incurring approximately half the decoding delay cost for this single
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bit. In summary, traditional SC decoding introduces increased decoding latency
and consequent complexity.

To overcome this latency characteristic, consider the following encoding scheme:
change the original 4th information bit position to a frozen bit, and make the
5th position an information bit. The previous mixed bit scheme is modified to
(8, 4, {5, 6, 7, 8}, (0, 0, 0, 0)). Under this selection scheme, the first four decoding
outputs are frozen bits. Referring to , the original 1-4 decoding clock cycles
are redundant. Therefore, decoding latency is reduced from the original 7 clock
cycles to 3 clock cycles.

According to the above scheme, sub-processes 1 and 2 in are redundant. The
MPE calculation amount decreases from 12 to 4. In the SC decoding algorithm,
the first-stage MPE output out𝐹 is used for subsequent calculations of the first
half of decoded output bits, and out𝐺 is used for subsequent calculations of the
second half. With the improved mixed bit scheme, 𝑢̂1 to 𝑢̂4 are frozen bits,
making the out𝐹 operations redundant. The four MPE operation modules in
the first part of [Figure 2: see original paper] can be replaced by four adders,
with the improved decoding scheme shown in [Figure 3: see original paper].

Channel estimation parameters for different binary discrete memoryless channels

Therefore, for 8-bit polar codes, if the first four bits are transmitted as frozen
bits, the decoding scheme shown in [Figure 3: see original paper] can be adopted,
reducing decoding latency by 57% and decreasing MPE computation by 60%.

Generalizing to 𝑁 -bit polar codes, the decoding latency is:

Latency = 𝑁
2 + 𝑁

4 + ⋯ + 𝑁
2log 𝑁 = 𝑁 − 1 − 𝑁

2 = 𝑁
2 − 1

The MPE computation amount is:

MPENum = 𝑁
2 × 1

3 + 𝑁
4 × 2

3 + ⋯ + 𝑁
2log 𝑁 × log 𝑁

3 = 2
3𝑁 − 1

compares the improved SC decoding algorithm with traditional SC decoding.
Under the same code length, the improved algorithm reduces decoding latency
by 50% and decreases MPE computation by 33% compared to the original.

4 Decoding Compensation and Simulation
In the improved SC algorithm, channel reliability estimation is particularly im-
portant as it directly affects the selection of bit position conversions. Convert-
ing frozen bits to information bits in the latter half will impact decoding per-
formance. As decoding compensation, introducing a cyclic redundancy check
(CRC) [13] module represents a direction for further algorithm improvement.
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After adding check codes (typically 24 bits) before encoding, although the cod-
ing redundancy increases slightly and the coding rate decreases from 𝑘/𝑁 to
(𝑘 − 24)/𝑁 , this effect becomes less noticeable as code length increases.

The successive cancellation single-bit-flipping decoding algorithm [14] can fur-
ther improve decoding performance on the basis of CRC. In traditional SC
decoding, channel noise and error propagation in decoding output are the main
causes of decoding decision errors. Error propagation occurs between each bit
of the source signal, affecting only the bit error rate. Typically, channel noise
causes only 1-bit errors, and the probability of 1-bit errors increases with signal-
to-noise ratio or code length. Therefore, finding this erroneous bit can greatly
improve SC decoding performance. When the decoding output fails CRC veri-
fication, this algorithm flips a single unreliable information bit in the decision
sequence and re-executes SC decoding. Select the 𝑇 decision bits with the
smallest LLR values in the output sequence, and record the corresponding in-
formation bit index set as 𝑀 [14]. Each time, take one value from set 𝑀 , flip
the corresponding decision bit value, and re-perform SC decoding output until
the new codeword passes CRC. If no valid codeword is obtained after traversing
set 𝑀 , decoding fails.

The single-bit-flipping algorithm can serve as decoding compensation for the im-
proved SC decoding algorithm. The simulation results in [Figure 4: see original
paper] show that decoding performance decreases linearly with the number of
converted bit positions. Through the introduction of the single-bit-flipping al-
gorithm, decoding performance compensation allows frozen bits to be converted
to information bits, making decoding output more reliable.

[Figure 4: see original paper] Simulation of improved SC decoding algorithm
(N=1024)

5 Conclusion
Based on analyzing frozen bit positions in polar code encoding, this paper im-
plements a new mixed bit scheme by exchanging positions between certain infor-
mation bits and frozen bits. According to the traditional SC decoding algorithm
structure, redundant decoding computations are reduced, thereby decreasing de-
coding latency. The essence of the algorithm improvement is to sacrifice lower
bit error rate performance in exchange for substantially reduced decoding la-
tency. The introduction of successive cancellation single-bit-flipping decoding
algorithm can effectively perform decoding compensation and reduce the bit
error rate. Seeking better decoding compensation methods warrants further
in-depth research.
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