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Abstract

In this work, we present several Lyapunov-type inequalities for a class of
1—Laplacian equations of the form

(Y(u(2))) +r(2) f(u(z)) = 0,

with Dirichlet boundary conditions, where ¥ and f satisfy certain structural con-
ditions with general nonlinearities. We do not require any sub-multiplicative
property of 1, and any convexity of ﬁ or ¢(t)t in the establishment
of Lyapunov-type inequalities. The obtained inequalities can be seen as
extensions and complements of the existing results in the literature.
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Abstract

In this work, we present several Lyapunov-type inequalities for a class of -
Laplacian equations of the form (¢(u'(x)))" + r(x)f(u(x)) = 0, with Dirichlet
boundary conditions, where ¢ and f satisfy certain structural conditions with
general nonlinearities. We do not require any sub-multiplicative property of 1,

chinarxiv.org/items/chinaxiv-201805.00171 Machine Translation


https://chinarxiv.org/items/chinaxiv-201805.00171
https://chinarxiv.org/items/chinaxiv-201805.00171

ChinaRxiv [$X]

nor any convexity of ¥(t) or ¥(t)t in establishing these Lyapunov-type inequali-
ties. The obtained results can be seen as extensions and complements of existing
results in the literature.

Key words: Lyapunov inequality, -Laplacian, nonlinear equation.

Introduction

Consider the Hill’ s equation u”(z) + r(x)u(x) =0, u(a) = u(b) =0, = € (a,b),
where r is a continuous and nonnegative function defined on [a, b] with a,b € R
and a < b. If there exists a nontrivial solution u of this equation, then the
inequality fa b r(z)dx > ﬁ holds. This result is due originally to Lyapunov [?]
and is known as the “Lyapunov inequality.” The Lyapunov inequality and its
many generalizations have proved to be useful tools in oscillation theory, discon-
jugacy, eigenvalue problems, and numerous other applications in the theories of
differential and difference equations, as well as in time scales.

In recent years, independent works have appeared generalizing Lyapunov’ s
inequality for the p-Laplacian, using Holder, Jensen, or Cauchy-Schwarz in-
equalities. A thorough literature review of Lyapunov-type inequalities and
their applications can be found in the survey articles by Brown and Hinton
[?], Cheng [?], and Tiryaki [?]. Other related topics can be found in recent
articles [?7, 7,7, 7,7, 2?7 7] and the references therein.

We now present some results directly related to our problem. In 2005, De
Népoli and Pinasco considered Lyapunov-type inequalities for certain nonlinear
differential equations ( -Laplacian equations) generalizing the p-Laplacian. The
main result in [?] is:

Theorem A Suppose that ¢ : R — R is an odd nondecreasing function such
that ¥(t) = t(t) is a convex function. Moreover, suppose that there exists a
constant k > 0 such that ¢(2t) < ky(¢) for any t > 0. If r(x) is a positive
integrable function, and the following problem

(W' (x))) +r(z)¢(u(z)) = 0in (a,b), ula)=u(b) =0
admits a nontrivial solution, then

b
2 1
r()de > - —————
/a k [1—log,(b—a)]
where [v] is the largest integer less than or equal to v.

In 2011, Sanchez and Vergara extended this result to equations with a general
nonlinear form, considering (see [?])

(Y(u' ()" + Ar(z) f(u(z)) = 0 in (a,b), u(a) =u(b) =0,

where A > 0 is a constant. Under the following assumptions: - (B1) f € C(R) is
odd and satisfies tf(¢) > 0 for t # 0. - (B2) r : [a,b] — (0, +00) is a continuous
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function. - (B3) v is odd, increasing, and sub-multiplicative on [0, 400), and
() is convex in ¢ > 0.

The authors established a Lyapunov-type inequality for this problem, with the
following result:

Theorem B Suppose that conditions (B1)-(B3) are satisfied. If u is a nontrivial
solution of problem (4), satisfying u(x) # 0 for z € (a,b), then the following

inequality holds: ,
w(bia> < )\/a mdaj

when the integral exists.

The convexity of ti(t) (or 1(t)) and the sub-multiplicative property of v play
essential roles in establishing Lyapunov-type inequalities in [?] (or [?]). Our
motivation for this paper comes from the works [?] and [?]. The main novelty of
this paper is to establish Lyapunov-type inequalities for a large class of nonlinear
equations governed by (5) (or (4)) without requiring any convexity assumption
on t(t) or ¥(t), and without any sub-multiplicative assumption on . The
function % in this paper permits much more general nonlinearities than those
in [?, 7] (see, e.g., Remark 2 in Section 1 and examples in Section 4). Moreover,
under assumption (H4), we do not require any odd-even properties of f, and
require less restrictive sign conditions on f than those in [?].

The rest of this paper is organized as follows. Section 2 presents the prob-
lem under consideration and the main results on Lyapunov-type inequalities,
along with some remarks on the structural conditions. Detailed proofs of the
Lyapunov-type inequalities are given in Section 3. Additional examples satisfy-
ing our structural conditions are provided in Section 4.

2 Problem Setting and Main Results
In this paper, we establish Lyapunov-type inequalities for the following equation:
(Y(u'(2)))" +r(z)f(u(z)) = 0in (a,b), u(a)=u(b) =0,

where 1 and f satisfy the following structural conditions with general nonlin-
earities:

o (H1) %, f € C((—00,00)) N CL((0,00)) with f # 0 on (—o0,00).

e (H2) v is odd on (—o0, 00).

o (H3) f(t) >0 for all ¢t € [0, c0).

o (H4) There exists k, > 0 such that |f(¢)| < kyy(|t]) for all ¢ € (—o0, 00).

We make further assumptions on ¢ or f:

e (H) There exist constants dy,d; > 0 such that dyp(t) < ty'(t) < d,9(¢),
vt > 0.
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o (Hf) There exist constants 0y, 0; > 0 such that 0,(t) < tf'(t) < 014(t),
vt > 0.

Throughout this paper, we always assume that r € L'(a,b) with 7 # 0 on (a, b),
and conditions (H1)-(H4) are satisfied. Moreover, we always assume that (5)
has a non-trivial solution u in the sense that u € C*(a,b) N C([a,b]), ¥(u/'(z)) is
absolutely continuous in z, and u satisfies the equation in (5) almost everywhere

n (a,b).

The first main result is as follows, which can be seen as a complement to the
works of [?] and [?] for functions satisfying (H ) or (Hf).

Theorem 1 - (ii) If f satisfies (Hf), then f |r(z)|de > k% L/

min{(%)007(ﬁ)91}. - (i) If ¢ satisfies (H), then fa Ir(z)|de >

[ 5
2o min{(2)", (%) -

We present some corollaries of Theorem 1.

Corollary 2 - (i) If ¥(t) = f(t) = [t|P~%t (p > 1), then fb |r(z)|dz > W’

which is one of the results obtained independently in [?, 7). - (ii) If ¥(t) =

F(t) = [t]* "t log" (b]t] + d), a,b > 0, ¢,d > 1, then [ |r(z)|dz > e -

. a at+ti . a-1
mln{(%) ,(ﬁ) ! d}. - (1ii) If o(t) = f(t) = m‘f&ﬁ, b>0,cd>1,
l+alnd . a—tna a
a> 5, then f r(z)|de > 1+((1++a)ln>d mln{(bia) N~ }

If we make the further assumption that ¥(t)t (or f(¢)t) is convex on [0, 400),
we obtain stronger results than Theorem 1, which can be seen as extensions of

7).
Theorem 3 Assume further that P(t)t is convex in ¢ € [0,400). - (i) If ¢
satisfies (H ), then f |r(z)|dx > - mm{(i)éo (i)él}. - (ii) If f satisfies

b—a '\b—a
(HE), thenf Ir(x)|de > 2 min{(ﬁ)g",(ﬁ)al}

Before proving the main results, we give some remarks on the structural condi-
tions.

Remark 1 - (i) We point out that (H) (or (Hf)) is a slight variation of Lieber-
man’ s condition in [?], where regularity theory was considered for a class of
elliptic partial differential equations with a structural condition described by
0 <8, < 20 <4, Tt should be noted that t'(t) (or £f(t)) in (H ) (or (Hf))
can be zero at some point t, > 0, i.e., o = 0 (or §, = 0). Indeed, considering
¥(t) = (t—1)% + 1, we have ¢ € Cl((o,+oo)) and 0 < 20 < 3 for all > 0.
The lower boundedness can be achieved when ¢’ (1) = 3(t — 1)?|,_; = 0. - (ii)
By (H1)-(H4), ¥(0) = f(0) = 0 and ¢ (t) > 0 for any ¢t > 0. Furthermore, if 1
(or f) satisfies (H) (or (Hf)), then ¢’(¢t) > 0 (or f’(¢) > 0), which guarantees
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the increasing monotonicity of ¥(t) (or f(¢)) for ¢ > 0.

Remark 2 In this remark, we provide two examples of the function ¢ (or
f) showing that our assumptions on 1 (or f) are much weaker than those in
[?, ?] (see Theorems A and B) in a certain sense. More examples of functions
satisfying (H ) or (Hf) are provided in Section 4. - (i) Let 9, (t) = ¢ + (t+1)

with ¢ € [£,3]. Due to the continuity of ), and 1/)(), there exist d;, d; > 0 such

that ¢ < t%( <o forallte[£,3. Letp=4 a=(E+2)P and ¢ =1,

b:(\/g—l— —5) % Define

atP,  0<t<¢
() = go), t=t<3
bte,  t>3
Thus ¢ € C((0,+00)) and &) < ti;g) < &) for all ¢t € [£,3]. By direct
computation, one may verify that (¢(t)t)” < 0 for t € (g,3), ie., ¥(t)t is

not convex on [0,+0c0), which means ¢ does not satisfy condition (H3) in
[?]. However, v defined as above satisfies (H) with ¢, = min{d;,p, ¢} and
0, = max{d],p,q} in this paper. - (ii) Let 9y(t) = sint with ¢t € (0, F).
Then (y(t)t)” = —tsint + 2cost — —F5 < 0 as t — (5)”. Thus there ex-
ists [tg,t;] C (0, %) such that (¢y(t)t)” < 0 for all ¢ € [t,,t ] Let

atp7 0<t<t0
w(t) = ¢o(t)v ly<t<t
btd, t>1

where p = tycotty > 0, a = t,"sint, > 0 and g = ¢, cott; >0, b =1t sint; >

0. Note that there exists 3,97 > 0 such that 6) < t:ﬁ(t) < ¢ for all ¢ €
[to,t1]. One may verify that ¢ satisfies (H ) with 6, = min{dy,p, ¢} and ; =
max{d7,p, q}. However, (¢(t)t)” < 0 for ¢ € [ty,t,], which means such a 1) does

not satisfy the convexity condition in [?] while it still satisfies (H ) in this paper.

3 Proof of Main Results

We first present some auxiliary results needed in the main proof. Let W(t) =
j(;t P(s)ds for t > 0.

Lemma 4 Assume that ¢ satisfies (H1)-(H4) and (H ). The following results
hold true: - (i) ¢(st) < max{s%, s%1}a(t), VS t >0. - (11) \I/ is C2-continuous

n (0,400), and convex on [0, +00). - (iu) U(t) < 1+5 , Vt > 0.

Proof. Let hy(t) = §t> and hq(t) = §j> for t > 0. By (H), it follows that

t°0

WO — ()t () el

_ ot
ho (t) = 260 - $00+1 =
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which implies that hy(t) is increasing for ¢ > 0. Therefore hy(st) < hy(t) for
0 <s < 1. It follows that

Y(st) < s%h(t), Vt>0,0<s<1.
Similarly, one may prove that h,(t) is decreasing for ¢ > 0. Then h,(st) < h;(t)

for s > 1. It follows that

P(st) < (), Vit>0,58>1.

By these two inequalities, we have
Y(st) < max{s’, s1}ap(t), Vt>0,5>0,

which together with the continuity of ¢ at ¢ = 0 yields (i). (ii) is obvious since
U”(t) ='(t) > 0 for t > 0 (see Remark 1) and ¥(¢) is continuous at ¢ = 0.

To prove (iii), let Uy (t) = (14 d5)P(¢) —tep(t) and ¥, (¢) = (14 67)P(¢) — tw(¢)
for ¢ > 0. It is easy to see that ¥((¢) < 0 and ¥{(t) > 0 for ¢ > 0. Then
U, (t) < ¥y(0) =0 and ¥, (¢) > ¥,(0) = 0, which together with the continuity
of ¥y, ¥, yields (iii). O

Remark 3 Let F'(t) = j(;t f(s)ds for t > 0. Then the function f satisfying (H1)-
(H4) and (Hf) and the function F have similar properties as above.

Proof of Theorem 1. Without loss of generality, assume that |u(c)|] =
maxX,er, p [w(x)| > 0 with ¢ € (a,b). Note that

/ac ' (z)dx /ac u (z)dx — /cb ' (z)dx

Firstly, we prove Theorem 1(i) under the assumption that ¢ satisfies the struc-
tural condition (H ). Indeed, by the monotonicity of ¢, and Lemma 4(i) and

(iii), we get
b b
(lu(e))u(e)] < ( / u/<x>|dx> / () d

< max{(biafo ; (bi()él}ﬂf (/ab |ul(:v)|d:c) /ab|u/(x)dx
<tsome{ (7)) o ([ o)
<(1+46) -max{(biayso ) (bia)‘il} ‘ bia/b\IJﬂu’(x))dx

a

u(e)] =
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—a)% (b—a)) [°
= (1) max{ O B2 [ as,

where in the last inequality we used the convexity of ¥ (see Lemma 4(ii)).

Multiplying (5) by u, integrating over (a, b), and using Lemma 4(iii), (H2)-(H4),
and the inequality above, we get

b b
/a U (| |)dx < 1i5o/a Y(uw ) dx
b
1+6 / udﬂc< s / |r(2)|| f(u)u|dx

ky ko
< %5 ma (0(Ju) \u|/\r )z = 225 ute))ute) |/|r )z
K(46)  fh-a (o ,
SW.max STTe, " oTre, / (Ju'])dx - / |r(z)|dx.

Note that fab U(|u'|)dx > 0; otherwise, if fab U(|u'|)dx = 0, then by the inequal-
ity above and Lemma 4(i), we would have

Dlv’|d =

0 < vtofute) = (1 45 ) lufe)] < max { () (o) } Dlu(o)ule)] <0,

which implies ¢ = 0 for all ¢t € [0,4+00). Then by the odd property of ¥, we
have ¢ = 0 for all t € (—o0,+00). Due to (H4), f = 0 for all t € (—o0,+00),
which contradicts assumption (H1).

Therefore, we obtain

1 + 60 ) 21+60 21+61
/"” T2 +51>'mm{@—a)%’(b—awl}'

Thus Theorem 1(i) is proven.

Now for Theorem 1(ii), we proceed in a similar manner. Indeed, if f satisfies
the structural condition (Hf), proceeding as above, we get

—a)% a)h
e < 1+ 0, max { C2 ", CZ L [ (e

Multiplying (5) by w, integrating over (a, b), and using Lemma 4(iii), (H2)-(H4),
and the inequality above, we get

b
7 < / /7 ’ /7
| F He/fIUIIUId:v_HQO/qu\IU\dx
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ke [ ke [°
=1 +O¢90/ (u)u'dr = 1+090/ r(x)f(u)udx

ko ko
< 2 ma (1) u|/|r o = 225 F(fu(e)Dfu(e) |/|r dz

ko(1+6,) b—a) (b—a) ,
gTeo.max 170, 9178, F(|u'|)dz - / |r(z)|dx.

Note that j;b F(Ju’|)dx > 0; otherwise, we can argue as in the proof of (i) to
conclude f(t) =0 for any ¢ € (—oo, +00). Finally, the inequality above implies
the desired result. [J

Proof of Theorem 3. The proof of Theorem 3 is a slight modification of the proof
of Theorem 1. Indeed, let ®(t) = ¥(t)t for t > 0, and let ¢, u(c) be defined as
in the proof of Theorem 1. If v satisfies the structural condition (H ), arguing
as before, we get

w(lu(e)lute)] < max{(bia)% , (bia)él} ® (/ uf|dx>
< max{(biaf" | (bia)‘”} | b_la/abcpuw)dx

o { b n 0 an } / " o'

where in the last inequality we used the convexity of ®.

Combining this with (5), we have

/abcb(M’)da: = /ab O(|u'])|u'|de = /ab Y ) de = /ab r(z) f(w)udz

b —a) (b—a) b b
< kyu(c)lute)] [ |T(x)|dx§k0'max{(b21+az ) } [ vtwhds [ ez,

which yields the desired result in Theorem 3(i). The desired result in Theorem
3(ii) can be proven in a similar way. O

Proof of Corollary 2. For (i), it should be noted that §, =6, =6, =60, =p—1
in (H) and (Hf).

For (ii), it should be noted that for t > 0, 1(t) = f(t) = t*log(bt +d), a,b > 0,
¢,d > 1. Then we have

' (t) bt ¢ bt
o)~ e ayme 8 P S

1
Jogd =a+—, Vt>O0.
og d=atyrp V=
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Note that log®(bt + d) < log®d for all ¢ > 0, it follows that

) (t) 1
TOIERRTY vt > 0.

Thus 6y =0y =a > 0,6, =0, =a+ -5 > 0in (H) and (Hf).

a<

For (iii), it should be noted that for ¢t > 0, ¥(t) = f(t) = m, b > 0,

c,d>1,a> ﬁ. Then we have

W) bt
o T irdmpirg =% 0

Thus 6, =6y =a— 5 > 0,6, =0, =a>0in (H) and (Hf). O

4 Examples

In this section, we provide additional examples of ¥(t) (or f(t)) satistying (H )
(or (Hf)), and determine the corresponding 4, d; (or 6,,6;). For simplicity, we
restrict ¢ (t) (or f(t)) to the case t € [0, +00), since one may construct functions
by odd or even extensions to t € (—oo, +00).

Example 1 ¢(t) = f(t) = In(1 + at) + bt, Va > 0,b > 0.

For this example, we have

W)t bt a+b
- < 1, Vt>0.
P(t)  In(l+at)+bt — In(l+at) + bt +h ~

Note that In(1 + at) < at for all ¢ > 0, it follows that

LI ' (t) < a+b
a+b = Y(t) b

+1, Vt>0.

Thus 6y =0y = -% > 0,6, =0, = %2 +1> 0 in (H ) and (Hf).
Example 2 ¢(t) = f(t) = (1 +¢)In(1 +¢) —¢.

For this example, firstly note that ¢'(t) = In(1 +¢) > 0 for any ¢ > 0. Thus
Y(t) > ¥(0) = 0. By direct computation, we have

/() th(+t) .
O) A OmI+0—t (10— mhg vt > 0.

Since In(1 4+ ¢) <t for all t > 0, it follows that

) (t) t B
Wo(t) < (14+t)—t =

vt > 0.

chinarxiv.org/items/chinaxiv-201805.00171 Machine Translation


https://chinarxiv.org/items/chinaxiv-201805.00171

In the following, we prove that for any ¢ > 0, there holds

' (t)
P(t)

1
> —.
-2
Indeed, let hy(t) = tIn(1+¢)—2((14+¢) In(1+¢)—t) = 2t —tIn(1+¢) —2In(1+1).
Then hi(t) =2 —In(1+1) — 5. Let hy(t) = (1+t) — (1 +t)In(1+t) —1 =
t—(1+1¢t)In(1+1¢). It is easy to check that hi(t) = —In(1+1¢) < 0 for any ¢ > 0.
Thus hy(t) < hy(0) = 0, which leads to hj(t) < 0 for any ¢ > 0. Therefore

hqi(t) < hy(0) = 0. As a consequence, the inequality above holds true for any
t>0. Finally, 6y =6, =%, 6, =6, =1 in (H) and (Hf). O

Example 3
at?, 0<t<ty,
btl+ ¢, t>t,,

P(t) = f(t) = {

where a, b, ¢, p, q,t;, > 0 such that atf, = btd + ¢, and apt]g*1 = bgtd "

For this example, we have ¢ = f € C*((0,+0o0)) and min{p,q} < ti;i? <

max{p, ¢}. Thus J, = 0, = min{p, ¢} > 0, 6, = 0; = max{p, ¢} > 0 in (H) and
(HF).

Example 4 The following example is interesting since ¢ or f has a variable
exponent:

Mt):f(t):{atp, 0<t <t

b9 > ¢,

where ¢, > 1, a,b,p > 0, and the function g € C1([t,, +0)) satisfies
c<gtlnt+g(t)—1<d, Vt>t,,

with some constants d > ¢ > 0. Note that

t(bt9 =1y’

O tg’(t)Int + g(t) — 1.

By direct computation, one may verify that ¢ = f € C1((0,+00)) and satisfies
(H) and (Hf) with §, = 6, = min{p, ¢} = ¢, §; = 0; = max{p,d} =d. O

Example 5 In [?], the authors provided two examples of ¥(¢), i.e., (i) ¥(t) =
[t]*¢,(t) with a > 1 —p, and (ii) ¢(t) = (In(|t| + b))°¢,(t) with a > e, b > 0,
showing that these satisfy the structural condition (H ). Indeed, for (i), it is

easy to see that ti;g) =a+p—1>0fort>0. Thus ) =6y =a+p—1in

(H). For (ii), by direct computation, we have

W) bt
o0 Pt axomita 0

Then 6, = p, 6, =p+ = in (H). Notethatogwl’mgﬁfort>0.ﬂ
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