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Abstract

To address the problem of poor reconstruction accuracy when applying com-
pressed sensing theory to broadband spectrum sensing, a broadband compressed
spectrum sensing method based on the P-Ifourier (Partial-Inverse Fourier) mea-
surement matrix is proposed, exploiting the sparse characteristics exhibited by
stationary signals in the frequency domain. The proposed method first models
the spectrum sensing problem as a typical compressed sensing problem, and
constructs the measurement matrix by utilizing a standard orthogonal Fourier
basis with excellent correlation properties, thereby endowing the measurement
matrix with favorable reconstruction performance and accuracy. Simulation
results demonstrate that, compared with the Gaussian random measurement
matrix and the embedded chaotic sequence-cyclic Toeplitz structure measure-
ment matrix, the proposed method can significantly reduce the mean square
error of signal reconstruction in low signal-to-noise ratio environments, and the
reconstruction probability is substantially improved under identical conditions.

Full Text
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Abstract: Aiming at the problem of poor reconstruction precision when apply-
ing compressed sensing theory to broadband spectrum sensing, this paper pro-
poses a broadband compressed spectrum sensing method based on a P-Ifourier
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(Partial-Inverse Fourier) observation matrix, leveraging the sparse character-
istics of stationary signals in the frequency domain. The new method first
models the spectrum sensing problem as a typical compressed sensing problem,
then constructs the observation matrix using a standard orthogonal Fourier ba-
sis with excellent incoherence properties, thereby achieving good reconstruction
performance and precision. Simulation results demonstrate that compared with
Gaussian random observation matrices and embedded chaotic sequence-cyclic
Toeplitz structured observation matrices, the proposed method can significantly
reduce the mean square error of signal reconstruction in low SNR environments
and substantially improve the reconstruction probability under identical condi-
tions.

Keywords: broadband spectrum sensing; compressed sensing; observation ma-
trix; Fourier basis

0 Introduction

With the continuous development of the information age, demand for radio
resources is increasing daily. Since wireless spectrum resources are limited, effi-
cient and rational allocation and management of spectrum resources has become
a critical challenge. Spectrum sensing technology based on cognitive radio the-
ory provides a solution by dynamically exploring spectrum holes for resource
allocation, but faces numerous challenges. One major challenge is that as radio
signal bandwidth continues to increase, hardware devices based on traditional
Nyquist sampling theory struggle to handle the burden imposed by high sam-
pling rates. To address this issue, introducing compressed sensing (CS) theory
into broadband spectrum sensing technology has become a prominent research
focus.

Many scholars domestically and internationally have conducted research on var-
ious aspects of this field. Tian et al. [?] first proposed and validated the ef-
fectiveness of broadband compressed spectrum sensing. Subsequently, Tian et
al. [?] proposed a broadband compressed spectrum sensing algorithm based on
cyclostationary detection. Reference [?] introduced a deterministic embedded
chaotic sequence-cyclic Toeplitz structured observation matrix, though this ma-
trix depends on the autocorrelation properties of the selected pseudo-random
sequence. Reference [?] proposed an optimized adaptive broadband compressed
spectrum sensing algorithm that combines observation matrix optimization with
adaptive compressed sampling, but the construction process for such matrices is
complex and fails to exploit the characteristics of frequency-domain sparse sig-
nals, leaving room for improvement in reconstruction performance. Reference
[?] introduced cross-validation theory to optimize the observation matrix in com-
pressed sensing, but this matrix is obtained through continuous optimization of
Gaussian random matrices, thereby increasing hardware complexity.

The core of compressed sensing lies in observation matrix construction. Selecting
or constructing an appropriate observation matrix for the sensing environment
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is prerequisite for accurate recovery. This paper constructs a P-Ifourier ob-
servation matrix tailored to the spectrum sensing scenario under investigation,
with detailed discussion of the matrix construction rationale and performance
presented in the following sections.

1 Model Description

Consider a cognitive user’ s detection bandwidth B uniformly divided into L
non-overlapping sub-bands. Primary users can occupy these sub-bands arbitrar-
ily. For unoccupied sub-bands, their power spectrum density (PSD) approaches
zero, demonstrating sparse characteristics in the frequency domain [?]. Let the
wideband signal to be detected be z(t), which can be expressed as

L
x(t) = Z a; cos(2m f;t) + n(t)
=1

where «; represents the amplitude of the ¢-th sub-band, f; denotes the center
frequency of the i-th sub-band, and n(t) represents environmental noise. Under
certain SNR conditions, the noise can be approximated as zero. Since natural
signals generally lack sparsity in the time domain but exhibit sparse character-
istics in the frequency domain, we transform xz(t) to the frequency domain:

s=Fx

where F' is the discrete Fourier transform basis and s is the N-dimensional
sparse coefficient vector of signal x in the frequency domain. Vector s contains
only K non-zero coefficients (K < N), with remaining coefficients being zero or
approximately zero, making s a K-sparse vector.

Sparse representation constitutes the first step in applying compressed sensing
theory. Compressive sampling of the frequency-domain sparse coefficient vector
s yields the observation vector

y= As

where y is an M x 1 dimensional observation vector (M <« N) and A isan M x N
dimensional observation matrix. This paper models the traditional spectrum
sensing problem as a classical compressed sensing framework, as illustrated in
[Figure 1: see original paper|. From [Figure 1: see original paper| and equation
(3), the spectrum information can be obtained by reconstructing the sparse
vector s from the measurement vector y using recovery algorithms. For equation
(3), the signal spectrum s can be recovered by solving an ¢, norm minimization
problem:
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min s, st. y=A4s

This method yields the optimal solution, but since M < N, solving equation
(4) constitutes an NP-Hard problem. For such problems, a primary approach in
compressed sensing theory involves solving an ¢; norm minimization problem
using linear programming [?]. Reference [?] proved that ¢, minimization is
equivalent to ¢; minimization under certain conditions. Thus, equation (4) can
be transformed to:

min |s|; s.t. y= As

Two main algorithmic approaches exist for solving such problems: convex op-
timization algorithms and greedy algorithms. The former achieves global opti-
mal solutions but suffers from high computational complexity and slow speed.
The latter, based on greedy iteration, offers lower complexity and faster speed,
though with slightly reduced recovery precision. Common greedy algorithms in-
clude Matching Pursuit (MP), Orthogonal Matching Pursuit (OMP), and Com-
pressive Sampling Matching Pursuit (CoSaMP). Among these, OMP provides
fast convergence and high recovery precision, making it the most commonly
used recovery algorithm and the one employed in our simulations.

2 Observation Matrix Construction and Proof
2.1 Observation Matrix Construction Conditions

In compressed sensing theory, successful sparse signal reconstruction depends on
whether the observation matrix satisfies the Restricted Isometry Property (RIP).
Reference [?] provides a detailed introduction to RIP, which can be expressed
as:

(1= d)lsl3 < Aps]3 < (1 +9)]s]3

where s is any K-sparse vector and 0 is a constant. However, equation (6) is
difficult to compute directly in practice, so it can be equivalently transformed
to:

|AFAp — 1], <0

where T is an index set satisfying T C {1,2,...,N} and |T| < K. Ay is the
matrix formed by selecting columns from observation matrix A corresponding
to index set T. A..(-) and A, (-) represent the maximum and minimum
eigenvalues of a matrix, respectively. From equation (7), smaller ¢ indicates that
the maximum and minimum eigenvalues of the observation matrix approach 1
more closely, resulting in better RIP performance and reconstruction quality.
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Additionally, references [?]-[?] note that the coherence criterion theory proposed
by Donoho et al. can intuitively evaluate observation matrix morphology and
performance. It can be simply expressed as:

A =
wA) = | 1

il

where A is the original square matrix of observation matrix A, and |a,;| repre-
sents the magnitude of the element in the i-th row and j-th column of square
matrix A. In essence, the maximum magnitude among all elements in the origi-
nal square matrix defines the matrix coherence. Smaller coherence of the obser-
vation matrix yields superior reconstruction performance.

For the observation matrix A in the compressive sampling module, common
choices include Gaussian random matrices, partial Fourier matrices, and
Toeplitz matrices [?]. Gaussian random matrices exhibit low coherence and
are widely applied but suffer from high computational complexity and difficult
hardware implementation [?]. Toeplitz matrices heavily depend on the auto-
correlation properties of pseudo-random sequences, limiting their application
scope. Partial Fourier matrices, obtained by randomly selecting M rows from
the Fourier matrix and normalizing columns, possess ideal incoherence [?].
However, partial Fourier matrices only apply to time-domain sparse signals
and are unsuitable for the spectrum sensing scenario in this paper. Therefore,
we construct a P-Ifourier observation matrix tailored to this scenario.

2.2 Observation Matrix Construction

For frequency-domain sparse signals and combining the proposed spectrum sens-
ing model, this paper constructs a P-Ifourier matrix as the observation matrix
using a standard orthogonal Fourier basis with excellent coherence properties.
The P-Ifourier matrix construction proceeds as follows:

a) Generate a Fourier transform matrix F, € CV*V:
1 1 1 1
1 Wy w3 [/[ngfll)
Fy=11 W% Wy o Wy
i W]Jv'\,,l W]%[('NA) W](VNf.l)(Nfl)

where Wy = e 2™/N_ Since |Fyly, = N, each column of matrix Fy is not a
unit vector, making Fy non-unitary.

b) Normalize matrix F, by 1/v/N to obtain the Fourier basis F:

1
F=—F
/*NN
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Since FHF = I where I is the N x N identity matrix, matrix F is unitary and
forms an orthonormal basis in unitary space.

¢) Invert the Fourier basis F' to obtain the inverse Fourier basis ®:

b=F1l=FH

d) Randomly select M row vectors from the inverse Fourier basis ® to con-
struct the P-Ifourier matrix A. The P-Ifourier matrix A maintains the
orthonormal properties of Fourier basis F', thus possessing ideal incoher-
ence. The following section proves that A satisfies the RIP property.

2.3 RIP Property Proof of Observation Matrix

According to the Gersgorin disc theorem, for X = AA® we have:

D;={2€C:|z—x;| <r;}

where D, is a disc in the complex plane centered at x;, with radius r; =
Z#i |2;;]. From Section 2.2, we know X = AA¥ = I, which implies:

Lij = 1, i=y
Ti; = 0, i#j
Thus, r; =0 and A; € D; = 1. Consequently:

Apin (AAH) = A (AAH) =1

min( max(

From equations (7) and (15), we conclude that the P-Ifourier matrix A not only
satisfies the RIP property but exhibits ideal RIP characteristics.

3 Simulation Analysis

To verify the feasibility of the proposed spectrum sensing model and whether the
constructed P-Ifourier observation matrix demonstrates significant improvement
in reconstruction performance and precision compared to Gaussian random
observation matrices and the deterministic embedded chaotic sequence-cyclic
Toeplitz structured observation matrix proposed in [?], this section presents
experimental analysis using MATLAB simulation software.

3.1 Model Feasibility Verification Experiment

The time-domain interference signal x selected for this experiment is a multi-
tone jamming signal with sampling frequency 512. The frequency-domain spar-
sity of interference signal x is K = 7, the sparse basis F' is the standard orthonor-
mal Fourier basis, the observation matrix is the P-Ifourier matrix constructed
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in this paper, observation dimension M = 128, and the recovery algorithm is
OMP. Simulation results are shown in [Figure 2: see original paper| through
[Figure 4: see original paper].

[Figure 2: see original paper| depicts the time-domain multi-tone interference
signal x to be detected, showing that x lacks sparsity in the time domain. There-
fore, we use the standard orthonormal Fourier basis F' for sparse representation
of . [Figure 3: see original paper] shows the sampled waveform after com-
pressive sampling by the P-Ifourier observation matrix based on the frequency-
domain sparse characteristics of . Comparison of [Figure 2: see original paper]
and [Figure 3: see original paper]| reveals that the sampling process is not uni-
form sampling based on signal bandwidth, but rather non-uniform sampling
according to the structural characteristics of the interference signal’ s frequency
domain, reducing the sampling rate by 75%.

[Figure 4: see original paper| compares the original spectrum of « with the spec-
trum recovered using the P-Ifourier observation matrix, visually demonstrating
that the constructed P-Ifourier observation matrix can accurately recover x’ s
spectrum and validating the feasibility of the proposed model.

3.2 Reconstruction Performance Analysis

While the previous section validated model feasibility intuitively, this section
compares the reconstruction performance of the P-Ifourier observation matrix
against Gaussian random observation matrices and the deterministic embedded
chaotic sequence-cyclic Toeplitz structured observation matrix from [?]. The
detected signal bandwidth is N = 512, sparsity K varies from 5 to 70, noise
is not considered, observation dimension M = 128, recovery algorithm is OMP,
and Monte Carlo simulations run 10,000 times. Results are shown in [Figure 5:
see original paper].

[Figure 5: see original paper] illustrates reconstruction probability comparison
among different observation matrices under noiseless conditions. Under noise-
less conditions, all three matrices achieve near-100% reconstruction probability
when signal sparsity K is below 25. When K ranges from 25 to 45, recon-
struction probabilities for Gaussian random and chaotic Toeplitz matrices drop
sharply, while the P-Ifourier matrix maintains near-100% reconstruction prob-
ability. When K exceeds 50, Gaussian random and chaotic Toeplitz matrices
fail to reconstruct the original signal, causing distortion, whereas the P-Ifourier
matrix still achieves 98% reconstruction probability at K = 50 before declining
gradually.

Real-world sensing environments typically involve low SNR conditions. The
following experiment adds noise at 5 dB SNR, with sparsity K varying from
5 to 45 and other conditions unchanged. Results are shown in [Figure 6: see
original paper].

[Figure 6: see original paper| indicates that reconstruction performance de-
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grades under low SNR conditions. When K ranges from 5 to 8, all three ma-
trices achieve near-100% reconstruction probability. When K ranges from 8 to
20, Gaussian random and chaotic Toeplitz matrices exhibit sharp performance
degradation: at K = 20, chaotic Toeplitz achieves only 19.5% reconstruction
probability and Gaussian random achieves 17.1%, failing to meet reconstruction
requirements and causing significant distortion. In contrast, the P-Ifourier ma-
trix still maintains 96.1% reconstruction probability at K = 20, declining only
gradually when K exceeds 20.

3.3 Reconstruction Accuracy Analysis

This experiment varies SNR from -10 dB to -1 dB, with other conditions identical
to Section 3.1. The reconstruction accuracy metric is mean square error (MSE):

E{]ls — 3l3}
MSE = — 2%
E{lIsl3}

Simulation results are shown in [Figure 7: see original paper].

[Figure 7: see original paper| presents MSE for each observation matrix across
different SNR values. All matrices show decreasing MSE with increasing SNR.
The P-Ifourier matrix’s MSE curve is significantly better than those of Gaussian
random and chaotic Toeplitz matrices. This advantage stems from the P-Ifourier
matrix’ s original square matrix being orthonormal in unitary space, providing
ideal incoherence, while the other two matrices exhibit relatively poorer coher-
ence properties. Calculations show that the P-Ifourier matrix reduces MSE
by an average of 3.1% compared to the chaotic Toeplitz matrix and approxi-
mately 4.7% compared to the Gaussian random matrix. Thus, the constructed
P-Ifourier observation matrix demonstrates noticeable improvement in recon-
struction accuracy.

4 Conclusion

Applying compressed sensing theory to traditional spectrum sensing problems
can effectively reduce signal sampling rates, but exhibits certain deficiencies in
reconstruction performance and precision. This paper constructs an observation
matrix using a standard orthonormal Fourier basis with ideal orthonormality
and incoherence properties, and applies this matrix to a broadband compressed
spectrum sensing model. The matrix maintains the coherence properties of
the standard orthonormal Fourier basis, achieving significant improvements in
reconstruction performance and precision, representing an excellent observation
matrix for spectrum sensing applications.
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Note: Figure translations are in progress. See original paper for figures.
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