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Abstract
As an important class of non-Newtonian fluids, Herschel-Bulkley fluids have
been widely applied in engineering fields. To improve the stability and accuracy
of LBM simulations of Herschel-Bulkley fluid flows, an improved method is pro-
posed based on the multi-relaxation-time LBM (MRT LBM). Using Poiseuille
flow as an example, the improved algorithm is introduced in detail, with com-
parative analyses performed for shear-thinning and shear-thickening fluids sep-
arately. The variation trend of relative error with increasing lattice number un-
der different exponent conditions is compared, demonstrating the effectiveness
of this improved method. Finally, through application in a cement 3D printing
nozzle and comparison with simulation results from the multi-relaxation-time
LBM (MRT LBM), the feasibility of this improved method is further validated.
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Abstract
Herschel-Bulkley fluids represent an important class of non-Newtonian fluids
with wide engineering applications. To enhance the stability and accuracy of
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lattice Boltzmann method (LBM) simulations for Herschel-Bulkley fluid flows,
we propose a modified approach based on the multiple-relaxation-time LBM
(MRT-LBM). Using Poiseuille flow as a benchmark case, we present a detailed
formulation of the improved algorithm and compare its performance for both
shear-thinning and shear-thickening fluids. The variation trends of relative er-
rors with increasing lattice resolution under different power-law indices demon-
strate the effectiveness of the proposed method. Finally, through application
to cement paste flow in a 3D printing nozzle and comparison with standard
MRT-LBM results, we further validate the feasibility of this modified approach.

Keywords: Herschel-Bulkley fluids; modified MRT LBM; Poiseuille flow; ce-
ment 3D printing; MRT LBM

0 Introduction
The lattice Boltzmann method (LBM) provides an effective alternative to finite
element methods for fluid flow simulation, offering clear physical interpretation
and computational simplicity. It has been widely applied to numerous complex
fluid flows [?], including extensive research on non-Newtonian fluid simulations.
In analyzing non-Newtonian fluid flows, the relaxation time varies dynamically
with local fluid viscosity. It is well established that maintaining the relaxation
time within the range of 1/2 to 1 ensures simulation stability and accuracy; be-
yond this range, numerical instability and poor precision readily occur [?]. To
address this issue, researchers have proposed various solutions. Gabbanelli et
al. introduced a truncation model for power-law fluids and validated its effec-
tiveness using Poiseuille flow analysis [?]. Malaspinas et al. employed a local
method to investigate both power-law and Carreau fluids, demonstrating good
stability within certain exponent ranges [?]. Boyd et al. applied a local method
to pipe flow of power-law fluids, showing superior computational accuracy and
efficiency compared to Gabbanelli’s truncation model [?]. In 2001, D’Hu-
mières et al. proposed the multiple-relaxation-time LBM (MRT-LBM) for three-
dimensional cavity flows, proving its enhanced stability over conventional LBM
[?]. Subsequently, MRT-LBM has been adapted for non-Newtonian fluid simu-
lations. Chai et al. analyzed power-law and Bingham fluids using MRT-LBM,
reporting excellent stability and accuracy [?]. Fallah et al. simulated power-
law fluid flow around a rotating cylinder with MRT-LBM, examining rotational
speed and power-law index effects [?]. Chen et al. modeled three-dimensional
Bingham plastic flow between parallel plates using MRT-LBM, resolving insta-
bility issues inherent in traditional LBM [?]. Li et al. investigated power-law
fluid flow in a two-dimensional square cavity, concluding that MRT-LBM is
well-suited for non-Newtonian fluid simulation, though Reynolds number and
power-law index significantly influence results [?].

Despite these advances, research has primarily focused on common non-
Newtonian fluids such as power-law and Bingham fluids, while less common
types like Herschel-Bulkley fluids remain understudied. This paper addresses
Herschel-Bulkley fluids by proposing a modified MRT-LBM approach that more
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effectively improves simulation stability. Using Poiseuille flow as a benchmark,
we detail the methodology, compare results with analytical solutions, analyze
relative errors, and finally apply the method to cement paste flow in a 3D
printing nozzle to further demonstrate its feasibility.

1.1 Herschel-Bulkley Fluid Constitutive Equation
The constitutive model of Herschel-Bulkley fluids is expressed as a piecewise
function. Due to the existence of yield stress, the shear rate equals zero when
the stress is below this threshold. The specific formulation is:

𝜏 = 𝜏0 + 𝐾 ̇𝛾𝑛 when 𝜏 > 𝜏0

̇𝛾 = 0 when 𝜏 ≤ 𝜏0

To avoid the inconvenience caused by the piecewise function in analysis, a mod-
ified constitutive equation is adopted:

𝜏 = 𝜏0[1 − exp(−𝑚 ̇𝛾)] + 𝐾 ̇𝛾𝑛

Here, parameter 𝑚 primarily controls the stress growth to avoid the inherent
discontinuity of the constitutive equation. As 𝑚 approaches zero, the equation
reduces to the power-law fluid constitutive model; as 𝑚 approaches infinity, it
becomes the ideal Herschel-Bulkley fluid. When ̇𝛾 = 0, the modified equation
matches the original piecewise formulation. In practice, 𝑚 is typically assigned
a relatively large value, though care must be taken not to make it arbitrarily
large to avoid convergence issues. From this formulation, the apparent viscosity
equation can be derived [?]:

𝜇 = 𝜏0[1 − exp(−𝑚 ̇𝛾)]
̇𝛾 + 𝐾 ̇𝛾𝑛−1

1.2 MRT LBM Fluid Analysis
The MRT lattice Boltzmann equation is:

𝑓(𝑟 + 𝑒𝑖𝛿𝑡, 𝑡 + 𝛿𝑡) − 𝑓(𝑟, 𝑡) = −𝑀−1𝑆[𝑚(𝑟, 𝑡) − 𝑚𝑒𝑞(𝑟, 𝑡)]

where the distribution functions 𝑓(𝑟, 𝑡) and 𝑓𝑒𝑞(𝑟, 𝑡) are transformed to moment
space as 𝑚(𝑟, 𝑡) and 𝑚𝑒𝑞(𝑟, 𝑡):

𝑚(𝑟, 𝑡) = 𝑀𝑓(𝑟, 𝑡)
𝑚𝑒𝑞(𝑟, 𝑡) = 𝑀𝑓𝑒𝑞(𝑟, 𝑡)
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Matrix 𝑀 defines the transformation, and 𝑆 is the diagonal relaxation matrix:

𝑆 = diag(𝑠0, 𝑠1, 𝑠2, 𝑠3, 𝑠4, 𝑠5, 𝑠6, 𝑠7, 𝑠8)

In the model, density and momentum are conserved quantities, so the corre-
sponding relaxation parameters 𝑠0, 𝑠3, and 𝑠5 are set to zero. Parameters 𝑠7
and 𝑠8 are set to 1/𝜏 , where 𝜏 is the relaxation time in the BGK model. The
remaining parameters are assigned values slightly greater than 1, specifically
𝑠1 = 𝑠2 = 1.4 and $s_4 = s_6 = 1.2.

The evolution of the MRT model consists of two processes: collision and stream-
ing. The collision step differs from the BGK model and follows:

𝑓+(𝑟, 𝑡) = 𝑓(𝑟, 𝑡) − 𝑀−1𝑆[𝑚(𝑟, 𝑡) − 𝑚𝑒𝑞(𝑟, 𝑡)]

where 𝑓+(𝑟, 𝑡) represents the post-collision distribution function. The streaming
step is identical to the BGK model:

𝑓(𝑟 + 𝑒𝑖𝛿𝑡, 𝑡 + 𝛿𝑡) = 𝑓+(𝑟, 𝑡)

Compared with the BGK model, the MRT model primarily involves transfor-
mations between moment space and velocity space. Through Chapman-Enskog
expansion, the kinematic viscosity can be obtained as:

𝜈 = 𝑐2
𝑠 ( 1

𝑠7
− 1

2) 𝛿𝑡 = 𝑐2
𝑠 ( 1

𝑠8
− 1

2) 𝛿𝑡

The macroscopic definitions of density and velocity can also be derived, consis-
tent with the BGK model.

1.3 Modified MRT LBM
Based on the above analysis, MRT-LBM applied to non-Newtonian fluids is
primarily affected by the local relaxation time, which can be viewed as being in-
fluenced by viscosity, which in turn is related to the strain rate through the stress
tensor. For Herschel-Bulkley fluids, 𝑛 < 1 corresponds to shear-thinning fluids,
𝑛 = 1 represents Bingham fluids, and 𝑛 > 1 corresponds to shear-thickening flu-
ids. Direct application of MRT-LBM to non-Newtonian fluids with exponential
terms encounters stability and accuracy issues. When the shear rate approaches
zero, for shear-thinning fluids (𝑛 < 1), the viscosity tends toward infinity, caus-
ing divergence; for shear-thickening fluids (𝑛 > 1), the viscosity tends toward
zero. Previous studies have not addressed solutions specific to Herschel-Bulkley
fluid analysis.

chinarxiv.org/items/chinaxiv-201801.00026 Machine Translation

https://chinarxiv.org/items/chinaxiv-201801.00026


In reality, most non-Newtonian fluids exhibit non-Newtonian characteristics
only within a certain shear rate range, beyond which they typically behave
like Newtonian fluids with constant viscosity [?]. Based on this phenomenon,
we propose a modified MRT-LBM method for Herschel-Bulkley fluids, presented
in piecewise function form. Due to the yield stress in Herschel-Bulkley fluids,
to ensure constant viscosity outside the effective shear rate range, the Bingham
fluid constitutive model is used as a substitute.

MRT-LBM can perform accurate and stable simulations when the dynamic vis-
cosity falls within a certain range. However, instability and divergence occur
when the relaxation time approaches 1/2, corresponding to viscosity approach-
ing zero (𝜈 ≤ 0.001). Conversely, when the relaxation time exceeds 1, the
accuracy of MRT-LBM decreases, corresponding to relatively large viscosity
(𝜈 ≥ 1/6). Therefore, upper and lower viscosity limits are set for Eq. (11):
𝜈min = 0.001 and 𝜈max = 0.16. Evidently, for shear-thinning fluids, the max-
imum viscosity corresponds to shear rates approaching zero, while for shear-
thickening fluids, the minimum viscosity corresponds to shear rates approaching
zero.

2 Flow Between Parallel Plates
Poiseuille flow is commonly used to verify stability and accuracy due to the
existence of analytical solutions. Here, we use Poiseuille flow to illustrate the
detailed implementation of this modified model. Two parallel plates are sepa-
rated by distance 𝐻 in the 𝑦-direction, with a constant pressure gradient ∇𝑃
applied in the 𝑥-direction, yielding the velocity component 𝑢𝑦 distribution along
𝑦. Exploiting symmetry, the 𝑦-domain is divided into [−𝐻/2, 0] and [0, 𝐻/2];
analysis of the [0, 𝐻/2] range suffices to determine the complete velocity profile.
Within [0, 𝐻/2], four distinct regions 𝐴, 𝐵, 𝐶, and 𝐷 can be identified. Region
𝐴 corresponds to the high shear rate range near the wall, where the shear rate
exceeds ̇𝛾∞, with 𝑦ℎ as the boundary value; in this region, the fluid is treated as
Bingham fluid. Region 𝐵 represents the effective Herschel-Bulkley fluid region,
with 𝑦𝑙 as the critical boundary. Region 𝐶 corresponds to the low shear rate
range, where the fluid is again treated as Bingham fluid. Region 𝐷 corresponds
to the stage where stress is below the yield stress, resulting in zero shear rate,
with 𝑦𝜏 as the boundary value. Combining the velocity derivation for Poiseuille
flow, the theoretical velocity distribution function for this modified method can
be obtained.

𝑢(𝑦) =

⎧{{
⎨{{⎩

𝛼1(𝑦ℎ − 𝑦) + 𝛼2(𝑦1+1/𝑛
ℎ − 𝑦1+1/𝑛) + 𝛼3(𝑦 − 𝑦𝜏) for 𝑦𝜏 ≤ 𝑦 ≤ 𝑦𝑙

𝛼1(𝑦ℎ − 𝑦) + 𝛼2(𝑦1+1/𝑛
ℎ − 𝑦1+1/𝑛) for 𝑦𝑙 ≤ 𝑦 ≤ 𝑦ℎ

𝛼1(𝑦ℎ − 𝑦) for 𝑦ℎ ≤ 𝑦 ≤ 𝐻/2
0 for 0 ≤ 𝑦 ≤ 𝑦𝜏

The constant terms 𝛼1, 𝛼2, and 𝛼3 in the above equation are expressed as:
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𝛼1 = 𝜏0
𝜇𝐵

, 𝛼2 = 𝐾
𝜇𝐵

(∇𝑃
𝐾 )

1/𝑛
, 𝛼3 = ∇𝑃

2𝜇𝐵

Differentiating the velocity distribution function and applying stress continuity
conditions yields the corresponding boundary values:

𝑦𝜏 = 𝜏0
∇𝑃 , 𝑦𝑙 = (𝜏0

𝐾 )
𝑛/(𝑛+1)

( 1
∇𝑃 )

1/(𝑛+1)
, 𝑦ℎ = 𝐻

2 − 𝜇𝐵 ̇𝛾∞
∇𝑃

where 𝜕𝑃/𝜕𝑥 = ∇𝑃 . Different magnitudes of ∇𝑃 produce different region
partitions.

Based on Eq. (14), we primarily consider four factors affecting the final simu-
lation results: initial yield stress 𝜏0, pressure gradient ∇𝑃 , power-law index 𝑛,
and lattice number 𝑁 . Examining Eq. (14) reveals that to ensure the existence
of 𝑦𝑙 and/or 𝑦ℎ, the following condition must be satisfied:

∇𝑃 > 2𝜏0
𝐻

To investigate the effectiveness of this truncation model for different indices 𝑛,
we consider the range 0.2 ≤ 𝑛 ≤ 5. Here, we select 𝑛 = 0.5 and 𝑛 = 1.5,
representing shear-thinning and shear-thickening fluids respectively, to clearly
demonstrate the influence of initial yield stress on simulation results.

For 𝑛 = 0.5 (shear-thinning), the parameters are: pressure gradient ∇𝑃 =
−1.5 × 10−6, fluid consistency index 𝐾 = 0.001, plate height 𝐻 = 10, lattice
number 𝑁 = 200, fluid density 𝜌 = 1, viscosity limits 𝜈min = 0.001 and 𝜈max =
0.16. Since 𝑛 < 1, we have 𝜈0 = 0.16 and 𝜈∞ = 0.001, with initial yield stress
𝜏0 = 3.0 × 10−6. The comparison between numerical and simulation results is
shown in Figure 1 [Figure 1: see original paper]. The solid line represents the
analytical solution from Eq. (12), circles denote LBM simulation results, dashed
lines represent extensions of Bingham and Herschel-Bulkley fluids, and vertical
dashed lines indicate region boundaries.

For 𝑛 = 1.5 (shear-thickening), the parameters are: ∇𝑃 = −2×10−6, 𝐾 = 0.01,
𝐻 = 10, 𝑁 = 200, 𝜌 = 1, 𝜈min = 0.001, 𝜈max = 0.16. Since 𝑛 > 1, 𝜈0 = 0.001
and 𝜈∞ = 0.16, with 𝜏0 = 4.0 × 10−6. The results are shown in Figure 2 [Figure
2: see original paper], with the same legend conventions as Figure 1.

Figures 1 and 2 demonstrate good agreement between numerical and analytical
solutions regardless of initial yield stress variations. The initial yield stress 𝜏0
and pressure gradient ∇𝑃 determine the extent of the yielded region (Region
𝐷).
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To evaluate the effectiveness of this truncation model across different power-law
indices, we conducted a series of simulations for four fluids with different in-
dices, comparing relative errors between MRT-LBM simulations and analytical
solutions. The relative error is calculated as:

Error = ∑ |𝑢LBM − 𝑢analytical|
∑ |𝑢analytical|

Since LBM simulation accuracy depends on viscosity, to isolate the relationship
between relative error and lattice number, we maintain constant viscosity during
unit conversion using 𝜈∗ = 𝜈(𝛿𝑥2/𝛿𝑡) and set 𝛿𝑥2/𝛿𝑡 = 1. When increasing
the lattice number 𝑁 , we scale 𝛿𝑥 and 𝛿𝑡 proportionally to preserve viscosity.
Given that 1/𝛿𝑥 ∝ 𝑁 , we have 𝛿𝑡 ∝ 1/𝑁2. With 𝑁 varying from 10 to 200,
the relative errors under different indices and pressure gradients are shown in
Figure 3 [Figure 3: see original paper].

The solid line in the figure represents a line with slope -1. In the legend, case
(a) denotes situations where the low shear rate region (𝐶) is small, while case
(b) represents larger low shear rate regions. The comparison reveals that both
cases produce essentially identical relative errors, which continuously decrease
with increasing lattice number. Further grid refinement can reduce errors below
0.01%. The results also show that different power-law index 𝑛 values produce
noticeably different relative error characteristics.

3 Application in Cement 3D Printing Nozzle
During cement 3D printing, screw extrusion is employed to achieve cement paste
shaping, making understanding of paste flow within the nozzle crucial. Under
specific water-cement ratios, cement paste exhibits pronounced Herschel-Bulkley
fluid characteristics. At room temperature (20°C), water-cement ratio of 0.5,
and hydration time of 5 minutes, the paste follows a typical Herschel-Bulkley
rheological model described by [?]:

𝜏 = 3.899 + 1.103 ̇𝛾𝑛

Converting this to the form of Eq. (11), where parameter 𝑚 controls stress
growth, we take 𝑚 = 500:

𝜏 = 3.899[1 − exp(−500 ̇𝛾)] + 1.103 ̇𝛾𝑛

The cement paste flows in the screw channel region shown in Figure 4 [Figure 4:
see original paper], where the screw rotates at constant speed 𝑁 . Assuming a
stationary screw, the barrel can be considered to rotate in the opposite direction
at speed 𝑁 . Unfolding the entire structure yields a rectangular cross-section
cavity [?], ignoring the slight inclination of the screw flights [?]. The expansion
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schematic is shown in Figure 5 [Figure 5: see original paper]. Thus, analyzing
cement paste flow in the screw (Figure 4) transforms into analyzing flow in the
rectangular cavity (Figure 5).

Based on the nozzle expansion schematic, we select the central cross-section
(𝑌 -𝑍)Center and employ the D2Q9 model. Only the top surface is assigned a
velocity along the 𝑍-direction at 𝑦 = ℎ, while the other three walls have zero
velocity. Wall slip effects are neglected. The actual cross-section dimensions
are 𝑊 = 16 mm and ℎ = 6 mm. Considering the nozzle scanning speed require-
ments and cement paste setting time, the extrusion speed is relatively low; the
screw rotation speed is set to 30 r/min with a lead angle 𝜃 = 20∘. Using sim-
ilarity criteria with Reynolds number 𝑅𝑒 as the key dimensionless parameter,
we obtain the simulation model parameters. Viscosity correction via Eq. (13)
ensures stability and accuracy, yielding the streamline pattern shown in Figure
6 [Figure 6: see original paper]. The flow exhibits a recirculation pattern cen-
tered near (0.5𝑊, 0.7ℎ), with no significant fluid motion in the lower left and
right corners.

Using the modified MRT-LBM with different grid resolutions and comparing
with standard MRT-LBM, we obtain the velocity field distributions shown in
Figure 7 [Figure 7: see original paper]. The modified MRT-LBM uses grid
sizes of 288 × 108 and 160 × 60, while standard MRT-LBM uses 288 × 108 for
comparison. Figure 7(a) shows the relationship between velocity component 𝑢
and channel depth at width 8 mm. Figure 7(b) shows 𝑢 versus channel width at
depth 5.4 mm. Figure 7(c) shows velocity component 𝑣 versus channel depth at
width 14.4 mm. Figure 7(d) shows 𝑣 versus channel width at depth 3 mm. The
results demonstrate that this modified method can effectively simulate velocity
field distributions. Although some discrepancies exist between different grid
resolutions, the results are essentially consistent.

4 Conclusions
For generalized Newtonian fluids, specifically Herschel-Bulkley fluids, we pro-
pose a modified MRT-LBM that effectively improves simulation stability and
prevents divergence.

(1) We detailed the methodology using Poiseuille flow, deriving the analytical
solution formula. Relative error calculations show that errors decrease con-
tinuously with increasing lattice number, reaching approximately 0.05%.
Both shear-thinning and shear-thickening fluids exhibit similar conver-
gence trends. Furthermore, we demonstrate that the size of the low shear
rate region has minimal impact on relative error, while the power-law
index 𝑛 significantly influences error characteristics.

(2) We applied this method to analyze cement paste flow in a 3D printing
nozzle and compared results with standard MRT-LBM, finding consistent
velocity field distributions that further validate the effectiveness of the
improved method.
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(3) Flow analysis in the cement 3D printing nozzle reveals that due to paste
viscosity and nozzle geometry, the cross-sectional flow exhibits recircu-
lation characteristics with the vortex center located approximately at
(0.5𝑊, 0.7ℎ). The streamline pattern can be used to identify flow regions.
The analysis shows minimal fluid motion in the lower left and right cor-
ners of the cavity. To improve flow velocity, one can either increase screw
rotation speed or enlarge the channel width.
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